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Multiplication Algorithm*

Notation for our discussion of multiplication algorithms:

a Multiplicand ay_18_op - - - @48y
X Multiplier Xj_1Xp_o - - - X1X
p  Product(axXx) oy 1Pok2 - P1Po

Initially, we assume unsighed operands

®98® = Multiplicand
L E N N X Multiplier
=S Partial
ot x;321 rcon::lucts
ettt X,a22 Eit—matrix
290 0@ X,a23
20000000 Product

Fig. 9.1 Multiplication of two 4-bit unsigned binary nhumbers
in dot notation.
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Multiplication Algorithm*

Multiplication with right shifts: top-to-bottom accumulation

pi*1) = (pi) + x;a2k) 27 with p® =0 and
|_add_| p(k) =p = ax+ p(U)z—k
|—shift right—|

Multiplication with left shifts: bottom-to-top accumulation
pi*h) = 2p0 +x,; 4a with p® =0 and
|shift| pk) =p = ax + pl0)2k
| add——|

*from Parbami
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Multiplication Algorithm

Right-shift algorithm Left-shift algorithm

a 1010 a 1010

X 1011 X 1011

p(0) 0000 0) 0000

+X,a 1010 2p(0) 0 0000
+X3a 1010

2p) 01010

pM 0101 O (1) 0 1010

+X4a 1010 2pt1) 01 0100
+Xoa 0000

2p? 01111 0

p'2) 0111 10 (2) 01 0100

+X,a 0000 2p2) 010 1000
+X4a 1010

2p® 00111 10

p3) 0011 110 pd 011 0010

+X3a 1010 200110 0100
+Xpa 1010

0 *from Parhami
1

(4) 0 0 0op4 0110 1110
l(l‘flI b oy e por oyt m
11 May 2004
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Basic Hardware Multipliers

Shift

>

Multiplier x [

Hardware realization of the sequential multiplication
algorithm with additions and right shifts.  xg,m p3rhamj

[ ]
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Multiplication®

Adder’s Adder's sum Unused
carry-out |
p i/k _ part of the
_L multiplier x

I
Partial productlp”ﬂ

k K—1

w
To adder To mux control

Combining the loading and shifting of the double-
width register holding the partial product and the
partially used multiplier.

.( |’ fl- *from Parhami m
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Multiplication™

< Shift
If“' Multiplier x
I
g +
| Doublewidth partial product p
I -4
| Shift
1
I
I
i XK1 2k L Multiplicand a
:
I
1
L

2k-bit adder

2K

Hardware realization of the sequential multiplication
algorithm with left shifts and additions. *trom Parbami
l(l’flI
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Multiplication of Signhed Numbers

a 10110
X ______o1011 _________

p©@ O00O0O

+Xpa 170110

2p(1) 110110

p(M 11011 O

+Xx,a 170110

2p(2) 110001 O

p2 11000 10

+Xoa 000O0O

2p(3) 111000 10

p3 11100 010

+X3a 170110

2p(4) 110010 010

p“) 11001 0010

+Xx48 O0O00O00O

2,(05()5) 111001 0010

p® 1110010010 *from Parhami

.(llﬂ. Sequential multiplication of 2’s-complement
numbers with right shifts (positive multiplier). 11 May 2004 -
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a 10110

X ______1o0101 ________

p0) 0O0O0O0O

+Xpa 10110

2p1) 110110

p 11011 O

+Xx48 0O00O0O

2p(2) 111011 O

p(2) 171101 10

+Xoa 170110

2p3) 110011 0

p©) 1717001 110

+X3a O00O0O0

2p4) 111001 110

p@ 117100 1110

+(—Xx4a) 01010

2p(5) O00110 1110

5 .

.(llﬂ. | Sequential multiplication of 2’s-complement m
PR ALS D6 LA numbers with right shifts (negative multiplier). 11 May 2004



Multiplier Recoding*

*from Parhami
Table 9.1 Radix-2 Booth’s recoding

X; Xi_q Y; EXxplanation

O 0 O No string of 1s in sight

o 1 1 End of string of 1s in x

1 0 -1 Beginning of string of 1s in x

1 1 O Continuation of string of 1s in x
Example

1001110110101 110 Operand x

() 10100110111 10010 Recoded
version y

GO m
FootR aee 10 11 May 2004




a 1701 1 0

X 1T 0 1 O 1 Multiplier

)% 1 11 1 -1 Booth-recoded
PO O O O 0O

+yoa O1 010

2p(h OO0 1010

pD OO0 101 O

+y.a 170 1 10

2p(2) 171 1 0 1 1 O

p2) 1711 01 1 0

+y-a O1 010

2p(3) Ooo111 10

p3) O0O011 110
+yaa 170 1 10

2p4) 1711001 110
p 1711 00 1110
+Vaa O 1 010

2p(3) Ooo110 1110
p ) oOooo11 011 1O0

.(Pﬂ- Sequential multiplication of 2’s-complement m

VIECHNIQUE 11 numbers with right shifts using Booth’s recoding.
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Multiplication by Constants

Aspects of multiplication by integer constants:
Produce efficient code using as few registers as possible
Find the best code by a time/space-efficient algorithm

Use binary expansion
Example: multiply R4 by 113 = (1110001 {0
R, <« R, shift-left 1
Ry «— R, + R
Rg <« Rj shift-left 1
R, <« Rg + R
R142 < R7 shift-left 4
Ri13 < Ry + Ry

Only two registers are required; R4 and another

Shorter sequence using shift-and-add instructions
R, <« R, shiftleft 1 + R,
R, « R, shift-left 1 + R, *from Parhami

e Rq13 < R, shiftleft 4 + R, lap
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Multiplication by Constants

Use of subtraction (Booth’s recoding) may help
Example:
multiply R4 by 113 =(1110001),c, = (100-10001)4,,,6

Ry <« R, shiftleft 3
R, « Ry — R
Ry, < R, shift-left 4
Ri13 < Ry + Ry

Use of factoring may help
Example: multiply Ry by 119 =7 Xx17=(8—-1) x(16 + 1)
Rg <« R, shift-left 3
R; < Rg — R;
Ry40 < Ry shift-left 4
Ri1g <« Rqy12 + Ry

Shorter sequence using shift-and-add/subtract instructions
R, <« R, shiftleft 3 — R,
“ :
Ri1o < R, shiftleft 4 + R, from Parhami | =R



Fast Multipliers

Viewing multiplication as a multioperand addition problem,
there are but two ways to speed it up

a.  Reducing the number of operands to be added:
handling more than one multiplier bit ata time
(high-radix multipliers, Chapter 10)

b.  Adding the operands faster:
parallel/pipelined multioperand addition
(tree and array multipliers, Chapter 11)

(gl | y *from Parhami | P

11 May 2004




Using Higher Radix Multiplier

10.1 Radix-4 Multiplication

Radix-r versions of multiplication recurrences

Multiplication with right shifts: top-to-bottom accumulation
pUi+) = (pD + x;ark) r’ with p® =0 and

|—add—| p(k) = p = ax + p(D)r—k
|—shift right—|

Multiplication with left shifts: bottom-to-top accumulation

pU+1) = rp(f) + Xy—j-18 with p(O) =0 and
|——add——|
N Y

Fig. 10.1 Radix-4, or two-bit-at-a-time, multiplication in dot

.(l’fl- ) hotation. *from Parhami

11 May 2004

III'HIt'\.LI I5.l'|.'L E



Using Higher Radix Multiplier

Multiplier
I 3a | | 111
(I) 'i Zla 2-bit shifts
X L
00 01 10 11 2. ! .
Mux
To the adder
Fig. 10.2 The multiple generation part of a radix-4 multiplier

with precomputation of 3a.

a O1 10

3a O1 0010

X 11 10

p0) O O0OO0OO
+(X1X0)twol OO0 1 00

4p(1) O01 10020

p Oo011 0O
+(X3X2)twod O1 00160

4p(2) O10101 OO

p) o101 0100

Fig. 10.3 Example of radix-4 multiplication using the 3a

L ({ multiple: *from Parhami |[ore

ECOHLE POLYTECHNIQUE 16 11 May 2004
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Higher Radix Multiplier

Multiplier

2-bit shifts —b
Xit+1 Xi C
: a —a arry L
0 a 2a TC Setif xi+1 =xi =1
| | | I mod 4 ; orif xir; = ¢ =1
00 01 10 117 |
Mux

To the adder

Fig. 10.4 The multiple generation part of a radix-4 multiplier
based on replacing 3a with 4a (carry into next
higher radix-4 multiplier digit) and —a.

X., X C Mux control Set carry
O O 0 O O 0
O O 1 o 1 0
0O 1 0 o 1 0
0O 1 1 1T O 0
1 O 0 1T O 0
1 O 1 1 1 1
1 1 0 1 1 1
1 1 1 O O 1

*from Parbami
11 May 2004
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10.2 Modified Booth’s Recoding

Table 10.1 Radix-4 Booth’s recoding yielding (z,,5 - - - Z1Zg)¢our

Xiv1 X; X1 Vi+1 Vi  Zyo EXxplanation

O O O O O O No string of 1s in sight

O O 1 O 1 1 End of string of 1s

O 1 O O 1 1 Isolated 1

O 1 1 1 O 2 End of string of 1s

1 O O -1 O 2 Beginning of string of 1s

1 O 1 1 1 -1 End a string, begin new one
1 1 O O 1 -1 Beginning of string of 1s

1 1 1 O O O Continuation of string of 1s

Example: (21 31 22 32)¢04r
1700111017101 01110 Operandx

*from Parhami

.(llﬂ- (1) =2 2 1 2 11 O "2 Recoded m
INIQUE 11 May 2004
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Fig. 10.5

ECOHLE POLYTECHNIQUE
FEDERALE DE LAUSANNE 1 9

Booth’s Recoding

a 01120
X 17010
Z -1 2 Recoded version of x
p(0) 000O0O0DO
+zya 1710100
4p(1) 1710100
p(h) 111101 00O
+z,a 1711 010
4p(2) 17170111 0O
p(2) 1101 1100
Example radix-4 multiplication with modified

Booth’s recoding of the 2’s-complement multiplier.

*from Parhami
11 May 2004
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Booth’s Recoding

Multiplier Init. O Multiplicand

—

2-bit shift

X i+1 Xi X i1 + k

Recoding Logic

neg| two nonO 0
dba o 2

—\ 0 1
Enable Mux

Selec
--------------------------------------------- 0, a, or 2a
S
Add/subtract | zi al
control To adder input

Fig. 10.6 The multiple generation part of a radix-4 multiplier
based on Booth’s recoding.

B *from Parhami m

ECOHLE POLYTECHNIQUE 20 11 May 2004
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Booth’s Recoding

Using Carry-Save Adders

Old Cumulative
Partial Product

New C umuhrne Partial Product

Multiplier
0 2a
J\: |"".-|Ll.;/|-' - I
0 a X i+l
Mux
p—
CSA
\ Addm

Radix-4 multiplication with a carry-save adder used
to combine the cumulative partial product, X;a, and

2x;,4a into two numbers.

*from Parhami

11 May 2004
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Booth recoding and multiple selection logic for
high-radix or parallel multiplication.

B

2

X i+ Xit] X; K| X 2
L — I — I
| . . |
— | Recoding Logic 1= |
negl twao nont

0. a. or 2a

\ 4

Extra "Dot" 4i2 @
- . . X 7
for Column i from Parham/

11 May 2004



Modified Booth Recording Implementation
Multiplicand Y

Multiplier

11 May 2004 Multiplier Design 23



Higher Radix Multipliers

Multiphier
0 ! | Ra
Ml e
1o | 4a Ri+d
Mux —
-, Aij+2
4-Bit {__L,” <4
Shaft S 0 la X i+ ]
“I_\I“-.[Lﬁf: X
CSA CSA
|
CSA
CSA

' 4 N
~ e £ E

—— . P - S'\"\/' 4-Bit

Carry . b Adder

Partial Product To the ]tj,_.m. Half

(Upper Half) ol Partial Product
*from Parhami
B Radix-16 multiplication with the upper half of the
ECoLE POLYTECINGUE D4 cumulative partial product in carry-save form. 11 May 2004 5



Tree and Array Multipliers

Several

Next multiples All multiples
nmllnpla:.
V \'Hmll {.'Hy
Adder o Full CSA
- lree
Partial Jproduct Partial ||‘|I'uL1LIL'l

\ %ddu / \ Adder /

|
Blfllﬁll"» q léh md]kh Full

I TE 0 P Mo
binary  Speed uj d]tm]tm, Economize tree

) *from Parhami
W lap

11 May 2004
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Tree and Array Multipliers

Multiplier

ILi

Multiple- __]a
Forming
Circuits |

| a

Partial-Products
Reduction Tree

{ Multi-Operand
Addition Tree)

/

Redundant result

Redundant-to-Binary
Converter

| Some lower-order
Higher-order product bits are
product bits generated directly

) * /
.(”l- 6 General structure of a full-tree multiplier. fm/z ﬁffgﬁf”m

FEDERALE DE LAUSANNE




Tree Multipliers

[, & _ 2.8 3.9
0,61 [ 5 [2:8] 3,91, 107 |

[1,6] |
T-bit CSA 7-bit CSA I

2. 8] [ 1.8] ill\ ‘IF-III

T-bit CSA

[6, 12] /|_:_ 12]
N\ [2. 8]
[ 7-bitcsa {
3.0, 12.12]]
SRE

The index pair I 10-bit CSA
[1. 1] means that [3.12]
bit positions
rorm 1 up o)
are involved.

—— .|
-
fony, -
-]

[4.13] [4.12]

10-bat CPA ‘

lenore | [4, 13]

"
[

0

*from Parhami

B\ Possible CSA tree for a 7 x 7 tree multiplier. m

ECOHLE POLYTECHNIQUE

FEDERALE DE LAUSANNE 27 11 May 2004



Tree Multipliers

All partial products Several partial products
P .
' M 'y Y
A\
Small tree of
Large tree of S Aokl
carry-save Log- adders
adders depth 1 l
WV
Log-
Adder depth Adder
I |
Product Product

Schematic diagrams for full-tree and partial-tree

multipliers.
% .
.( |1ﬂ- N from Parhami

11 May 2004

lap)



Generating Partial Products

Multiplicand

Lsh

b
Multiplier

[ bit

Py

A /
M I’m'lin?‘l:-r-.h.lucl Leh
Partial Product Selection Table _
Multiplier Bit |  Selection 0800080000 CORS RS « |0
n 0 00 S 0808 S0 BSOS RSS «— |0
| Multiplicand oseocsos0000BOOOOSa (@
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Generating Partial Products
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Generating Partial Products using Booth’s
Recoding

@|Lsb
HHH...I.........I.-. a
IH-....I-.-.-...... a8
I|§Illllllllllllllld‘ ]
||5I............... a
I|§.lillllllllllllld<d4 e M
||5....'........... 5 & |
I|?Illllllllllllllld<d< e !
S 2 BN ERBERREERRERDE N e
P80 8GBABEGNRRERAES \Jq o
e =
+ e
LA B B B EEENNENEENERESER RN NN ERERRERENRNNENSNDLR./ a8
a8
Partial Product Selection Tahle .
Multiplier Bits Selection 5 = 0 if partial product is positive @ Msh
0 +10 (top 4 entries from table) 0
00] + Multiplicand & = 1 if partial product is negative 0
010 + Multiplicand (hottom 4 entries from table)
011 + 2 x Multiplicand
RN -2 x Multiplicand
0] - Multiplicand
110 - Multiplicand
11 -

*from G. Bewick
(il m
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Generating Partial Products using Booth’s
Recoding

Multiplier = 63668, = 11111000101 10101

Multiplicand (M} = 40119, = 1001100101011

100010011100101 101114—'M—{ 1™ Lsh
0

0
110100111001011011 1-+—L— 1
i 0
1010110001101001000 - =il {1 I
1 1 LI
1010110001 10100100 0 =] { 0 {
1 1 .
1101001141001 011011 1= o 0 > |
0 o T
10011000141 01001000 1{-- =2 0 i
1 1| e
101111111111 111111 1= -1 {1 r
1 1
111111111111 1111 1= -l 1
1 1.4 Msh
- 1001110010110 11 1= - 0
0

10011000010000000001010101100011

*from G. Bewick
(L m

ECOHLE POLYTECHNIQUE 32 11 May 2004
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Booth Partial Product Selector Logic

Lzh

Multiplicand
A

i

Lk

fultipliar
Crmoup

Y

e LS e E S E

- ——

M e e e ———— Y

m—_—_———— e == =

12 mare
And/OrnExclusive-
or blocks

S e o e e e

Bl =TT =gy

w7

Partial Produci

lap)

*from G. Bewick

11 May 2004
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Radix-2 Booth Recoded Multiplier
with Negative Partial Products

i:HHIHHHHIj:'

n::::::::::::jfj:ﬂ;//{

—_

R

= T oy

- m—

Meh

Figure A.2: 16 bit Booth 2 multipheation with negative partial products,

*from G. Bewick
il m
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Radix-2 Booth Recoded Multiplier
with Summed Sign Extension

\g.

Figure A 3: Negative partial products with summed sign extension.

*from G. Bewick
(P m
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Radix-2 Booth Recoded Multiplier
with Summed Sign Extension

0
[5] @] Lt
Illilllill-lllllllﬂ*J/ .
I ITesesesasasannesan | L
IEHIXI T I I I T XXXy EL—ffff .
I I I T I I E YT I TN Y QL .
IH YT T Y Y TYIYITYITYIY EL a| M
IFToas00000800080088 |5 T o
IhllllllllllillliliL@d { . |
HllilllllllllilllCLH IF
lllillllllillill&ﬁ \\\ {li
8 =
} 1
L IR EESRENNENEEESRENREERNERS RN N RN .
siii{-
Partial Product Selection Tabla [
Multiplier Bits Sdaction % = 0 ifpariial proshict is posilive IR EE
Kin i {1op 4 eniries from mbilz) el
il Multiplicand 5 o

| if partial product is negalive

a1 Plualii plicand (hotiom 4 entnes from able)
a1l 2 % Multiplicand

110 -2 % Mulriplicand

1l - Bulriplicand

1o - Multiplicand

Figure A4 Complete 16 bit Booth 2 multipheation.

*from G. Bewick
(ol | m
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Radix-2 Booth Recoded Multiplier
with Summed Sign Extension and Reduced
Loaic Depth

0
{ @] L
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.
Partial Product Selection Tahle a
*lultiplicr Bits Sdaction &= 0 ifpantial proshct is posi live {{ | Meh
(i il (g 4 eninies from mbile ) Rl
0

(| Multiplicand
aln Blulti plicand
il 2 x Multiplicand

5= lifpartial prochct is negalive
ihatiom 4 entnes from mble)

100 -2 % Multiplicand
101 - Multiplicand
(NIE - Multiplicand

= *from G. Bewick

Figure A5 Complete 16 bit Booth 2 multiphcation with height reduction

[ ]
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Complete Signed Radix-2 Booth
Recoded Multiplier

. IZ:H::::::::::::I:EM/{{

T H\%{

Lsb

—
I

STmTTToa T T E

Partial Product Selection Tahle %= Difpartial prochct is posilive
Wultiplicr Bits Sl action (top 4 eniriex from table)

(il 0 5= lifpartial procuct is negalive
(batiom 4 entnes from table)

bleh

(il Blulriplicand

a1n Bfuli plicand

E= Lif mulliplicand is positive and patial produoct is
. positive, ar il multiplicand is negative and parial
-2 % Multiplicand proiluct is negative or il partial product s 0

i1l 2 x Multiplicand
1o 2

Il - Mulbiplicand . .
r E = Dif mulliplicand is positive and patial produoct is

110 - Multiplicand negalive, or ifmuliplicand iz negaiive and pardial
1l _fi product is posilive ar i pariial product is -0

Froure A6 Complete signed 16 bit Booth 2 multuiphication.

- (| *from G. Bewick m
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Tree Multipliers

“‘ L i il 1y
CoA ‘4-10-2 H 4-10-2 H 4-10-2 H 4-t£}-2\
_|

CSA 4-t0-2 4-{0-2

4-to-2 reduction madule
implemented with two 4-t0-2
levels of (3; 2)-counters |

Tree multiplier with a more regular structure based
on 4-to-2 reduction modules.

% .
.(Pf [- . from Parhami m

11 May 2004




Reduction using 4:2 Compressors

Row of 4-2 Counters

Each box represents a
single 4-2 counter

First Level of
4.7 Counters

olololo || eSS S|S S ® & & Second Level of
S| 90 e SS9 e e 4-2 Counters

@ i *from G. Bewick

A A AL A L L L LA LLAL A Final output to
2000000000000 OON Adder
)
(ol |

L
SC0L8 OLTEGUE  4() 11 May 2004 m




Tree Multipliers

Multiple Multiplicand
generation et w
circuits / g
# o
w
. :
/7 / o
¥ o
q
l —
q
w
¥ @
—EE =
: .
—_
O =

x

Redundant-to-binary converter

| Layout of a partial-products reduction tree
composed of 4-to-2 reduction modules. Each solid

% .
.(l’fl- arrow represents two numbers. fron;/:/lar/;ig m
ay
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Multiplier Placement in a Standard Grid Topology
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) Figure 4.10: Multplexer placement for 8x8 multuplier. *from G. Bewick
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Floor Plan of a Multiplier
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.(llﬂ. Figure 5.20: Floor plan of multiplier chip *from G. Bewick m
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Delay Components of a Booth Recoded
Parallel Multiplier
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Figure 6. 1: Delay components of Booth 3-14 multiplier.

*from G. Bewick
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