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Addition of Binary Numbers

Full Adder. The full adder is the fundamental building block
of most arithmetic circuits:
a; D.

|
!
C Full C.
Adder
' S
The sum and carry outputs are described as:
Sj = aiﬁi(_:i + a_ibi(_:i + giEiCi + aibici

G =ab.0i +aiE|Ci +aib|Ei+aib|Ci =ab +ac +he
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Addition of Binary Numbers

Inputs Outputs
Ci a; b, S, Citq
0 0 0 0 0
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Full-Adder Implementation

Full Adder operations is defined by equations:
s =abC +abt +abc +abc =a ®b ®c =p, D¢,

Ci,y =D,C +ai6ici +ab, =g; + pC a b,

Carry-Propagate: p, =a @b,
and Carry-Generate g

g; = *b,

—
COUt

One-bit adder could be
Implemented as shown
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High-Speed Addition

Ci.i=0; + PG

gi:a'.b'; | pi:ai@bi

One-bit adder could be
Implemented more efficiently s, =p @c

because MUX is faster
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The Ripple-Carry Adder
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The Ripple-Carry Adder

A, By A; B Ay By Az Bj
I I ) I
Ci 0 Co,o C0,1 Co,2 C0,3
. FA » FA ¥y FA ——— FA —
(=Ci1)
I
éo Sil Siz S3

Worst case delay linear with the number of bits
ta = O(N)

tadder ¥ (N - 1)tcarry *lum

Goal: Make the fastest possible carry path circuit

From Rabaey
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Inversion Property

A B A B
1 Y
Ci—| FA | -C, = Ci—d FA b—C,
% Z

S(4,B,C;) = S(_,E,C_’i)

C (4,B,C;) = C_(4,B,C;)

From Rabaey
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Minimize Critical Path by Reducing Inverting Stages

Even Cell Odd Cell
A2 82 A3 BS
, Co,2 Co.3
T — FA’ FA’ —
g
2 S

Exploit Inversion Property

From Rabaey NOte: need 2 different types of cells
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Carry

Manchester Carry-Chain

Realization of the Carry Path

o Simple and very popular scheme for implementation of
carry signal path

Vdd Vdd Vdd Vdd Vdd Vdd Vdd Vdd
G t
i A A d. AL AL [dC L Senerae
out Carry in
= = = = = = = =
+ + + + + + + + (I;’ropagate
evice
1 1 1 1 ] ] 1 1
N N N N N N N N Predischarge

& kill device
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Manchester Carry Chain

sImplement P with pass-transistors

sImplement G with pull-up, kill (delete) with pull-down

*Use dynamic logic to reduce the complexity and speed up
Vb

o4F—4F—d——F—4F—

Sl el il &l &l Gk >

d)_l_ | |m | | B
] ] ] ] ] ]

= Kilburn, et al, IEE Proc, 1959.
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Ripple Carry Adder

Carry-Chain of an RCA implemented using multiplexer from the
standard cell library:

a‘i+1 bi+1 a‘i/ bi
- A DUt R DT
| | | |
o s o |
| ' I p— o | — I
Cout i <] C+: <] 1 iC': <] ? :<Cin
T I AL R N
Oklobdzija, ISCAS’88
S. S.
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Carry-Lookahead Adder
(Weinberger and Smith)

Weinberger and J. L. Smith, “A Logic for High-Speed Addition”,
National Bureau of Standards, Circ. 591, p.3-12, 1958.
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Carry-Lookahead Adder

(Weinberger and Smith)

Ci., = abic, +ai6ici +ab, =g; + pC;

Civ2 = Ui T Pinlin

=0y + P (9 + PiCy)

=0 T Pinn8i T P PGy

Cirs = Uiz + PisaCiso

=0i,2 + Pis2(Giys + Pia0i + Pt PiC)
=Uis2 T Pis2Givs T Pi2 Pit¥i + Pis2 Pt BiG
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Carry-Lookahead Adder
— gi+3 T pi+3gi+2 T pi+3 pi+Zgi+1 T pi+3 pi+2 pi+1Cj

P. = PiaPiisPiaPi| @b a.b. a.b a b
J 1+3 1+2 1+1 | i+3 Mi+3 i+2 Mi+2 +1 ~i+1 | i
S T R B
One gate delay A N
to calculate p, g 0Pt |9Pra] |9Pid] |9
One A to calculate 7= - e = e
Pandtwo for G | £+ P, G Group -
Three gate delays é l ' J !
4j+3 C4j+2 C4j+1
To calculate Cy,;) : ,
Cainy = Gi + PGy Compare that to 8 A in RCA |
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Carry-Lookahead Adder

(Weinberger and Smith)
Gj=G,,,+P.G, ,+P.P,,G.  +P. P, ,P.G,

1+31+2 1+3" 1+21+1 1+37 1+2° 1+171
*
P ] = I:)i+3|:)i+2|:)i+1|:)i
TSN
C4(j+1) - il C4j
G* P

C4(J'+1) =G *k +P *k C4J ¢ J Ctﬁz J i4j+1
N

Additional two gate delays
C,¢ Will take a total of 5A vs. 32A for RCA !
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32-bit Carry Lookahead Adder

individual adders
a. generating 9 b | bi
and sum S, A

11T 1T ???? E"?'?ELE"? ECE'?E'ELE'E'E'E'

!

————————

Carry- Iookahead super- blocksof | - o [ «C .. | Carry-lookahead blocks of
A-bits blocks generating: " i " 4-bits generating:
G*i’ I:).ki’ and Cin for the 4-bit Gp Pi’ and Cin for the
blocks : adders

Group producing final
carry C ,and C g

Critical path delay = 1A (for gi,pi)+2x2A (for G,P)+3x2A (for Cin)+1XOR-A (for Sum) = appx. 12A of delay
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Carry-Lookahead Adder

(Weinberger and Smith: original derivation )

E-l| =S Al.ﬂj
+ (A, + By
Ci= AB = A8
+ (As+ B;) G, + (As+B;) A, B,
+ (As+By) (A + B) G
Chy= AsBy = AyBy
+ (Ay+ By) Cy + (As+ By) As By
+ (Aa+By) (Ay+ By) A, By
+ (A4 B;) (Ay+B;) (A, + B) Gy

Prof. V.G. Oklobdzija VLSI Arithmetic

18



Carry-Lookahead Adder

(Weinberger and Smith: original derivation )

Cy= A-lBl - AB,
+{Ai+B)Cy + (Ai+B.) Ay By
+ (At B.) (Ay+ By) A, By

+ (Ai+ Bi) (As+ Bs) (As+ By) A, By

+ (Ae+ By) (As+ By) (A + Bs) (A1 + By ) Gy
= A8,

+ (At B,) A By

+ (444 B) (Ay+ By) As By

“+ (Aut-By) (Ag+ Ba) (As+ By) (Ai + By) (As+ Co) (Bi+Co).
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Carry-Lookahead Adder (Weinberger and Smith)
please notice the similarity with Parallel-Prefix Adders !

EEIEEEIHFIHE!EII']EII]U AaTaTalaTala] | ssewo

:II.
A0 []EIIIEII.’]EIEIEI'I:II:ID I:II:IIZ'II:'ID B [0 Ea]| ADDEND
£, ' [ | ﬂ
CLOOK x| X | ®] | | | HsHEE ™
PHAM il K |
1 |
Il ’! _E.mnr
-1, B _= :-- ==' : ATION
OLOOK rH e - - -
FHASE I_quuuuuuur.-][-n-] - r_-]uu J

o (A EAAA TR

DO0O00O0OoDDoDoDnoDonC

Fmﬂn 1.9, Thmm-m-bﬂ nmm binary adder
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Carry-Lookahead Adder (Weinberger and Smith)

please notice the similarity with Parallel-Prefix Adders !

BB M B0 AR AR AT AR A SA I AT 4l SO MIT MM AN B Hurrllnunt_llinrlungimnﬂllrll-li'l N
aTalalalalalalalaTalalaTalalal alal sl alaTalalalalalajalafafafafafal alalafafaiafaiaiatachialiataldiate sl MesEuD
sfelslolofalale(sle(alelsls|alelelels|s plp slafsisisinin plalelefoiolslilale] Exlfscoemo
- - | mi - 1
- .. Ii J 3
i e
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— = = - ]
e - - o
g 111 " " r
-l A AT B
_-!-_ 'E b ii glejelelele]e ele|elele]ele
1 i | |
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i ihnnhb bbby
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Fiouse 1,10, Fifly-three-bil parallel binary adaer.
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