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Chapter 1

Mathematics for Electromagnetic Waves



N

James Clerk Maxwell (1831-1879)

“The Maxwell electric field theory is contained in his “wonderful” equations, both invention and synthesis. On
their publication in 1864, they appeared as revolutionary as the theory of relativity forty years later. The electric
field and the magnetic field are propagated through space in the form of waves, according to the new theory.
Thus, the effect due to an electric charge does not appear instantaneously in the entire surrounding space at the
moment when the charge that produces it appears in one point. Similarly, the effect of a magnetic field caused
by the passage of an electric current only makes itself felt gradually by degrees.”

—Pierre L. Aryl in The Electronic Epoch.



Maxwell’s equations completely describe the field of electromagnetics. Partial differential equations,
vectors, and complex analysis describe the propagation of time-harmonic, spatially varying electromagnetic
field quantities. Maxwell’s equations are:

V x E(F, 1) = _882:,0 (1.1)
v A ) = 0D 4 76 (12)
VD7) = pul7, 1) (13)

V- B(F,t) = (1.4)

For the purposes of this chapter the following mathematical observations are made:

1.

Maxwell’s equations form a system of coupled partial differential equations that involve vector and
scalar quantities.

The time derivatives in these equations describe the time varying behavior of the fields.

The equations are linear partial differential equations, and Fourier analysis can be used to analyze the
behavior of complicated signal shapes. In Fourier analysis signals are described by a superposition of
time-harmonic signals consisting of sines and cosines. The focus is on the behavior of each periodic
signal at a known frequency of oscillation. Because the oscillation frequencies are known, we need to
determine how the phase of each signal is being changed by the system of governing equations. Similar
to circuit theory, in electromagnetics we use phasors to simplify the manipulation of time-harmonic
signals. The phasors are, in general, complex numbers that describe an amplitude and phase shift,
but unlike phasors in circuit theory, the phasors are vectors.

Analogous to using a superposition of phasors to describe more complicated time-varying signals, in the
next chapter we will introduce the concept of a plane wave. A superposition of plane waves can be used
to describe more complex spatially varying waves. The use of time-harmonic signals in combination
with plane waves simplifies the complicated set of Maxwell’s coupled partial differential equations into
simple ordinary equations with straightforward solutions.

The electromagnetic fields are functions of position. The dot products and cross products are spatially
dependent derivatives, and it is these derivatives in Maxwell’s equations that describe the behavior of
the electromagnetic fields in space. At each point in space, the field is assigned either a magnitude
alone, or a magnitude and direction. Such fields are referred to as scalar fields, ®(7), and vector fields,

A(F), respectively.

A thorough understanding of Maxwell’s equations, then, requires knowledge of complex numbers, phasors,
vectors, curl and divergence operations, and time-harmonic signals both in scalar and vector form. A brief
review of these fundamental mathematical concepts is given next. You are encouraged to obtain a physical
as well as a mathematical interpretation of the concepts.

1.1 Complex Numbers

1.1.1 The “Complex Plane”

A complex number, z, consists of a real and imaginary part, which can be visualized in the “complex plane”
as shown in Figure [Tl The complex number can be thought of as a vector starting at the origin of the
complex plane and ending at the coordinate (a,b), where a is the real part and b is the imaginary part of
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the complex number. The magnitude of this vector, r, is then given by r = v/a? + b2, and the angle of this
vector with respect of the positive real axis, 6, is given by § = tan~!(b/a). The complex number z can
therefore be represented in one of two forms. The rectangular form is given by z = a + jb, and the polar
form is given by z = re’?, which makes use of Euler’s formula:

76

e’’ = cosf + jsinf (1.5)

where j = /—1. Equation [LAl is an important result which we will use repeatedly when transforming
between the time- and phasor-domains.

Im(z)
A
b z=aq + jb
= rel?
0
Y
Kz
A
@ = tan"!(b/,
) » Re(z)

Figure 1.1: Plotting a complex number in the complex plane

1.1.2 Complex Conjugate
The complex conjugate of z is defined in rectangular form as

2* = (a+jb)" =a—jb (1.6)

and in polar form as ' '
2= (7”6]9) =re 99 (1.7)

The complex conjugate is a convenient way to extract the real and imaginary part of a complex number z:

Re{z}:z—gz*:%{a—i—jb—i—a—jb}:a (1.8)
T (s} =~ (255 ) = g lat o= =it = (1.9)

1.1.3 Powers and Roots

The n'" power of a complex number is best found using the polar form:
2" = r"eI? = 1 {cos (nf) + jsin (nd)} (1.10)

Likewise, the n'! root of a complex number is given by
- 0+ 2k 0+ 2k
L/ = pl/ngif/n _ p1/n {cos< + 7T> —|—jsin( + 71')} (1.11)
n n
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where k = 0,1,2,..n — 1. From this it follows that there are n different values for z'/". For example, the
square root of a complex number is z'/2 = +V/rei? = :I:\/Fej‘)/z.

KLLL LKL > > >>

EXAMPLE 1.1:
Given the following complex numbers: A =1+ j2 and B = —2 — j, calculate the numerical solutions to
the following operations: AB, A/B, and VA.

Solution:
Carrying out the multiplication in rectangular form:

AB=(14j2)(~2—j) = —2— j— jA+2 = —j5
or, in polar form:

AB = (1+j2) (-2 —j) = (\/gejmm) (\/ge—jz.ms) — 51Tl = _j5

Calculating the quotient in rectangular form:

1452 (—2+44) —4-33
A/B— 12 Rl J2 — 0.8 406
—2—-3\-2+y )
or, in polar form:
B eil.107 ‘
ap = T s g5 jog
V/Be—i2677

Finally, calculating the square root in polar form:

) 1/2 ) .
VA= (VBeM10T) T g (544 (/M107/2) = 1495675 = £ (1.272 4 j0.786)
KLLK LKL S>> >>>>>

1.2 Vectors

1.2.1 Real Vectors

In this section we first consider only real vectors, i.e. vectors that consist only of real numbers. In a three

dimensional, cartesian coordinate system, a real vector is specified by V = V& + Vyy + V.2 where £, §, and
Z are unit vectors along the x-, y-, and z-axes, respectively, and V,, V,, and V. are the magnitudes of the

vector V in the x-, y-, and z-directions. The length, or norm, of a real vector V is given by

V= V2+V2+V2 (1.12)

The unit vectors Z, §, and Z have a length equal to unity, i.e. |Z| = |g|=|2| = 1.

The addition or subtraction of two vectors U = U2 + Uyg + U2 and V = V, &+ V,§ + V.2 is simply the
addition or subtraction of the individual components:

UV =U,£V)24+ U, £V,)) g+ (U, £V,) 2 (1.13)
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There are two multiplicative operations for vectors, the dot product and the cross product. The dot

product results in a scalar. The cross product results in a vector. The dot product of two real vectors is
defined as

U-V=U,V,+U,V, +U,V, =|U||V|cosb (1.14)

where 6 is the angle between the two vectors. Notice that we can rewrite the expression for the length of a
real vector (Equation [[I2)) using the dot product:

Vi=\yV-V (1.15)

Carrying out the dot product, it is straightforward to show that Equations [[12] and [[.TH] are equivalent.
The cross product of two real vectors is defined as

(_] X ‘7: U, Uy U.
V. Vv, V.
_ AU U | | U U, AU Uy | i
=3 v, V. y} V. V. ‘—l—z v, vV, =n|U||V]siné (1.16)

where 7 is a unit vector that is perpendicular to both U and V, and the direction is determined by the right
hand rule. The right-hand rule states that the orientation of the vectors’ cross product is determined by

placing U and V tail-to-tail, flattening the right hand, extending it in the direction of U, and then curling

the fingers in the direction of the vector V. The thumb then points in the direction of U x V, as shown in
Figure

UxV

_J

A

I

U

Figure 1.2: Illustration of the right hand rule for the cross product of two vectors. To find the direction of
U x V, start with the fingers of the right hand pointing in the direction of U and curl them in the direction
of V. Your thumb will point in the direction of U x V.

LLLKL LKL S>> >>>>>

EXAMPLE 1.2:

What is the spatial relationship between the vectors k and E, if k- E = 0? (Assume that both k and E
have nonzero length.)



Solution:

From Equation [.14] we see that if both k and E have nonzero length, the only way that k - E = 0 is if
cos = 0. This occurs when the angle between the vectors is §# = 90°. Therefore, k& and E are orthogonal
(i.e. perpendicular) to each other in space.

KLLKL LL > >>>>>>

EXAMPLE 1.3:
What is the spatial relationship between the vectors k and A, if £ x A = 0?7 (Assume that both k& and

A have nonzero length.)
Solution:

From Equation [[.I6] we see that if both k& and A have nonzero length, then we must have either § = 0°
or § = 180°. Therefore, k and A are either parallel or anti-parallel in space.

LLKL LKL > >>>>>

EXAMPLE 1.4:
Generate a unit vector that is perpendicular to both of the vectors A = 2% + 37+ 2 and B = & + § + 22.

Solution:
The cross product generates a vector that is perpendicular to both vectors:

z U z
AxB=| 2 3 1 |=52—-39—2
1 1 2
Then, normalize the vector:
Ax B 1
n=——=——=(b2—-39—2)
|Ax B| V35

KLLL LL S>> >>

EXAMPLE 1.5:
What is the angle between the vectors A = & + 2 — 32 and B = —23 + 3§ — 2?

Solution:
We can calculate the angle from the dot product. Solving Equation [[.14] for 6:

A-B
0=cos ! | —— | =cos! <L> = 60°
413 V4V

LLKL LL > >>>>>



1.2.2 Complex Vectors

A complex vector is a vector with one or more components being complex. As we will see, in electromag-
netics we often use complex vectors. In many ways, a complex vector is treated similarly to a real vector.
For example, vector addition and subtraction are performed in the same manner using element-by-element
addition or subtraction (Equation [LI3). The dot and cross products are also done in a similar manner
(Equations [[LT4] and [[LT6) except they can no longer be defined in terms of an angle, 6, since this angle no
longer makes physical sense when dealing with vectors in complex space.

An important difference occurs when calculating the length of a complex vector. For example, consider
finding the length of the vector D = & + ji using our previous definition (Equations and [[TH). We

would find |[D| =12 + j2 = 1 — 1 = 0 which clearly makes no sense. Instead, we use the complex conjugate

and define the length of a complex vector as
V=V 7 (1.17)

Using this definition, we find the length of vector D to be |[D| = /(2 +j7)- (2 —j§) = VI+1 = V2.
Notice that, in the case that V is a real vector, Equations [I7 and are equivalent.

1.3 Scalar and Vector Fields

A spatially varying field is described either as a scalar field, ®(7), or a vector field, A(7) = A 3+ Ay§+ A2,
where the position vector, 7, is given by

= 2d +yj + 22 (1.18)

in Cartesian coordinates. This vector describes the current position in space. For example, the point
(z,y,2) = (1,2, 3) is described by the position vector 7 = & + 24 + 32. The difference between a scalar field
and a vector field is the following. A scalar field is described by a magnitude only at each point in space.
A vector field, on the other hand, is described by a magnitude and a direction at each point in space, and
therefore a vector is required to describe the field at each spatial location 7.

Figure 1.3: (a) Contour map of a mountain. (b) The corresponding mountain in three-dimensions [IJ.



To understand the difference between scalar and vector fields, consider the following example. Figure
[L3(a) shows a contour map of the mountain shown in Figure [[L3b). The elevation increases toward the
peak, which is at the center of the map. Elevation, as plotted on a contour map, is a scalar quantity. Each
point on the map corresponds to an elevation of a certain number of feet, and when all points of equal
elevation are connected by contour lines, the profile of the earth’s surface is completely defined. Elevation
is a scalar field.

Figure 1.4: (a) Map of a mountain showing the force required at each location to keep a marble in place.
(b) The force vectors on the mountain [].

A marble placed somewhere on the mountain shown in Figure[[.3] gravity forces will make it roll down
the hill, in the direction of steepest decent. If we wanted to hold the marble in place, a force would have to
be applied in the proper direction on the marble. Depending upon the location of the marble, a different
force in a different direction would be required. Figure[[4la) shows a map of the mountain on which arrows
are drawn to indicate the amount and direction of the force required to hold the marble at various places.
The force as plotted on the map is a vector quantity. The force to counter act gravity, is a vector field.

1.3.1 Gradient, Divergence, and Curl

The gradient operator V (called “del” or sometimes “nabla”), in Cartesian coordinates,
0 0 0
=|=—2+=—9+=—2 1.19
v <8xx+ 8yy+ 8,22) (1.19)

is used to describe spatial variations of fields. We use the gradient to describe spatial variations in scalar
fields and the divergence and curl to describe variations in vector fields.

Gradient

Gradient is the magnitude and direction of the greatest rate of change of a scalar field. The gradient operation
is simply the gradient operator multiplied by the scalar field ®(7):

_ OD(TF) . . OD(T) . . 8@(?)2

ve(r) ox o oy 4 0z

(1.20)



The physical interpretation of the gradient is that the direction of the gradient is the orientation in which the
directional derivative has the largest value, and the magnitude of the gradient is the value of that directional
derivative. Notice that the gradient of a scalar field is a vector field.

Continuing our previous example of a marble placed on the slope of a mountain, it is apparent that there
is a relation between the scalar field of elevation and the vector field of force on a marble. It is a simple
and familiar one: the force is dependent upon the steepness of the slope, or, in other words, upon the rate
of change of elevation with respect to distance. This rate of change is a derivative, similar in nature to
the ordinary derivative of differential calculus. It is complicated, however, by the necessity of finding the
direction of steepest decent in order to determine the direction in which the marble will tend to roll. The
steepest slope at a given point is the gradient of the elevation at that point. It is a vector quantity at each
point, and therefore constitutes a vector field. (Adapted from [I]).

Divergence

Divergence is the rate of change of the field strength in the direction of a vector field [I]. The divergence of
a vector field, A(7), is defined as the dot product of the gradient operator and the vector field:

- (O . 0. 0, . . .
V-A(TF) = (%x—f—a—yy—f—&z) (Az+ A+ AL2)

0 0 0
=—A,+—A,+=—A 1.21
oz " + oy Y + 9z~ ( )
The physical significance of the divergence of a vector field is that it describes the rate at which the “field
density” exits a given region of space. Notice that the divergence of a vector field is a scalar field (i.e. a

scalar quantity at each point in space).

%Surl'acc. S

= ; A
= — T A(¥)
-_‘-.I‘ ..... /.::’ 7
(a)
g .
S = > A(F)
+ _* ....... /'r * :
(b)

Figure 1.5: Illustration of the divergence of a fields. (a) A pipe through which water is flowing. (b) A
tube of compressed air, capped on one end [1].

The divergence of a vector field is nicely illustrated in the flow of fluids. Figure [[5(a) shows a pipe
through which water is flowing. The dashed line within the pipe represents an imaginary surface, S, through
which water passes. The surface is completely closed, and water will flow in through one side and out through
the other. The water may flow in any irregular fashion, but since water is incompressible the amounts of
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water entering and exiting the closed surface must be equal. This is the same as saying that the water must
flow in such a way that, if its velocity is represented by the vector field A(7), the divergence of A(7) must
be zero everywhere. It is from this concept that the name “divergence” arises. Water cannot diverge from
any point for it would leave a vacuum; it cannot converge to any point for it is incompressible.

Now consider the flow of air, which is compressible. Figure [[L3(b) represents a tube of compressed air,
capped on one end. A similar cap has just been removed from the other end causing air to rush out. Consider
the closed surface within the tube that is represented by the dashed line. Because the air is expanding, more
air is passing out through the right side of the indicated surface than is entering the surface through the left
side. Consequently there is a divergence of air. There is divergence at every point where air is expanding
and therefore, if velocity of air is represented by the vector field A(7), the divergence of A(T) is not zero
everywhere. (Adapted from [I).

Curl

Curl is the rate of change of the field strength in a direction at right angles to the field, and describes the

amount of “rotation” of the vector field [1]. The curl of a vector field, A(T), is defined as the cross product
between the gradient operator and the vector field. In Cartesian coordinates, the curl in determinant form
is

& ] z
VxA(r)=| £ & £
A, A, A
0A, 04\ . 04, 0A.\ . 04, 04, .
_ o4y _ 9y 1.22
<8y 8z)x+<8z 8x)y+<8x 8y)z (122)

Notice that the curl of a vector field results in another, different vector field.

AR AR TR I T TTATRY
KA AR LR AT ol

e L
R RIS,

Figure 1.6: Illustration of the curl of a vector field. (a) A tub containing water that has been stirred with
a paddle. (b) Water flowing in a canal [I].

To understand the curl of a vector field, consider a tub of water as shown in Figure[L.6{a). The water in
it has been stirred with a paddle and the vectors represent the velocity of the water, 7. A small paddle-wheel
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Figure 1.7: Water flowing around a corner in a canal [I].

is shown beside the tub; if this paddle-wheel is mounted on frictionless bearings and dipped into the center
of the tub, it will be turned in a counterclockwise direction. At any point the paddle-wheel is placed in the
tub, it will be turned by the water, for, even if it is not in the center of the tub, the water will be going more
rapidly past one side of the wheel than past the other. The turning of the paddle-wheel is an indication that
the water is moving in the tub in such a way that the vector field of velocity has a rate of change, referred
to as “curl.”

Figure 1.8: The sense of the curl vector is determined by the direction of rotation of the paddle-wheel: if
the paddle-wheel turns a right-hand screw, it will screw itself in the direction of the curl vector [IJ.

The name “curl” indicates an association with motion in curved lines. This is not necessary, however, for
straight-line motion may also have curl. If water flows in a canal, as in Figure [[L6(b), in such a way that it
flows more rapidly near the surface than it does along the bottom of the canal, every particle of water may
move in a straight line, but nevertheless there is a curl, as will be recognized when this vector field with
a small paddle-wheel. As indicated in the figure, the paddle-wheel will be turned in a clockwise direction,
for the stream is more rapid on the wheel’s upper blades than on its lower ones. Figure [.7 shows a map
of another canal, in which the water flows without curl. In the straight part of the canal, the velocity of
flow is uniform, and it is obvious that the paddle-wheel at position a will not turn. At b, in a bend of the
canal, it is possible for water to turn the corner without curl, provided it flows faster along the inner margin
of the channel in just the right proportion. An enlarged view of the paddle-wheel at b is shown (it must
be understood that the exploring paddle-wheel is in fact so small that it does not interfere with the flow of
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water), and little arrows indicate the reaction of the water on each of its blades. Because of the curvature of
the lines of flow, more than half of the blades are driven clockwise. But the velocity of water is greater on the
inner side, and, although fewer blades are driven counterclockwise, they are each acted on more forcefully.
It is readily conceivable that curvature and variation of velocity might be so related that the wheel would
have no total tendency to turn. Curved motion is therefore possible without curl. This kind of flow is, as
a matter of fact, characteristic of a truly frictionless liquid. It is the purpose of “streamlining” to provide a
surface past which air or water will flow with a minimum of curl, for motion with curl develops eddies that
waste energy.

The divergence of a vector field is a scalar quantity. There is divergence from a point or to a point
(positive or negative), but no idea of direction is involved. The curl of a vector field, on the contrary, is a
vector. If curl is visualized as an eddy, it is evident that the eddy must be about some axis; a vertical axis,
horizontal axis, or perhaps at some angle. The direction of such an axis is, by definition, the direction of the
vector that represents curl. Referring to the hypothetical paddle-wheel, when it is in the position in which
it turns most rapidly its axis is in the direction of the curl vector. Each component of the vector of curl
may be found by placing the paddle-wheel axis parallel to the appropriate axis of coordinates. The sense of
the curl vector is determined by the direction of rotation of the paddle-wheel: if the paddle-wheel turns a
right-hand screw, it will screw itself in the direction of the curl vector, as in Figure [ (Adapted from [IJ).

1.3.2 Geometrical Shapes and Vector Analysis

In electromagnetics, planes or spheres are used to describe the propagation of waves in space. For this
reason, it is important to recognize the vector equations that describe a plane and a sphere. Recall that the
general equation for a plane in space is a1z 4 a2y + a3z = d, which can be rewritten in vector form as

A-7=d (1.23)
where A = a1% + ao@ + a3? is a vector that is normal (perpendicular) to the plane, and 7 is the position

vector. The geometric interpretation of Equation [[.23]is shown in Figure

z
A

Figure 1.9: If the position vector 7 = x4 4 yi) + 22 is constrained to satisfy A -7 = d, then 7 will trace
out a plane in space.

A sphere of radius R is given by the equation 2% 432 + 22 = R2. This is equivalent, then, to constraining
the position vector 7 such that
7T =R? (1.24)
This vector equation will trace out a sphere of radius R. The geometric interpretation of Equation [1.24] is
shown in Figure [[.10

13
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Figure 1.10: If the vector ¥ = x& + yi{j + 22 is constrained such 7 - ¥ = R? where R is a constant, the
vector 7 will trace out a sphere with radius R.

1.3.3 Vector Theorems

We now present a few vector theorems that we will use in our study of electromagnetics.

Theorem 1: If a vector field is found to have no curl, that vector field is the gradient of some

scalar field.

That is,
If VxA=0, then A=-V® (1.25)

Therefore, if a vector field A has no curl, there exists a scalar field, ®, whose gradient is equal to the vector
field A.

One of Maxwell’s equations (Equation [[LT)) tells us that if the electromagnetic fields do not depend on
time, then the curl of the electric field is zero Therefore from this theorem we know that some scalar field

can be found, which we will call ®, such that the negative of the gradient of ® equals E. The process of
finding ® may be so difficult that it may not be worth the effort, but we still know that ® exists. Such a
scalar field is called a scalar potential.

Theorem 2: If a vector field is found to have no divergence, that vector field is the curl of
some other vector field.

That is,
If V-B=0, then B=VxA (1.26)

Therefore, if a vector field B has no divergence, there exists another vector field A whose curl is equal to the

vector field B.
One of Maxwell’s equations (Equation [[4)) tells us that the divergence of the magnetic flux density is

zero. From this theorem, we know that some other vector field can be found, which we will call A, such that
the curl of A is equal to the magnetic flux density. The process of finding A may be so difficult that it may
not be worth the effort, but we still know that A exists. Such a vector field is called a vector potential.

14



Theorem 3: Gauss’ Theorem

/<V~A)dv—fﬁ~d§—f(ﬁ~ﬁ)ds (1.27)

v

where A is a vector field. Gauss’ theorem, also called Green’s theorem, relates the integral of the divergence
within any volume to the integral of the vector field strength over the surface enclosing that volume, where
7 is a unit vector normal to the surface.

Theorem 4: Stokes’ Theorem

?{ZLdTZ/(VX;l)'dE (1.28)
S

where A is a vector field. Stokes’ theorem relates the line integral of a vector along a closed path to the
surface integral of the curl of the vector, where the surface is the enclosed by the closed path.

1.3.4 The Spherical Coordinate System

For most of the electromagnetic problems discussed in this course, it makes sense to use the Cartesian
coordinate system. One situation where this is not the case, however, is when discussing radiation which is
emitted radially outward from the origin. In this case, we will make use of the spherical coordinate system,
as shown in Figure [Tl

A 4

Figure 1.11: Illustration of the spherical coordinate system with unit vectors.

In the spherical coordinate system, the position vector is given by
T =1f + 00 + ¢ (1.29)
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The unit vectors may be transformed from Cartesian to spherical coordinates as follows:

7 = Zsinf cos¢ + gsinfsin ¢ + 2 cos (1.30)
6 = #cosfcosg+ Jeosfsing — Zsinf (1.31)
= —Fsing + gcosg (1.32)
and from spherical to Cartesian:
9%:fsin@cosqb—l—écos@cosqb—ésinqﬁ (1.33)
§ = Fsinfsing + 6 cosfsind + ¢ cos ¢ (1.34)
2 =7icosf —Osind (1.35)

The dot product and cross product of two vectors in spherical coordinates are similar to the dot and cross

products in Cartesian coordinates. Given two vectors U = U,+ + Ugé + U¢q3 and V = V.7 + Vgé + V¢¢A> the
dot product is

U-V=UV,+UVy+ UV, (1.36)
and the cross product is
o P00
UxV=| U Uy U (1.37)
A A

However, the gradient, curl, and divergence are quite different in spherical coordinates. The gradient oper-
ation on a scalar field ®(7) in spherical coordinates is

_ 00 (7) . 18@(?)é 1 9®(T) -

D(7 1.
ve(r) or T r 00 + rsinf  J¢ (1.38)
The divergence of a vector field A(F) = A,7 + Apf + Ay in spherical coordinates is
- 10 1 9 1 04
CA(F) = == (1?A,)) + —— = (Agsi ¢ 1.
V- A(T) r2 Or (r )+rsin089( 981n0)+rsin0 ¢ (1.39)
Finally, the curl of a vector field in spherical coordinates in determinant form is
L L9 1o
T r 5519 7"3159 s
Ay rAp  rsinfA,
1 0 . 0Ap 1 0 . 0A: | 4
=——q=—(A 0)— —Ff————<1— (A 0) — 0
rsin@{(‘)H( ssinf) 0 }r rsin@{ar( orsinf) 0 }
1(0 0A, |
—<¢—=—(rdp) — 1.4
r{@r(r 2 89}¢ (1.40)
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1.4 Phasors

Time harmonic signals are observed in many situations. In circuit theory we study the response of voltages
and currents in a circuit when it is excited with a time-harmonic signal. At any point in the circuit, a single
sinusoidal wave describes the current or voltage. The current and voltage are scalar, not vector, quantities.
For this reason, we use time-harmonic scalar phasors in circuit theory, in which the phasor amplitude is a
single complex number and is not a function of position. This is in contrast to electromagnetics, in which
the physical quantities are time-harmonic vector fields. In electromagnetics, then, we need a phasor that is
also a vector.

Why do we use phasors? It greatly simplifies the algebra of time-harmonic functions. Consider the time-
harmonic signal V(t) = V, cos(wt + ¢) where V,, the amplitude of the cosine wave, w is the angular frequency,
and ¢ is the phase offset. This signal is shown in Figure[[LI2} The angular frequency w (radians/sec) of the
wave is related to the frequency f (cycles/sec, sec™!, or Hertz) by w = 2xf. In addition, the period of the
wave, T, which is defined as the time between adjacent peaks or troughs, is T'=1/f = 2w /w. To derive the
phasor representation of this wave, note that using Euler’s formula (Equation [[.3) we have

V(t) =V, cos (wt + ¢) = Re {Voej(wt+¢)}

=TRe {‘/;ej¢ej“t} =Re{Ve'} (1.41)

where V = V,e/®. We refer to V as the “phasor amplitude” of V(t). The phasor amplitude V is a complex
number that does not depend on time. The relationship between the actual wave and the phasor form is

V(t) = Vycos (Wt +¢) = V =V,el? (1.42)

To convert from the phasor representation back to the actual wave, we simply multiply the phasor by e/**
and then take the real part of the result, as shown in Equation [[L41l

V()

b 4

A\ \ 3

Figure 1.12: Plot of V, cos(wt + ¢)

The behavior of phasors can be thought of in the following way. The phasor V establishes the amplitude
and initial phase offset of the wave. When plotted in the complex plane, V would correspond to a vector
of length V,, and angle ¢ from the positive real axis. When V is multiplied by e/*¢, it causes the vector to
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Figure 1.13: Phasor representation in the complex plane. As time increases the phasor rotates at an
angular frequency w. The actual wave is determined by V() = Re{Ve’*"}, which is the projection of the
rotating phasor onto the real axis.

“rotate” at an angular frequency w. The cosine form of the wave is then determined by the projection of
this rotating vector onto the real axis, as shown in Figure

As stated previously, using the phasor representation greatly simplifies the manipulation of time-harmonic
signals. For example, consider taking the time-derivative of a general cosine signal:

%Vo cos(wt + @) = —wV, sin(wt + ¢) (1.43)

In phasor form, this simplifies to a simple multiplication:

%v t) = jwV (1.44)
This can be shown by explicitly carrying out the derivative using the phasor forms:
%V (t) = %Re {Vej‘”t} =TRe {jwVej“t} = Re {jw‘/;ej¢ej“t}
= Re {jw V,[cos(wt + ¢) + jsin (wt + ¢)|} = —wV, sin(wt + ¢) (1.45)

Electromagnetic waves can propagate in three dimensional space, and are not always constrained in one
dimension such as along a wire or circuit. Therefore, we encounter time-harmonic quantities whose amplitude
and phase varies in the x-, y-, and z-directions, and must be described by a time-harmonic vector:

V(t) = Vio cos(wit + ¢5)2 + Vyo cos(wt + ¢y G + Vo cos(wit + ¢,)2
= Re { [Vao??* & + V!0 § + V07?2 2] €'} = Re {Vej“’t} (1.46)
For this reason, in electromagnetics we use a vector phasor V, i.e. a phasor that has x-, y-, and z-components.

Because electromagnetic fields are vector fields that vary throughout space, the vector phasors are also a
function of space.
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EXAMPLE 1.6:
Convert the time-harmonic function V(t) = 100sin(1207t 4+ 7/3) to phasor form.

Solution:
The easiest way to convert from the time domain to the phasor domain is to first convert the sine to a
cosine:
V(t) = 100 cos(1207t + 7/3 — w/2) = 100 cos(1207t — 7/6)

Because the wave is now in cosine form, we simply pick out the amplitude and phase:

V = 100e97/6

KLLL LL K> > >>

EXAMPLE 1.7:
What are the harmonics in the signal V(t) = cos(wt + 7/3) sin(wt)? Can this signal be represented by a
single phasor at a frequency w?

Solution:
The product can be calculated by changing the cosine and sine into exponential form:

V(t) _ |:ej(wt+7r/3) + e—j(wt+7r/3):| (ejwt _ e—jwt>

2 j2

_ _Tj {ej(th-i-ﬂ'/B) _ i@t /3) _ jm/3 +e—jﬂ'/3}

Transforming back into sines and cosines using Euler’s formula:

V(t) = _Tj[jQ sin(2wt + 7/3) — 72sin(7/3)] = %sin(2wt +7/3) — ?

The signal consists of a DC term, and a harmonic at 2w. Therefore, it cannot be represented by a phasor
at w.

KLLL LL > >>

EXAMPLE 1.8:
For the vector phasor C' = ji& + (1 + j)§ + 42, find the time-harmonic signal C(t).

Solution:
To convert to the time domain, multiply by e’“? and take the real part:

C(t) = Re {Cejwt} = Re {[ji + (1+ ) § + 42] et}
Let us look at each component separately. The x-component is:
Re {je’'} = Re {j[cos(wt) + jsin(wt)]} = — sin(wt)
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The y-component, is:

Re{(1+j)e!} = Re { <\/§ej7r/4) ejwt}

= Re { V2[cos(wt + m/4) + j sin(wt + 7T/4)} } = /2 cos(wt + 7/4)
The z-component is:
Re {4e’“'} = Re {4[cos(wt) + jsin(wt)]} = 4 cos(wt)
The time-harmonic signal is then:

C(t) = —sin(wt)i 4+ V2 cos(wt + /4)§ + 4 cos(wt) 2

KLLL LL S>> > >>

1.5 Time Averages of Time-harmonic Vectors

In electromagnetics, the time average of a wave is an important quantity because it determines the power
carried by the wave. In this section, we present a mathematical review of the time average of scalar and
vector waves.

1.5.1 The Average of a Scalar Wave

The time average of any periodic function, F(t), is found by integrating over one period and dividing by the
period:

1 T
(F@) = —/ F(t)dt (1.47)
T Jo
Calculating the time average of a simple cosine wave V(t) = V, cos(wt), we find that it is zero:

V@) = % /OT Vo cos (wt)dt =0 (1.48)

This is because the wave is symmetric about the time axis, and therefore the positive and negative portions
“cancel out” when averaged, as can be seen in Figure[[.T21 Assuming that V() represents the voltage across
a particular circuit component, it makes physical sense that the average voltage could be zero, since the
polarity of the voltage is constantly reversing. But, this does not mean that the average power dissipated
in the component is zero. This is because the power is proportional to the square of the voltage, which has
a DC offset, as shown in Figure [LT4t

V(t)? = [V, cos (wi)]* = %02[005 (2wt) + 1] (1.49)

The result is a time average that is nonzero:

(Y@)?) = %/0 V(t)2dt = ‘Q/—T/O [cos(2wt) + 1] dt = VT (1.50)
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[V cos(wn)]?

&

Figure 1.14: The time-harmonic wave V(t)? = [V, cos(wt)]?. Notice that there is a nonzero average value.

1.5.2 The Average of the Cross Product of Two Vectors

Because we are dealing with vector fields, it becomes more complicated to calculate the time average power
of an electromagnetic wave. As we will see, the power in a time-harmonic electromagnetic wave is related to

the time average of the cross product of two vector phasors. If the two vector fields, A(t) and B(t), have the

phasor representations A and B, a very simple way to calculate this time average without having to actually
perform the integration is (see Appendix A):

<Jt(t) x B(t)> - %/OT [74@) x B(t)} dt = %Re {21 x B*} (1.51)

This is an extremely important conclusion. An important quantity (the time average) looked like a formadible
mathematical operation, yet if the phaseor are used it is reduced to a simple multiplicative operation.

1.6 Important Concepts

Upon the completion of this chapter, you should be able to:

e Perform addition and subtraction, multiplication, and division of complex numbers.

e Find the square root of a complex number.

e Add and subtract vectors.

e (Calculate the dot product and cross product of two vectors, and understand their physical significance.
e Perform the gradient, divergence, and curl operations, and understand their physical significance.

e Recognize the vector description of a plane and a sphere.

e Use and understand the vector theorems.

e Understand why phasors are used in electromagnetics.

e Transform a wave into its phasor form, and return from the phasor form back into the time domain.

e Understand the concept of a vector phasor.

Quickly calculate the time-average of the cross product of two time harmonic vectors using phasors.
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Chapter 2

Wave Propagation in Unbounded Media
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“Maxwell made a most important remarkable proposal as follows: It is known by experiment that conduction
current produces a magnetic field; total current is for mathematical purposes best expressed as the sum of
conduction and displacement current; is it not, then, likely that displacement current also produces a magnetic
field? ... This hypothesis led to a conclusion of fundamental importance, for Maxwell showed that, if it were true,
energy would be transmitted as electromagnetic waves."

—Hugh H. Skilling in Fundamentals of Electric Waves
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In this chapter, we first analyze the propagation of waves in free space. Using this as a foundation, we
then extend our discussion to understanding wave propagation in more complicated media. In addition, a
secondary goal of this chapter is to master the mathematical tools required for manipulating vector fields
that vary harmonically in both space and time.

2.1 The Electromagnetic Spectrum

Waves are all around us. Ocean waves travel on the surface of the water. Earthquakes cause waves that
travel on the earth’s surface. What we perceive as sound is acoustic waves that travel through the air. Ocean
waves, earthquake waves, and sound waves all require a medium through which to travel. Sound can travel
through air because air is made of molecules, which carry the sound waves by “bumping” into each other,
like dominoes knocking each other over. Sound can travel through anything made of molecules; however,
there is no sound in outer space because there are no molecules there to transmit the sound waves.

Electromagnetic waves are unlike sound waves in that they do not need a medium through which to travel.
Electromagnetic waves can travel through air and solid materials - but they can also travel through empty
space. An experiment that beautifully demonstrates the differences between electromagnetic waves and
sound waves is the ringing of a bell inside a transparent jar. When air is removed from the jar, the volume
of the ringing bell decreases, even though you can still clearly see the bell. This is also why astronauts can
see each other but need to use radios to communicatea, can feel heat from the sun, which travels as infrared
waves.

The electromagnetic spectrum is illustrated in Figure 20l Radio waves, television waves, microwaves,
infrared radiation and visible light are all electromagnetic waves. They only differ from each other in
wavelength. The wavelength through the electromagnetic spectrum vary from very long radio waves, which
have wavelengths measured in hundreds or thousands of meters, to very short gamma rays, which have
nanometer or even picometer wavelengths (smaller than an atom!).

The wavelength of an electromagnetic wave is inversely proportional to its frequency, which is measured
in oscillations per second, or Hertz (Hz). For an electromagnetic wave that is travelling through a vacuum,
the frequency, f (in Hz), and wavelength, A (in meters), are related by

c=Af (2.1)
where the constant ¢ ~ 2.998 x 10® m/s is the speed of an electromagnetic wave in a vacuum. This leads

to an important observation that all electromagnetic waves in vacuum travel at the same speed regardless of
their wavelength! Consider the implications if this were not the case.

2.2 Fields, Charges, and Currents

A time-varying electromagnetic field consists of an electric field coupled to a magnetic field. As we will show
later, the electric and magnetic fields are perpendicular to each other, and both are perpendicular to the
direction of wave propagation. The fields are vector fields (fields with magnitude and direction at each point
in space) that, in general, vary in space and time. An electromagnetic wave is described by five vector fields:

1. The electric field intensity, £(T,t), with units of volts per meter (V/m),

2. The magnetic field intensity, H(T,t), with units of amperes per meter (A/m),

3. The electric current density, J (T,t), with units of amperes per square meter (A/m?),

4. The electric flur density, D(,t), with units of coulombs per square meter (C/m?), and

5. The magnetic flur density, B(T,t), with units of tesla (T), or webers per square meter (Wh/m?).
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Figure 2.1: The electromagnetic spectrum.

Electromagnetic fields are created by stationary or moving charges. The stationary charges are described
by the electric charge density, p,(7,t), with units of coulombs per cubic meter (C/m?®). The electric current

densityis described by J(7,t) also describe moving charges, for example that exist in an antenna. In this
chapter, we study the properties of electromagnetic waves without concerning ourselves with how the waves
were created.

We will also see that the various fields and fluxes are related by properties of the materials in which the

fields are propagating. The electric field intensity, £(7, ), and the electric flux density, D(7, ), are related

by the electric permittivity, £, with units of farads per meter (F/m). The magnetic field intensity, H(7,t),

and the magnetic flux density, B(7,t), are related by the magnetic permeability, p, with units of henries
per meter (H/m). The electric current density J(7,t) is related to the electric field intensity, £(7,¢) by the
conductivity o.

The parameters €, u and o, referred to collectively as the constitutive parameters are in general functions
of frequency, and also may be functions of space, direction, time, and even field intensity.

2.3 Maxwell’s Equations

A vector field is completely defined, within an additive constant, by specifying the curl and the divergence
of the field. The electromagnetic vector fields are described by curl and divergence relationships that are
collectively known as Maxwell’s equations. Maxwell’s curl relationships are

anﬂﬂ:—g%;l (2.2)
VXHmo:Q%§Q+7w@ (2.3)



which are Faraday’s law and Ampere’s law, respectively. The term OD(7,t)/0t is the displacement current
present, for example, in a capacitor. For this reason, the electric flux density is also known as the electric

displacement. The term J(7,t) is the conduction current (such as the current in a wire) or the convection
current (such as a stream of electrons in an oscilloscope).
Maxwell’s divergence relationships are

V- D(F,t) = po(7, 1) (2.4)

V- B(T,t) =0 (2.5)

These two equations are sometimes referred to as Gauss’ laws. For the sake of a simpler notation, the time

and space dependence are often left off when writing the symbols for the various fields, currents, and charges.

For example, the electric field £(7,t) is written simply as £, the magnetic field H (7, t) is written as H, etc.
Using the vector identity V - (V x A) = 0 it follows that

v-(vw%):v-(%+j>:o (2.6)

By interchanging the order of the time and space derivatives operating on D and using Gauss’ law V-D = p,,

this can be rewritten as
Ipy

ot

This equation is the continuity equation for the conservation of charge and current and tells us that charges

+V-J=0 (2.7)

which vary in time give rise to currents, and that p, and J are dependent upon one another.
Lorentz force law relates the electromagnetic fields to measurable forces. It quantifies the force on a
positive charge moving though electric and magnetic fields. Lorentz force law is written as

f=q¢€+qvxB (2.8)

where ¢ is the charge (coulombs), 7 is the velocity (m/s), and f is the force (newtons). If the charge is not
discrete, but rather given by a charge density p,, then the law is modified to relate the electromagnetic fields

to a force density, F, with units of N/m?:

2.4 Wave Propagation in Free Space

We will first focus on the propagation of waves in free space (vacuum), because it is certainly quite astonishing
that electromagnetic waves can propagate in a vacuum. How does the propagation of an electromagnetic
wave through “nothing” occur? As stated previously, electromagnetic material properties relate the field

quantities £, H, D and B. These material properties are described by the constitutive parameters which, in
a vacuum, are simply scalar constants. For a wave in free space, the constitutive relationships are

D =¢,& (2.10)

B=pH (2.11)

where ¢, = 8.8542 x 10~!2 F/m is the permittivity of free space, and p, = 47 x 10~7 H/m is the permeability
of free space. In free space the waves propagate without loss, and the conductivity is zero. The reason that
these parameters are scalars is because free space is:

1. Time-invariant: the material properties do not vary with time.
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2. Homogeneous: the material properties are constant throughout space.
3. Isotropic: the material properties are the same in all directions.

4. Linear: the electric and magnetic flux densities are proportional to the electric and magnetic fields,
respectively. In other words, the material properties are independent of the field amplitudes.

In Chapter 6 we will study how time-varying electromagnetic fields are generated. For now, we are
interested in the propagation of electromagnetic fields after they have been generated. In other words, we
are interested in the propagation of fields in a region free of sources. If there are no sources of electromagnetic
fields within the region of interest, then p,(7,t) = 0 and J(7,t) = 0. In the absence of sources, Maxwell’s
equations in free space reduce to

V x E(F,t) = —uoaﬂé:’t) (2.12)
V x H(T,t) :ané‘g,t) (2.13)
V-E(T,t)=0 (2.14)
V- -H(F,t)=0 (2.15)

Notice that V-D = V - [¢,€] = 0, and since &, describes a homogeneous and isotropic region, Equation 2.14]
follows. In a similar manner Equation 2.15] follows because p, does not depend on space.
The two curl equations (Equation 212 and Equation 2.13)) can be manipulated to generate equations

that contain only the electric field £ or the magnetic field H. For example, taking the curl of both sides of
Equation and using the vector identity V x (V x A) = V(V - A) — V24 results in the following

2\ OHY o
V x (V X 8) =V x <_MOE> =-V<¢ (2.16)

To derive this relationship we have used V(V - £) = 0 which follows from Equation 214 Keep in mind
this relationship is valid only in isotropic, homogeneous media. The operator V2 is referred to as the
three-dimensional Laplacian operator. In a Cartesian coordinate system this operator is

0 0 92

2—— —_— —_—
v 78x2+8y2+822

(2.17)

It is important to note that V? is a scalar operator, not a vector operator! Evaluating the middle term of

Equation [2.16] yields
OH 0 — 0 o0&
V x <_Mo§> = —Moa (V X H) = —,Ltoa <€OE> (218)

where Equation 213 was used to eliminate 7. It then follows that:

. 0°€
2 _
V 8 — MO&OW =0 (219)
This equation is referred to as the wave equation for the electric field. Notice that Equation 2.19] contains
only the electric field and the parameters €, and p,. The electric field wave equation can also be written as
~ 10%¢
V- ——— =0 2.20
c? Ot? ( )
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where 1
Cc = =~ 2.998 x ].OSII] S 2.21
Tty / ( )

is the speed of light in a vacuum.
An analogous derivation gives the wave equation for the magnetic field:

= O*H
2 _
V“H — MOEOW =0 (222)
A subtle and extremely important realization is that not all solutions of the wave equations will satisfy
Mazwell’s equations. In other words, just because a certain solution to the wave equation exists does not
mean that it is a physically realizable electromagnetic field! The simple reason is because, when deriving
the wave equations from Maxwell’s equations, we have used V-& = 0 and V - H = 0 in order to eliminate

V- & and V - H from the final form of the equations. Because of this, the requirement that the divergence
of the electric or magnetic field is zero is no longer present in the wave equations! Therefore, in addition to
their respective wave equations, an electric field of a wave must satisfy V - £ = 0, and a magnetic field of a
wave must satisfy V - H = 0.

What does the wave equation tell us about the properties of an electromagnetic wave? Taking the electric
field as an example, the most general solution to the wave equation is

ET,t)= Er1filwt—F-T)+Eafolwt +F-7) (2.23)

The first portion, &1 f1(wt — k- T), is a wave that propagates forward in space as time increases, whereas the

second portion, £o fo(wt+k-7), is a wave that propagates backward in space as time increases. The functions
f1 and fo can be any functions that propagate in space and time. The constant w is the angular frequency
with respect to time, and has units of radians/sec. The constant vector k = k, & + k, 9 + k.2 is referred to as
the wave vector or k-vector, and its direction determines the direction of wave propagation. The magnitude
of the wave vector, which is represented simply as k, is called the wave number or propagation constant, and
can be viewed as a "‘spatial frequency"’, since it has units of radians/m. Note that the frequency in time
and "‘frequency in space" are not independent. In free space, we will soon show that k2 + k7 + k2 = w?ju,e,,

which is compactly written as
2

k-E:kQZwQ;LOEO:w—

= (2.24)

Equation 2.24] indicates that the magnitude of the wave vector in free space must always lie on a sphere of
radius w,/Ji0€, (see Chapter 1). This surface is called a “k-vector surface’ and is an important concept in

the course. In free space, k is a purely real vector and the k,, ky, and k, components can be expressed in
terms of angles as shown in Figure We will see later that the wavevector can be complex in certian
situations. Because of the importance of the wave vector, we summarize the concept:

Wave Vector Summary:

The vector k = k.& + ky§ + k.Z points in the direction of propagation and is called the wave vector.
The magnitude of the wave vector is called the wave number or propagation constant, and is represented

as k= /k2+ k'g + k2 = w /e, in free space. The propagation constant represents a “spatial frequency”
since it has units of rad/m.

One of the simplest electromagnetic field solutions in free space is the sinusoidal wave

E(z,t) = 2E, cos (wt — kz) (2.25)

which is plotted in Figure 233l This sinusoid has an amplitude in the x-direction and propagates in the
z-direction in space as time increases. In the figure, the time- and space-dependence have been plotted on
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Figure 2.2: Description of the wave vector in the Cartesian and spherical coordinate systems. (Only when

k is real can the vector be described in terms of angles.)

separate axes. To determine the direction of propagation, start with the wave at t = 0. Then, look at what
happens to the wave as you increase time (progress to the right on the graph). Can you see the direction
the wave is moving? This wave is a sinusoid that is propagating in the -+z-direction. The period in time,
T, can be determined by finding the time increment such that the amplitude of the wave at time ¢t = ¢, and
time t = t, + T are equal. In other words, we must find T such that

& (20, to) = E(2orto + T) (2.26)

Evaluating this expression at z, = 0 and ¢, = 0 results in 1 = F, cos(wT). Discarding the trivial solution
T = 0, the next possible value of wT that satisfies this equation is wT = 27, or

T=2r/w=1/f (2.27)

The period in space (or wavelength), A, is found in a similar manner. In this case, we must find the
space increment such that the amplitude of the wave at positions z, and z, + A are equal, i.e. where

E(zorto) = E(20 + A o) (2.28)

Evaluating the expression at z, = 0 and ¢, = 0 leads to 1 = F, cos(k\). Again, assuming that kX is nonzero,
the next possible value that satisfies this equation is kA = 27, or

A=2n/k (2.29)

This is an important relationship that relates the wavelength of an electromagnetic wave to the propagation
constant, k.

Another simple solution to the wave equation is £(z,t) = #E, cos(wt + kz), which is a sinusoid that is
propagating in the negative z-direction. This wave is illustrated in the Figure 24

The velocity of the wave is obtained by “surfing” the wave, which means staying at one point on the wave
as it moves. Mathematically speaking, this means that we want to find the velocity at which the amplitude
of the wave does not change, i.e. the velocity such that wt—kz = A or z = (wt— A)/k, where A is a constant.
To find that velocity, we simply take the derivative of the position, z, with respect to time:

d 1
c_vY_ Y =~ 2998 x 105 m/s (2.30)

Atk wylets  /Heto
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Figure 2.3: Plot of a sinusoid propagating in the positive z-direction as a function of space and time.

One of the triumphs of Maxwell’s equations was the correct prediction of the speed of light well before it
was precisely measured! In fact, it played an important role in making scientists of the time take note of
Maxwell’s theory, since it was unusual for a mathematical theory to predict experimental results!

Given the electric field solution £(z,t) = #E, cos(wt — kz), the magnetic field is calculated from Maxwell’s
equations. Using Faraday’s law in free space (Equation 212)), we find that

- z ] z
M_ ly,e-_L o 0 2
ot L - L ox dy 9z
° °| Eocos(wt—kz) 0 0
kE, .
=—9 sin (wt — kz) (2.31)
Ho
To find H, we simply integrate this over time:
— kE, [ . kE,
H=-y /sm (wt —kz)dt =g cos(wt — kz) (2.32)
Ho Who

Given this result, you may wonder what happened to the constant of integration? The simple answer is, we
are only interested in time-varying fields, and therefore the constant is of no interest to us. Using the fact
that the free space propagation constant is k = w,/lt,€,, the magnetic field solution can be written as

H(zt) =17, /Z—"Eo cos(wt — kz) (2.33)

From this solution, the following observations are made:
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Figure 2.4: Plot of a sinusoid propagating in the negative z-direction as a function of space and time.

1. Both the electric and magnetic fields propagate at a velocity of ¢ = 1/,/li¢, in free space.
2. The magnetic and electric fields are orthogonal in space.

3. The plane that is formed by the electric and magnetic fields (the x-y plane in this example) is perpen-
dicular to the direction of propagation (the z-direction).

4. The magnetic field solution has the same functional dependence as the electric field (i.e. sin(wt—kz) in
this example), but differ in amplitude by a factor of \/e,/po. The inverse of this factor is referred to
as the wave impedance of free space, 1,, and has units of Ohms (2). In free space, the wave impedance
is:

_ [Ho
Mo = /22 ~ 377 Q (2.34)

These observations are made for a specific case, so the next logical question is: are these observations true
in general? As we will see in the following section, they are.

2.5 Plane Waves in Free Space

Maxwell’s equations are linear. For this reason, electromagnetic fields that have a general functional de-
pendence in time can be described by a superposition of time-harmonic fields using Fourier analysis. These
harmonic waves can be written in their sinusoidal, time-domain form, but such functions are cumbersome
to manipulate. The analysis is simplified by defining a complex vector phasor, which is an extension of the
phasors used in circuit theory. The phasors used in electromagnetics are more general since they capture
both spatial and time dependence. In addition to superposition in time, superposition in space is also used
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to analyze the propagating characteristics of arbitrary wave fronts (for example, waves that radiate out
spherically from a point source). The basic “harmonic” spatial component is the plane wave. The reason
why the wave is called a plane wave will soon become clear.

2.5.1 Vector Phasors

First, let us see how the spatial component enters into the phasor. For a simple cosine wave:
& (2,t) = £Bxo cos (wt — k.z) = Re { Expe 7¥+7e/¥!} & (2.35)

where F,, is the amplitude of the wave. Note how the spatial and time dependence separates into two
multiplicative terms. Assuming that the time dependence is known, we are only interested in the amplitude,
spatial dependence, and the resulting phase shifts. We therefore define the phasor F, as

E, = xoeijkzz (236)

such that the wave can be written as £(z,t) = Re{E,e/“!}i.

Up to this point, we have assumed that the electric field and the propagation direction coincide with the
axes of a coordinate system. Generalizing the result, a general phasor for waves propagating in an arbitrary
direction is

E'(?,t) _ Re{Exoej(wtkaxfkyyszz)ﬁ_’_ Eyoej(wtfkwxfkyyszz)g_’_Ezoej(wtfkwxfkyyszz)é}

— Re {Eeﬂ'wt} (2.37)
where we now define the vector phasor
E = Ewe T8 + Eye 7T+ Eyoe /¥ T3 = Eje 7k T (2.38)

Therefore, for waves propagating in an arbitrary direction, the phasor is a complex-valued vector which
is a function of position. Since the time-dependence and the direction of propagation are known, we are
only interested in the amplitude, spatial dependence, and the resulting phase shifts of each of the phasor
components Eyq, Fyo, and E,,.

As with scalar phasors in circuit theory, the basic idea behind using phasors in electromagnetics is to
manipulate the complex-valued vector phasor, and then to return to the “real world” by taking the real
part after multiplying by e/“t. In electromagnetics, however, we rarely go through this whole process since
we will learn to interpret the phasor quantities directly. Because of the importance of vector phasors in
electromagnetics, we summarize their properties:

Vector Phasor Summary:

The phasor E is a complex vector quantity. In its most general form, E = E,e 957, where 7 =
T# + yJ + 22 is the position vector, and k = k,& + k,§ + k.2 is the wave vector. The vector quantity
E, = Exo@ + Eyo§ + E,o2 is a constant vector that represents the initial amplitude of the wave, and may be
complex. The phasor can also be written as E = E.2+E,g+ E.2, where £, = Xoe’jE'F, E, = Eyoe’jE'F,
and F, = Ezoe_jE'T. The time-domain representation of the wave is reconstructed by the transformation
E(T,t) = Re{EeI“t}.

We can convert Maxwell’s equations to phasor form by substituting the phasor fields £(7,t) = Re{Ee/*t},

B(F,t) = Re{Be“}, H(F,t) = Re{He’*'}, and so forth. The result is that derivatives with respect to
time become a simple multiplication by jw. The resulting equations are referred to as the time-harmonic
form of Mazwell’s equations (see Appendix B for the derivation of this relationship)

V x E = —jwB (2.39)
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V x H=jwD+J (2.40)

V-D=p, (2.41)

V-B=0 (2.42)

In free space without any sources present, Maxwell’s equations in time-harmonic form become:

V x E=—jwu,H (2.43)
V x H = jwe, B (2.44)
V-E=0 (2.45)
V-H=0 (2.46)

For time-harmonic fields, the electric field wave equation may also be written in the time-harmonic form
V2E 4+ w?oe,E =0

which is commonly written as
VPE+KE=0 (2.47)

This is known as the Helmholtz equation. The general solution of Helmholtz equation is (see Appendix B):
E=E e " L E_I*T (2.48)

where the vector quantities E; and E_ are the amplitudes of forward and backward travelling waves,
respectively. In addition, recall that the wave vector must satisfy

E-k=wloe, (2.49)

in free space, where |k| = k = w,/f1,6, = w/c = 27/, and A\ is the wavelength in free space. As mentioned
previously, this relationship defines a sphere in k-space with a radius that depends on the frequency and
the electromagnetic properties of the medium. This means that no matter which direction the wave is
propagating, the wave vector of the plane wave will always have the same magnitude.

LLKL LKL S>> >>>>>

EXAMPLE 2.1:
An electromagnetic wave propagating in free space has an electric field vector given by

E‘ — jzoe—j0.01x+j0.03z:g
Find the value of the constant vector E,, the wave vector k, and the frequency of the wave f (in Hz).

Solution:
Remember that the general phasor form of an electromagnetic wave is

E = Eoe_jE'T
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product to see this for yourself). The frequency of the wave can be found from the magnitude of the wave
vector:

By inspection, we see that E, = j20j. Also, the wave vector must be & = 0.01Z — 0.032 (carry out the dot
po v _2nf
c

c
Solving for frequency:

1 8
[ = by = V0017 0,03 (3 <10 > — 1.51 MHz
™

LLL LL S>> >>>>>
EXAMPLE 2.2:

Find the time-domain form of the electric field, £, from the previous example. Also, find the phasor form
of the corresponding magnetic field, H.

Solution:

The time-domain representation of the electric field is reconstructed by the transformation

E=TRe {E’ejwt} =Re{ (j2067j0.01x+j0.03z

y) ejwt} — Re {j206j(wt70.011+0.03z)g}

= Re {720 [cos(wt — 0.01z 4 0.032) + j sin(wt — 0.01z + 0.03z)] 4}

= Re {520 cos(wt — 0.01x + 0.03z) — 20 sin(wt — 0.01z 4 0.032)] §}

= —20sin(wt — 0.01z + 0.032)]

The phasor form of the magnetic field is found using the phasor form of Faraday’s law in free space:

j il g ;
= = 9 0 0
H= VxFE= o2 dy 0z

Who Whto 0 jZOe—jO.le-i-jO.OBz 0
J

[_:/C\(jO.03)j2067j0.01I+j0.03Z + 2(_j001)j2067j0011’+j0032]
Wito

_J
Whto

(0.62 + 0.22) ¢~70-0Lo+0-02

Recall that the permeability of free space is i, = 47 x 107 H/m. Also, from the previous example we have
w =27 x 1.51 x 105 = 9.49 x 10° rad/s. Substituting these values we find

H = j(7.15& + 2.38%) ¢ ~/0-01#+50.032

LLKL LL > >>>>>
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2.5.2 Why is a Plane Wave Called a “Plane” Wave?

The “type” of a wave is described by the geometric shape of the locations in space at which the phase is
constant at any time. For example, think of dropping a stone into water. A wave propagates in concentric
circles away from the disturbance. The troughs or peaks that propagate radially outward represent the
places at which the phase is constant. Because the wave only propagates in two dimensions (on the water’s
surface), the wave exhibits “circles of constant phase,” as shown in Figure [Z5(a). Therefore, we could call
this wave a “circular wave.”

Electromagnetic waves propagate in three-dimensional space, and the places at which the phase is a
constant at any time form a three-dimensional surface. For this reason, we describe waves propagating in
space as “plane” waves, “spherical” waves, “cylindrical” waves, etc. For example, if an electromagnetic wave
were propagating outward in all directions from a point source, the surfaces of constant phase would be
three-dimensional spheres, and this wave would be called a “spherical wave.”

For a wave of the form E = E,e 7% propagating in free space, the wave vector k has a fixed magnitude
k = w\/po€o, which is determined only by the material in which the wave is propagating. The position
vector T = x& + yy + zZ varies throughout space. The surface of constant phase, then, is defined as any
surface in which the phase of the wave is a constant, i.e. where k - 7 is a constant. Recall that the vector
relationship & - 7 = d describes a plane (see Chapter 1). Therefore, the physical interpretation of E,e 7%
is that it describes a plane wave, as shown in Figure 235(b).

() (b)

Figure 2.5: (a) When a stone is dropped in water, waves propagate radially outward on the water’s
surface. This wave could be called a “circular wave” since the peaks and troughs form circles of constant

phase. (b) For an electromagnetic wave of the form E = E e’ k-7 propagating in three-dimensional space,
the peaks and troughs form planes of constant phase, and therefore this wave is called a “plane wave."

2.5.3 Properties of Plane Waves in Free Space

From the free space Maxwell’s equations in time-harmonic form, we can establish the relationships between
the electromagnetic fields and the wave vector, k. The spatial relationship between the electric field vector,
E, and k can be determined by first noting that V- E = —jk - E. Then, Maxwell’s divergence equation for
the electric field becomes —jk - E = 0 or more simply,

k-E=0 (2.50)

(refer to Appendix B). Recall that two vectors are orthogonal if their dot product is zero. This means the

electric field vector, E, is perpendicular to the direction of propagation, k. In a similar manner, Maxwell’s
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divergence equation for the magnetic field, V - H = 0, can be manipulated to yield
k-H=0 (2.51)

This means the magnetic field vector, H, is also perpendicular to the direction of propagation, k!
Finally, what is the relationship between the electric and magnetic fields? This relationship is found
from Equation 2.43] which, after some manipulation, can be written as

H=LixE (2.52)
7o

where 7, = \/[10/€o is the free space wave impedance, and k is a unit vector in the direction of propagation
(a vector in the direction of k& but with unity magnitude). Recall that the cross product of two vectors results
in a vector that is orthogonal to both vectors. We have already shown that E is orthogonal to k, so therefore
the magnetic field is perpendicular to the electric field and the direction of propagation. This means that k,
E and H form a right handed coordinate system, which makes it very easy to determine the directions of &,
E, or H once the other two are known! Also from Equation we can see that, in free space, the electric

and magnetic fields oscillate in-phase since 17, is a real quantity. The relationships between k, E and H are
illustrated in Figure

&y

(a) (b)

Figure 2.6: (a) In the phasor domain, the k, E and H vectors form a right-handed coordinate system for
wave propagation in free space. (b) The corresponding electric and magnetic fields in the time domain.
Notice that the fields oscillate in-phase when propagating through free space.

A more direct way to come to the preceding conclusion is to start with the time-harmonic Maxwell’s
equations and rewrite them explicitly for plane waves. This has already been done for Maxwell’s divergence

equations, which were found to simplify to k- E = 0 and k - H = 0 for plane waves. Additionally, it can
be shown that the curl operations simplify to V x E = —jk x E and V x H = —jk x H for the electric
and magnetic fields, respectively. (To show this, write out the vector E = (Exof + Eyo§ + E,02)e FT,

and k -7 = k,x + kyy + k.2. Then, explicitly carry out the cross product operation.) It then follows that
Maxwell’s equations for a plane wave propagating in free space are:

kx E=wu,H (2.53)
kx H=—we,E (2.54)
k-E= (2.55)
k-H= (2.56)

The orthogonality between the wave vector and each of the vector fields is clearly evident in these equations.
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2.6 Wave Propagation in General Media

Free space (i.e. vacuum) is the simplest electromagnetic medium, and its permittivity and permeability can
be expressed by the simple scalar constants €, and p,. In general, however, the electromagnetic properties
of a material may depend upon time, position, the direction that the vector fields are oriented, and the
intensity of the fields.

2.6.1 Characteristics of General Media

The properties of a medium may depend upon many factors. Four commonly considered factors are sum-
marized next:

Time-variance

If the properties depend upon time, the material is called time-variant. An example of this is the air above a
road as the road is heated by the sun. When travelling on a straight road on a sunny day, stationary objects
in the distance appear to waver. This is caused by the electromagnetic properties of the air above the road
changing with time due to the heat from the road. In this course, we will concern ourselves with materials
that have time-invariant material properties, i.e. materials whose properties do not change over time.

Homogeneity

If the material properties are dependent upon the position within the material, the material is described as
inhomogeneous. Materials that are inhomogeneous include glass or plastic that is graded to be darker on
the top and lighter on the bottom, such as in car windshields or sunglass lenses. In both cases, a substance
is added to the glass or plastic to change the material properties in a certain region. On the other hand, if
the material properties are space-invariant, i.e. they do not depend on position, the material is described as
homogeneous.

Isotropy

If the material properties are different depending upon the orientation of the fields propagating through
the material, it is an anisotropic material. An example of this type of material is the lens from a pair of
polarized sunglasses. Looking through the lens, the reflection from a lake may be clearly evident; however,
by merely rotating the lens, the reflected light disappears. Another example is the liquid in a liquid crystal
display (LCD). For light to be transmitted through the liquid layer, the electric field must be aligned with
the molecules in the liquid crystal. When a voltage is applied, the molecules rotate and no longer transmit
the electric field. (Note that a material that is anisotropic may still be homogeneous, if it exhibits the same
anisotropy throughout the material.) If the orientation of the material with respect to the fields does not
matter, then the material is isotropic.

Linearity

Finally, if the material properties are functions of the field intensity, the material is described as nonlinear.
In this case, the fields and related fluxes do not have simple linear relationships. In this course, we will
restrict our study to materials that are linear, which encompasses most materials.

For a material that is linear, time-invariant, homogeneous, and isotropic, the electric field and flux are
related by

D(F,t) = (. 1) (2.57)

In this case, the permittivity is a simple scalar. In free space, € = ¢,, as we have already seen. For other
materials, we define € = ¢,¢,, where ¢, is called the relative permittivity, which is the permittivity of the
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material as compared to the permittivity of free space. In general, the permittivity of any material is larger
than that of free space, so € > ¢, and &, > 1. In addition, in nonmagnetic media we define the index of
refraction of a material as n = ,/¢,. The index of refraction is most commonly used when working in the
optical portion of the spectrum. Also, in general n > 1.

Now assume a general material that is still linear, but is time-variant, inhomogeneous, and anisotropic.
In this case the permittivity is no longer a simple scalar quantity. Instead, the electric field and flux are
related by

D(7,t) = &(7, DE(T, 1) (2.58)

where £(7, t) is the permittivity tensor. A tensor is matrix that describes a physical quantity. In a Cartesian
coordinate system, this constitutive relationship becomes

D, exx(T,t)  exy(T,t) exa(T, 1) Ex
D, | = [ enlrt) en(mt) =) || &, (2.59)
D, Eax(Tyt)  €uy(T,t)  €4(T,1) &,

Notice that the time-variant behavior is included in the variable ¢, and the inhomogeneous behavior by the
position vector 7. The anisotropy causes the permittivity to be expressed as a matrix, and in this way
captures the orientation dependence of the material. As before, we can define &(7,t) = €,&,(7,t), where
£-(T,t) is now called the relative permittivity tensor.

For a material that is linear and time-invariant, the relationship becomes

D, exx(T) exy(T) exs(T) Es
Dy | = | &eyx(T) ey(T) ey(r) &y (2.60)
D, €ax(T) €ay(T) €42(T) o

and if the material is also homogeneous, the relationship further reduces to

D, Exx Exy Exy Ex
Dy | =1 eyx €&y €yz &y (2.61)
D, €ax €zy Euz &,

And finally, if the material is also isotropic, the relationship reduces to the familiar form where ¢ is simply
a scalar quantity:

D.’,C gx
Dy, | =c| & | =€ =¢2,E (2.62)
D, &,

2.6.2 Polarizable and Magnetizable Media

What causes the permittivity of a material to be different than that of free space, and why in general is
€ > ¢,?7 Electromagnetic radiation is created by oscillating charges. In a material, the electrons oscillating
around a nuclei can be viewed as oscillators. When a wave propagates in a medium, the electromagnetic fields
interact with the oscillators, and the electromagnetic fields produced by the oscillators in turn change the
electromagnetic fields of the wave. In essence, the electromagnetic field “shakes” the collection of oscillators,
and this interaction causes the wave to slow down. A model for this effect is that of a polarizable medium,
which is a medium whose atomic charge distributions are altered by the presence of an electric field. We next
examine how this interaction can be described mathematically. Since Maxwell’s equations are applicable at
a macroscopic scale, the material properties must be described at this level. To do this, however, we must
first examine the material at a microscopic scale.

At a microscopic level, a polarizable medium is composed of atoms or molecules whose internal charge
distributions are rearranged by the application of an electric field. While a complete model for these atoms
and molecules is beyond the scope of this course, a simple model consists of viewing them as individual
pairs of oscillating charges. These oscillators could be a proton and electron, a dipole in a organic molecule,
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or an ion-pair. A single oscillator can be thought of as two opposite charges, +¢ and —q, separated by a
distance T, which is a time-harmonic quantity. The dipole moment for this pair is then p = ¢Z. To obtain
a macroscopic quantity, we average over a large number of oscillators and define a macroscopic polarization

P = Ng7, where N is the density of dipoles in the material. The quantity N has units of 1/m3, ¢ has units

of coulombs, and Z is meters, and therefore P has the same units as D, which is C/m?. We then add P to
obtain the total electric flux density:

D=c,&+P (2.63)

For a simple polarizable media, the macroscopic polarization is related to electric field intensity. Let us
describe the dipole interaction by a mechanical oscillator consisting of a massive proton to which the electron

is bound by a spring. We then equate the electrostatic force between the pair, g€, to the mechanical restoring
force of the spring, kZ, where k is the spring constant. The value of the spring constant is related to the
resonant frequency of the mechanical oscillation, w,, by k = mew?, where m, is the electron mass. We then
2

solve for # = Eq/k = £q/m.w?. Substituting this back into the macroscopic polarization P = N¢Z, we find

_ Ng? \ - _

P= ( 1 2) £ =coxel (2.64)
Mew?

where x. is the electric susceptibility. From this result, we observe that the macroscopic polarization is

linearly related to the electric field. Substituting this result for P back into Equation 2.63], we obtain

D=, +P =¢co(1+xe)E =e06,.E =& (2.65)

where ¢ is the dielectric constant or electric permittivity and €, is the relative dielectric constant or relative
electric permittivity, as defined previously. The relative dielectric constant is typically between 1 and 100.
In general, ¢ depends on the frequency, but more about this later.

A magnetizable medium is described by

B = p,(H+ M) (2.66)

where M is the macroscopic magnetization, which depends on the magnetic field intensity. In many media
this relationship is nonlinear, for example in a magnet. If the relationship is linear, it can be expressed as

B = wH. In this course, we will focus our attention on nonmagnetic media where B = i, H.

The analysis of plane waves in free space is next extended to media other than free space that are time-
invariant, linear, homogeneous, and isotropic. First, we will consider lossless and lossy media. Then we
will consider propagation in a material where the electromagnetic properties depend on the frequency (or
wavelength) of operation. Such a material is called a dispersive material.

2.6.3 Plane Waves in Lossless Media

For wave propagation in a lossless medium other than free space, the generalization of the permittivity to
€ = €,&, makes it simple to extend the concepts learned for free space wave propagation to other media. In
a lossless nonmagnetic medium, the wave vector becomes

k= w\/lof = W\/loEoEr = \/Er (W\/HoE0) = Nko (2.67)

where we now define
ko = wy/Ihofo (2.68)

as the propagation constant in free space, and

n=o= VeEr (2.69)



as the index of refraction of the material, as described earlier. This is an important conclusion, as it allows
us to easily find the magnitude of the wave vector in any lossless material given the frequency or wavelength
of the wave. In addition, the wave impedance in a medium decreases by a factor of 1/n:

o 1 Jpe Mo
_ _ 1 [Ho _ o 2.70
" EoEr n\ e n ( )

where 7, is the wave impedance of free space. Assuming the material is isotropic, the spatial relationships
between the field components remain unchanged (they remain orthogonal) and Equations 253256 still
apply, with k = nkofc, where k is a unit vector in the direction of propagation. The velocity at which the
plane wave propagates, v, is now slowed by a factor of 1/n:

w w c
= — = = — 2.71
v k nk, n ( )

which makes physical sense, since the velocity of a wave in a dense medium will be slower (think of trying
to swim through molasses as opposed to water!). In free space, a plane wave propagates unobstructed,
but in another medium the wave is slowed by the interaction with atoms, molecules and ions. Finally, the
wavelength of a wave at a given frequency is less than the wavelength in free space by a factor of 1/n:
27 2T Ao

T _ e (2.72)

A
k nk, n

In summary, by introducing a relative permittivity, ¢,, we can easily understand the propagation of a
plane wave in a lossless medium simply from an extension of our understanding of wave propagation in free
space. In general, for lossless isotropic media the permittivity is a real quantity which makes the wave vector
a real quantity and the wave propagates without loss. The impedance is also a real quantity and the electric
and magnetic fields are in phase.

KLLL LKL >>

EXAMPLE 2.3:

An electromagnetic wave is propagating in a type of glass with an index of refraction ngiass = 1.5. The
wave is propagating in a direction halfway between the positive x- and z-axes. If the free space wavelength
is A, = 628 nm, find the wavelength in the glass and the wave vector. Also find an expression for the phasor
form of the electric field in the glass if it has a maximum amplitude of 10 V/m oriented in the +y-direction.

Solution:
The wavelength in the glass is

Ao 628 nm
A = = =419
glass Nglass 1.5 o
The propagation constant in the glass is
27 2 7
k= nglassko = nglass/\—o = 15W =1.5x10 rad /m

Referring to Figure [Z7] the unit vector in the direction of propagation is

i T+ 2
V2
The wave vector in the glass is then
F= k= 15x 107202 — 1.06 x 107 (& + 2)

V2
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The complete phasor expression for the electric field is

F— Eoe—jE~r _ Qloe—j1.06x107(x+z) V/m

0=45°

A
v

Figure 2.7: Direction of wave vector and electric field vector for Example 2.3.
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2.6.4 Plane Waves in Lossy Media

In this section, we investigate wave propagation in a medium that exhibits loss. Losses in a material
are accounted for by defining a compler quantity to describe the permittivity. The complex permittivity
causes the wave vector to also be a complex quantity, which in turn causes the plane wave to decay as
it is propagating. In addition, the wave impedance becomes a complex quantity, which means that now
the electric and magnetic fields are out-of-phase. We next investigate the mathematical description of
propagation in lossy media.

One mechanism that leads to loss in a material is conductive loss, which occurs in materials that can
conduct electric current, such as metals. If there are conductive losses in a material, then the electric field
induces a current density given by

J=0oF (2.73)

where o is the conductivity in siemens per meter, or S/m (a siemen has the units of Q7!). Substituting this
current density into Ampere’s law (Equation 2-40) we obtain

V x H = jweE + 0F = jws(1 — jw%)E (2.74)
By defining a complex permittivity
co=¢ (1 —ji) (2.75)
we
then we can rewrite Equation [2.74] as
V x H = jwe E (2.76)

42



Notice that this equation has exactly the same form as Ampere’s law. In fact, all the remaining equations hold
by simply replacing the real quantity € by the complex quantity .. This observation is extremely important!

The complex wave impedance is
ne =52 = Inele’® (277)
Ec

where the impedance has explicitly been written in polar form to show that now there will be an amplitude
difference and a phase difference between the electric and magnetic fields. The complex propagation constant
is

ke = wy/loe (2.78)
The complex wave vector is k. = kck, where k is the unit vector in the direction of wave propagation. The
time-harmonic Maxwell’s equations in an infinite lossy medium are obtained by simply replacing k with k.:

ke x E =wpoH (2.79)
k. x H = —we E (2.80)
k.-E=0 (2.81)
k.-H=0 (2.82)

which, with the exception of the complex wave vector, look identical to Equations This means
that the spatial relationships between the electromagnetic fields remain unchanged.

Using a similar derivation as in free space, it follows that for a homogeneous plane wave (one in which
the wave is attenuating in the direction of propagation),

_ 1. _
H= n—k: x E (2.83)

It also follows that the Helmholtz equation in a lossy medium is
VPE+kE=0 (2.84)

One very important point to note when dealing with lossy materials is the following. For simplicity, let us
assume that the direction of propagation is the z-direction. (Note that we could assume the propagation in
any direction, but this assumption greatly simplifies the following analysis.) For propagation in the forward
z-direction, the complex exponential can be written as

e—jkcz — o IwVHoEez e—j([i‘ijoc)z _ e—jﬁzei(yz (285)

if we define k. = w,/li,ec = B + ja. Notice that there are two possible solutions since the square root of
a complex number has two solutions. Which sign should we choose? Since the wave is propagating in the
+z-direction, then the wave must decay in the +z-direction, and therefore we must choose k. = 5 — ja so
that e=7%<* = ¢7792¢=2% and the wave exponentially decays in the +z-direction. If the wrong sign is chosen,
the wave will exponentially grow in the 4z direction, which does not make physical sense.

Representing €. as a vector in the complex plane, the tangent of the angle that the vector makes with
the real axis is o/(we) (see Figure 2.8). This quantity is called the loss tangent:

loss tangent = Z (2.86)
we

The loss tangent describes the loss characteristics of a medium. In a lossless material, o/(we) = 0. If
o/(we) < 1, the material is called a good dielectric. If o/(we) > 1, the material is called a good conductor,
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Figure 2.8: Plotting the complex permittivity, €., as a vector in the complex plane, the loss tangent is
the tangent of the angle that the vector makes with the real axis, i.e. tan¢ = o/(we).

and if o/(we) = oo the material is a perfect conductor. The concept of a “perfect conductor” is more of a
mathematical idealization than an actual physical reality. Even so, highly conducting materials are often
approximated as perfect conductors to simplify the mathematics while providing valuable physical insight
into a problem.

Other definitions and terminology pertaining to propagation in lossy media that you will need to be
familiar with are the following:

1. Skin depth: The skin depth, §, is the distance in which the wave decays by e~!. Since a wave
propagating in a lossy medium decays as e~ **, we have —1 = —ad, or 6 = 1/c.

2. Decibels: Defined in terms of the electric field amplitude as dB = 20log,,(E2/E1) or in terms of
power as dB = 10log,o(P2/P1). For example, if a certain wave has an initial amplitude of 10 V/m,
but decays to 5 V/m after propagating 1 meter, then we have: 20log,;,(5/10) ~ —6 dB/meter. Note
that often the negative sign is dropped, and would simply be referred to as a “6 dB per meter loss.”

3. Nepers: Defined as Nepers = log, (E1/Es). In alossy medium, the loss in Nepers/meter= log, (|E1|/|E1|le”®) =
log,(e*) = a. Therefore, the attenuation constant o has the units Nepers/meter (Np/m).
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EXAMPLE 2.4:

Human brain tissue has a relative permittivity and conductivity of €, &~ 55 and ¢ &~ 2.1 S/m, respectively,
at 2.45 GHz [2]. This is a frequency of interest since many cell phones (and microwave ovens!) operate near
this frequency. Assume that a plane wave at 2.45 GHz is normally incident from free space onto a human
brain. Find the complex permittivity, complex impedance, and loss tangent.

Solution:
The complex permittivity of the brain tissue is

. g
E€brain = €r€o | 1 — J
WEE

2.1
= 854 x 1071%) {1~
(55) (8.854 x 107"7) { 2 x 2.45 x 109) (55) (8.854 x 10—12)}
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= (4.87 — j1.36) x 107** F/m

From this we obtain the complex impedance

4 x 107
Morain =4\ (4.87 — j1.36) x 10-10

=49.4+ j6.77 Q =49.9¢/9136

The loss tangent is

o 2.1
Ioss tanzent _ —0.280
O e = e, (27 x 245 x 10%) (55) (8.854 x 10-12)
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EXAMPLE 2.5:

Using the results from the previous example, find the phasor and time domain expressions for the electric
and magnetic fields propagating in brain tissue at 2.45 GHz. Assume that the electric field vector points
in the x-direction, propagates in the z-direction, and has a maximum amplitude of 10 V/m just below the
surface of the brain tissue at z = 0. What is the skin depth at this frequency? After what depth has the
field amplitude been attenuated by 100 dB?

Solution:
Because the brain tissue is a lossy material, the wave vector will be complex and the electric field will
have the general form

E(z) — Eoe—J'/ﬂm,uanj — Eoe—j(ﬁ—ja)ZA — Eoe_jﬁze_azi

The radian frequency of the wave is w = 27 x 2.45 x 10° = 1.54 x 10'° rad/s. The complex propagation
constant can then be found from the complex permittivity obtained in the previous example:

Ebrain = W\/Tofbrain = 1.54 x 10%\/ (47 x 10-7) (4.87 — j1.36) x 1010

=384 — j52.7= 3 — ja

Using these values for § and « we can write the phasor and time-domain expressions for the electric field:
E(Z) — 106—3‘3’84z€—52.7z3A3 V/m

E(z,t) = 10cos(1.54 x 10'% — 3842)e™°2"*% V/m

The corresponding magnetic field phasor is found using the complex impedance found in the previous exam-
ple:

1 - ' x E 109384z o —52.72,
5w B) = 2B 10 T e T
Tlbrain 49.9¢70.136 49.9¢70.136

H(z) =

= 0.201efj0.13667j38426752.7z?2 A/m

Notice the phase shift (0.136 radians, or 7.79°) between the electric and magnetic fields. This phase shift is
clearly apparent in the time domain form of the magnetic field:

H(z,t) = 0.201 cos(1.54 x 10*°t — 384z — 7.79°)e %" A/m
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The skin depth at 2.45 GHz is simply the inverse of the attenuation constant:

s=1_ 1 190
Ta 527 oomm

1
e
To find the depth at which the field has been attenuated by 100 dB, first note that a decrease in 100 dB
corresponds to a field amplitude that has decreased to 1 x 1072 of its initial value. Therefore, we find

1x10°E, = E,e ™ — z=—In(1x10"%)/a =21.8cm

Note that this requires a very large head!
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2.6.5 Example of a Lossy Medium: Wave Propagation in Seawater

As an example of propagation in a lossy medium, let us look at a wave propagating in seawater at different
frequencies. This example will show that one needs to be careful in making general conclusions about wave
propagation in a lossy medium.

Seawater has a permittivity of € = 79¢, and an electrical conductivity of o =~ 4 S/m (siemens/meter; a
siemen has the units of Q7). The loss tangent for seawater is plotted as function of frequency in Figure 2.0l
For frequencies less than 100 MHz (10% Hz), the loss tangent is greater than 10 and the seawater behaves
like a good conductor. For frequencies greater than 10 GHz (10'° Hz), the loss tangent is less than 0.1 and
seawater behaves like a good dielectric.

Loss Tangent (o/we)

- T T -
104 106 103 1010 1012
Frequency (Hz)

Figure 2.9: Loss tangent of seawater.

In Figure 210, the loss in decibels per meter (dB/m) is plotted for a wave in seawater as a function
of frequency. Compare the results in Figure and Figure 2.10] and note that even though seawater is a
good conductor for f < 100 MHz and a good dielectric for f > 10 GHz, the loss per meter in the “good
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Figure 2.10: Propagation loss per meter in seawater.

conducting” region is lower than in the “good dielectric” region! Therefore, we cannot make the generalization
that propagation loss is directly proportional to the conductivity of the medium.

We will next use the approximation of a good dielectric and good conductor to get a general feel for wave
propagation in each type of medium. Note that the wave properties can always be analyzed using the exact
complex permittivity, without making any approximations. However, we can develop insights by looking at
these two limiting cases. They are:

1. A good dielectric: A material in which o/(we) < 1

2. A good conductor: A material in which o/(we) > 1

2.6.6 Plane Waves in a Good Dielectric

In a good dielectric, we use the fact that o/(we) < 1 to make certain approximations. Using the power
series approximation (1 — )2 ~ 1 — z/2 (which holds if |z| < 1), the approximate propagation constant k.
is

o o 0 | lo )
ke = wy\/liger |1 — j— ~ w\/H (1— —) = w\lge — joy B =g - 2.
WA/ o€ I R wylee I50e W/ 14 I\ 2 0 —ja (2.87)

Since o/(we) < 1 it follows that « is very small in a good dielectric. In addition, the real portion of the
propagation constant, (§, is approximately equal to the value we would observe if the conductivity of the
material were zero. The skin depth in a good dielectric is approximately

2
S—a-lnZ |Z (2.88)
o\ Ho

which can be quite large in a good dielectric. Because the loss is small, the wave penetrates a large distance
into the material. The wave impedance in a good dielectric, 7., can be approximated as

(- T) T A (k)
e =4/— (1 —7— ~4 ./ — (1 — 2.89
" € jwe € +‘72w5 ( )
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Again, since o/(we) < 1, the imaginary portion of 7, is very small and the electric and magnetic fields are
nearly in-phase.

2.6.7 Plane Waves in a Good Conductor

In a good conductor, o/(we) > 1 and the propagation constant k. is approximated as

(refer to Appendix B for details of this derivation). Notice that § ~ « in a good conductor. This is a very
useful observation since, for example, we can obtain the conductivity by either knowing the propagation
constant or the attenuation constant. Using this approximation, the skin depth in a good conductor is

2
WloO

§=a'w

(2.91)

Notice that the skin depth decreases as the frequency increases.
The wave impedance in a good conductor is approximated in a similar manner as

w=\E = e

Notice that the maximum phase angle of the impedance, ¢, is 45°. This implies that the maximum phase
shift between the electric and magnetic fields in a lossy medium is 45°.

Let us examine what happens if we let the conductivity approach infinity, i.e. if the medium becomes
a perfect conductor. Allowing ¢ — oo in Equation .92 we find that the impedance approaches zero in a
perfect conductor. This means that a finite electric field will generate an infinite magnetic field (refer to
Equation [Z283])! This obviously doesn’t make sense. The only way that Equation [Z:83 can still hold is if
all of the electromagnetic fields are zero inside a perfect conductor. Another way to see this is from the
skin depth (Equation 297)). As ¢ — oo, the skin depth approaches zero. This means that any field that
does enter a perfect conductor will instantly decay to zero, so that no electromagnetic fields can exist inside
a perfect conductor! Note that even though a true “perfect conductor” does not exist in reality, in many
cases very highly conducting materials such as metals can be approximated as perfect conductors at certain
frequencies to simplify calculations and obtain reasonably accurate results.
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EXAMPLE 2.6:

At 300 MHz, copper is a good conductor with a conductivity of ¢ = 5.8 x 107 S/m. At what depth in
copper will an electric field have decayed to 10% of its initial amplitude? What is the wavelength of the
electric field in the copper?

Solution:
For a good conductor

- /wu;a _ \/(277 x 300 x 106) (47; x10°7) (5.8 X 107) _ o 105 Np /m

az

In a conductor, the amplitude of the electric field will decay as E,e™
which the amplitude has decayed to 10% of E,:

, and we want to find the distance at

0.1E,=FE,e * — e % =0.1
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Solving for z:
,_—l(01) 230

o a T 2.62x 10

Using the good conductor approximation we know that « ~ (3, and in the copper 8 = 27/A. Solving for A:

= = 8.79um

21 2
A= T o4
3 " 262x10° pm
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2.6.8 Plane Waves in Dispersive Media

In electromagnetics, we are often interested in studying the effects of electromagnetic pulses propagating
through devices. A pulse that has a finite width in the time domain can be decomposed into a spectrum of
harmonics at different frequencies using a Fourier series. If these harmonics each propagate at a different
velocity, then the pulse shape will change as it progresses through the device. This phenomenon is called
dispersion. We will study this phenomenon in greater detail in Chapter 5. For now, we wish to investigate
the properties of a dispersive medium, which is a material that causes electromagnetic waves at different
frequencies to propagate at different velocities.

Most materials exhibit some degree of dispersive behavior. One example of a dispersive medium is a
plasma. A plasma is a collection of oscillating positively and negatively charged particles in which the
time-averaged charge density is zero. Examples of plasmas are found in the ionosphere and on the surface
of the sun. In addition, highly conductive metals such as aluminum and gold behave like plasmas at optical
frequencies (approximately 1014 ~ 101° Hz).

We will now derive an approximation for the dielectric constant of a plasma. Let us assume that the mass
of the positively charged particles (ions) is much larger than the negatively charged particles (electrons),
there are no collisions between the particles, and the particles are not strongly bound to each other. As we
did when considering a polarizable medium, we define a macroscopic polarization P(t) ~ NqZ(t), where N
is the density of particles, ¢ is the electron charge, and Z(t) is the electron position, which is time-harmonic.
We can then derive the force between the particles

) = mea(t) =m0 )

(2.93)
where m, is the electron mass. Since we are working with time-harmonic quantities, we can convert to the

expressions to phasor form. Converting the position Z(t) to a phasor Z, and the force F(t) to a phasor F,
we can make the phasor transformation

2
F(t)= meddﬁgﬂ — F=m,(jw)’T=—muw’T (2.94)

Assuming that there is no restoring force, there is only an inertia term and F' = ¢E. Solving for Z we obtain

T = —qE/m.w?, which yields a macroscopic polarization (in phasor form) of
pa NOE (2.95)
T mew? '
For a plasma, then, the constitutive relationship between the electric field and flux is
_ _ Ng? _ w2\ _
D:50E+P=50<1—7q2)E:eo<1——’2’>E (2.96)
EoMew w
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where the plasma frequency is wp = g/ N/(eom.). The plasma permittivity is then defined as

w2
ep==co|1— w—’; (2.97)

such that D = ¢,F. Note that the permittivity is highly dependent upon frequency. The propagation

constant of the plasma, k,, is
wp wp
k?p = WA /| Uo€o (1 — E) = k?o 1-— E (298)

The functional dependence of k, on w is shown in Figure 2111 The dashed line corresponds to the
propagation constant in free space, k, = w,/pio€o. This result shows that as w — oo, the propagation
constant approaches that of a wave in free space. Notice that only if the frequency is greater than the
plasma frequency (if w > w,) is the propagation constant a real quantity. If w < wp, then €, < 0 (note that
the permittivity can be negative in a material!) and the propagation constant is purely imaginary. Recall
that an imaginary propagation constant corresponds to a wave that is exponentially decaying; therefore,
an electromagnetic wave is attenuated in a plasma if the frequency is below the plasma frequency. As will
be seen later, the propagation characteristics of electromagnetic fields in metallic waveguides are similar in
some ways to wave propagation in plasmas.

Propagation Constant, £

Frequency, o

Figure 2.11: Propagation constant of an electromagnetic wave in a plasma (kp). Asw — oo, k, approaches
that of a wave in free space (k,). The graph only shows the region in which the propagation constant is a
real quantity (w > wp). If w < wp, then k, is purely imaginary and the wave is attenuated.

2.7 Energy Flow and the Poynting Vector

Consider the total electromagnetic energy flowing through a closed region of space. If the difference between
the power flowing in and power flowing out through the closed surface is non-zero, then the energy within
the closed volume either decreases (the power is dissipated) because of loss, or the energy is increased in the
region by storing energy in a magnetic or an electric field. How can we quantify this net power gain or loss
in a region where electromagnetic fields are present?
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In circuit theory, the power dissipated in a circuit element is found simply by multiplying the voltage
across an element by the current flowing through it (volts x amps = watts). The question is, can we do
a similar operation for the electromagnetic fields? Multiplying the units of the electric and magnetic field
intensities we obtain (V/m)x(A/m) = W/m?2. From this standpoint we seem to be on the right track.
Because both the electric and magnetic fields are vector quantities, it is reasonable to assume that the
resulting power flow should also be a vector. The only way to multiply two vectors and obtain a vector is

the cross-product: £ x H.

Recall that the physical significance of the divergence of a vector field, V - A, is that it describes the
rate at which the “field density” exits a given region of space. Since we are interested in the power flow in

a region of space, we should consider calculating V - (£ x ‘H). Applying the vector identity V- (A x B) =
B-(V x A) — A-(V x B), this can be written as

v-(éxﬂ):ﬂ-(wz)-z-(wﬂ) (2.99)

Substituting Faraday’s law and Ampere’s law (Equations and 2.3)) we obtain

V.(Exﬂ)—ﬂ(—%—i’))—E(%qLi) (2.100)

We are interested in the power flowing into a volume, so we integrate this expression over a given volume,

V, to obtain
o _ 9B . 0D .
/V-(5><H)dV=/<—H-E—8-E>dV—/(8-j)dV (2.101)
%4

14 14

We can now apply Gauss’ theorem (also known as Green’s theorem) which relates the volume integral of the

divergence V - A to a surface integral of A over the boundary containing that volume (see Chapter 1):

V-A)dV =¢ (A-n)dS (2.102)
[(v-a)av = (3:0)
1% s
Applying Gauss’ theorem and rearranging, we find
—/(E‘-?)dv :/(H-%j%-%—?)dvjtj{[(gx?i)-ﬁ}ds (2.103)
1% 1% s

Assuming a linear, time-invariant medium, pu, is not a function of time, and therefore

_ OB _ OH
H - E = Ko (H . E) (2104)
Next, notice that, by using the chain rule, we can obtain the relationship
0 (~ =~ OH -, - OH — OH
a(H-H)W-H+H-E2<H-E> (2.105)
Therefore,
. OH o O (4 &
Mo (H . E) = 7& (H . H) (2106)



Furthermore, since the volume is not changing over time, the derivative with respect to time can be brought
outside of the volume integral. Finally, applying the constitutive relationships and assuming that the volume
does not change with time, we arrive at the Poynting theorem for linear, time-invariant, isotropic media:

—Z(E-J)dvz%/(%MOH-HJr%eOE-S) dv+7sf[(sxn) i) as (2.107)

14

Upon inspection of the Poynting theorem, the following observations are made:

1. The power either generated by the source J or dissipated by the current J in the volume V is
—[(E-T)av.
v

2. The stored magnetic energy density in the volume V'is %uoﬂ - H.

3. The stored electric energy density in the volume V'is 3e,& - €

4. The rate at which stored energy increases in the volume V is % f(%uoﬂ “H+ %605 -E)dv.
v

It is therefore concluded that

P(t) = 7{ [(Z‘ X ﬂ) n} dsS (2.108)

S

is the instantaneous power flowing out of the volume (note that by definition the unit vector 7 points outward,
so we are looking at the power flowing outward in the direction of the unit vector). We then recognize

S=ExH (2.109)

as the instantaneous power flow per unit area (W/m?). The vector quantity S is called the Poynting vector.

Upon inspection, this definition may seem troubling. This is discussed in the following excerpt from
Fields and Waves in Communication Electronics [3]: “Although it is known from the proof only that total
energy flow out of a region per unit time is given by the total surface integral (Equation [ZI0]), it is often

convenient to think of the vector S defined by Equation as the vector giving direction and magnitude
of energy flow density at any point in space. Though this step does not follow strictly, it is a most useful
interpretation and one which is justified for the majority of applications.” For our purposes in this course,
Equation provides an accurate and useful definition of the power flow density at any instant in time.

More often, however, we are not interested in the power flow at a particular instant in time. Instead,
the average power is often a more useful quantity. For example, imagine calculating the power required to
thaw meat in a microwave oven. We are interested in how much power on average is deposited, and care
less about the power at any instant. A more useful quantity is therefore the time-averaged power flow per

unit area which is given by
_ Y .
<s> - ?/O (5 x H) dt (2.110)

and also has the units W/m2. As it was shown in Chapter 1, this formidable time-average operation can be
easily calculated if the phasor quantities are known:

<S> = <E‘ x ﬂ> = %Re {E X H} - %Re {50} (2.111)

_ _ ok
where S. = E x H is the complex Poynting vector. In a typical analysis the phasor quantities are known.
Instead of a integrating sines and cosines, the average power flow density is calculated by performing a
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cross-product using the phasors, then extracting the real part and dividing by 2. (See how simple this is
when using phasors?)

For a plane wave of the form E = E, e 7** propagating in a lossless medium in the z-direction, it can be
shown that the time-averaged power flow is (see Appendix B):

<3>——|2222 (2.112)

where

|Eol =V Bo- B, = \/|Eol? + | Eyo? + | Eyol? (2.113)

since E, may be, in general, a complex vector (refer to Chapter 1). Note that this relationship only holds if
the medium is lossless. The time-averaged power flow for a plane wave in a lossy medium in the z-direction
is (see Appendix B):

- —2az Eo 2 )
<S> = % cos(¢)Z (2.114)

where the complex impedance is written in polar form as 7. = |n.|et/?. Compare this relationship to the
lossless case. The loss in the material causes the power to exponentially decrease as the wave propagates. The
complex permittivity also causes the electric and magnetic fields to be out-of-phase, which further reduces
the power delivered by the electromagnetic wave. Electrical engineers that work on power distribution work
fervently to maximize the factor cos(¢) so that power is delivered efficiently. Considering what the angle ¢
represents, how can this be done?
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EXAMPLE 2.7:
Assume that the following electromagnetic field is propagating in a vacuum:
E = 1007759 V/m
Find the average power density carried by this wave.
Solution:

Let’s first work the problem using the Poynting vector, without using the simplified expression for lossless
materials. The magnetic field associated with this electric field is

3 2 —750z
y 2 x (2100e~750%) @6_3502

1
770 no 770

P bl
s}

H: = =

The complex Poynting vector is

1002
Mo

c o : 100
&:Etzqmmfmﬁx@—%ﬂw)zz

Mo
The time-average power density is then

<3>—-%Re{§}-—%Re{élgp} -—25?2—1332\Nhn2

Or, using the simplified expression for lossless media:
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EXAMPLE 2.8:
An electromagnetic wave propagating in free space carries an average power of 5 mW /m?. The electric
field vector of the wave is given by

E = E;i(42 — j3g)e 7" V/m

What is the value of the constant E;?

Solution:
The magnitude of the constant vector E, is

\B,| =\ E,-E, = E;\/(4% — j37) - (42 + j37) = E~/16 + 9 = 5,

From Equation 2.112 we obtain

(5E;)
210

<3> = 0.0055 = 2 W/m?

From this we find E; = 0.02,/7, = 0.388 V/m.
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2.8 Polarization

The polarization of a wave is the geometric shape that the tip of the electric field vector traces at a fixed
point in space as time progresses. In other words, it describes how the electric field vector changes with
time at a fixed location. The polarization of a wave falls into one of three categories:

1.

Linear polarization: The electric field vector oscillates only along one dimension. For example, if
the electric field vector is confined to the x-axis then the wave is linearly polarized.

. Circular polarization: The electric field “spirals” around as the wave propagates, tracing out a circle

as time increases.

Elliptical polarization: Similar to circular polarization, except that the shape that electric field
vector traces is an ellipse instead of a perfect circle. Both linear and circular polarization can be
thought of as special cases of elliptical polarization: linear polarization occurs when the dimension of
the ellipse along the minor axis is zero, and circular polarization occurs when the dimensions along the
major and minor axes are equal.

FigureZI2illustrates the progression of the electric field vector for linear, circular, and elliptical polarization.
Propagation in the positive z-direction is assumed in each case.

Determination of the polarization of a wave can often seem confusing. However, if you carry out the
following systematic approach it is fairly straightforward:

1.

To determine the polarization of a wave, you must look at the expression for the electric field of the
wave in the time domain. Therefore, if the field is in phasor form you must convert to the time domain.

Pick a convenient fized location in space at which to observe the wave. For example, z = 0 is often a
convenient location for a wave propagating in the z-direction.
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Figure 2.12: The polarization is determined by the shape that the electric field vector traces out in time
as the wave propagates. (a) A linearly polarized wave, oriented at an angle v with respect to the x-axis.
(b) A circularly polarized wave. (c) An elliptically polarized wave, with the major axis oriented at an angle
~ with respect to the x-axis. Linear and circular polarization can be thought of as special cases of elliptical
polarization. Note that these figures assume wave propagation in the positive z-direction.

3. Determine the magnitude and direction of the electric field vector at some initial time, for example
t=0.

4. Increment time by some small value §¢t and determine how the electric field vector progresses with
time. You may often choose wt = 7/2, wt = 7, wt = 37/2, and so forth as convenient time increments
at which to observe the electric field vector. Does the tip of the vector oscillate along a line (linear
polarization) or rotate and trace out an ellipse or a circle?

5. If the electric field vector rotates and traces out an ellipse or a circle, then you must decide whether
the wave is right-hand or left-hand polarized. To do this, point your right thumb in the direction of
propagation and close your fingers. If your fingers are curled in the direction that the electric field
vector rotates as time progresses, then the wave is right-hand elliptically or circularly polarized. This
is illustrated in Figure If the field vector is rotating in the opposite direction, then the wave is
left-hand polarized.

~{ Electric Field Vector
Rotation of Vector att=0

fort>0
v

Direction of
Wave Propagation

Figure 2.13: Determination of a right-hand polarized wave.
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The ability to identify the polarization of a particular wave is very important in the study of electromagnetics.
We next present specific examples of linearly, elliptically, and circularly polarized waves. In each of these
examples, the wave propagation is in the positive z-direction. In general, however, this is not always the
case, so you should be familiar with the process of identifying polarization for waves propagating in any
direction.

2.8.1 Linearly Polarized Waves
Consider the following phasor electric field:
E(z) = 2¢77%y (2.115)

Converting back to the time domain, the electric field is

E(z,t) = 2cos(wt — kz)y (2.116)
This wave is travelling in the +z-direction (how do we know this?). We select the fixed location z = 0 at
which to observe the wave. At z = 0, the electric field is

E(z=0,t) = 2cos(wt)y (2.117)

At t = 0, the field vector is pointing along the -+y-axis, and as time progresses it will only oscillate along
this axis (see Figure 214]). Therefore, this wave is linearly polarized along the y-axis.

Time

Figure 2.14: The progression of the electric field with time (fixed at z = 0) for the wave £(z,t) =
2 cos(wt — kz)g. This wave is linearly polarized along the y-axis.

Does this mean that all linearly polarized waves must lie on the x- or y-axis? The answer is no. Consider
the following wave, already in its time-domain form:

E(z,t) = 2cos(wt — kz)& — 2 cos(wt — kz)y (2.118)
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At the observation point z = 0, the electric field is
E(z =0,t) = 2cos(wt)Z — 2 cos(wt)f (2.119)

At t = 0, the electric field vector is & = 24 — 2§. At wt = 7/2, the electric field vector is £ = 0. At wt = 7,
the electric field vector is £ = —24 + 27. Notice that since the x- and y-components of the electric field are
in-phase, they trace out a line as shown in Figure This wave is linearly polarized, but oriented at an
angle of v = 135° with respect to the x-axis (refer to Figure 212).

_1

Time

Figure 2.15: The progression of the electric field with time (fixed at z = 0) for the wave &£(z,t) =
2 cos(wt — kz)& — 2 cos(wt — kz)j. The wave is oriented at an angle of v = 135° with respect to the x-axis.

2.8.2 Circularly Polarized Waves

Circular polarization only occurs when the two components of the electric field vector have equal magnitudes
and are 90° out-of-phase with respect to each other. For example, consider the following electric field:

E(z,t) = 2cos(wt — kz)& + 2sin(wt — kz)y (2.120)

Fixing our observation point at z = 0, we see that the field vector at ¢ = 0 is £ = 22. When we increment

time to wt = /2, the electric field vector is & = 27. At wt = 7, the electric field vector is £ = —22. If we
continue this process, we see that the vector rotates as shown in Figure Because the magnitude of the
x- and y-components are equal, this describes circular polarization. Placing the thumb of your right hand
in the direction of propagation (positive z-direction) and curling your fingers, you will find that the vector
rotates in the direction of your curling fingers. Therefore, this wave is right-hand circularly polarized.

Now consider the electric field

E(z,t) = 2cos(wt — kz)& — 2sin(wt — kz)y (2.121)
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Figure 2.16: The progression of the electric field with time (fixed at z = 0) for the wave &(z,t) =
2 cos(wt — kz)Z + 2sin(wt — kz)g. This wave is right-hand circularly polarized.

When we fix our observation point at z = 0, we see that the field vector rotates in the opposite direction,
as shown in Figure 217 In this case, you will find that when you point your left thumb in the positive
z-direction, your fingers will curl in the direction of rotation. Therefore, this wave is left-hand circularly
polarized.

2.8.3 Elliptically Polarized Waves

Since linear and circular polarization can be thought of as special cases of elliptical polarization, we obtain
elliptical polarization any time that the wave does not exhibit linear or circular polarization. In other
words, assuming propagation in the z-direction, elliptical polarization is obtained when the electric field has
components in the x- and y-direction, but those components are not 90° out-of-phase with respect to each
other and/or have different magnitudes. As an example, considering the following field:

E(z,t) = cos(wt — kz)T + 2sin(wt — kz)y (2.122)
As before, we observe the wave at the fixed location z = 0:
E(z =0,t) = cos(wt)® + 2sin(wt)g (2.123)

At t = 0, the electric field vector is € = 2. When we increment time to wt = /2, the electric field vector

is £ = 29. At wt = 7, the electric field vector is £ = —2. Continuing the process, we find that the electric
field vector traces out an ellipse, as shown in Figure Placing your right thumb in the direction of
propagation (+z), your fingers curl in the same direction as the rotation of the field with increasing time.
Therefore, this wave is right-hand elliptically polarized, with the major axis of the ellipse aligned with the
y-axis.
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Figure 2.17: The progression of the electric field with time (fixed at z = 0) for the wave £(z,t) =
2 cos(wt — kz)T — 2sin(wt — kz)g. This wave is left-hand circularly polarized.

Consider next the following field:

E(z,t) = 2cos(wt — kz)T — 2 cos(wt — kz — 7/4)y (2.124)
At the fixed location z = 0 the field is

E(z =0,t) = 2cos(wt)T — 2 cos(wt — w/4)y (2.125)

Now we see that at ¢ = 0, the electric field vector is € = 2& — /2. When we increment time to wt = 7/2,

the electric field vector is £ = —v/2§. At wt = 7, the electric field vector is £ = —22 + v/2¢. Continuing the
process, we find that the electric field vector traces out an ellipse as shown in Figure The major axis
of the ellipse is oriented at an angle of v = 135° with respect to the x-axis (refer to Figure 2.12). Checking
the direction of rotation, we see that this wave is left-hand elliptically polarized.

As can be seen from the examples, the difficulty of specifying polarization increases as the fields become
more complex. Determining the polarization of a wave is further complicated by the fact that the waves do
not always propagate along the z-direction, and may not be given in terms of the electric field. In general,
though, as long as the steps outlined previously are performed, the polarization will be accurately identified.

2.9 TImportant Concepts

Upon the completion of this chapter, you should be able to:
e Recall Maxwell’s equations based on physical arguments.

e Recall the names of all the electromagnetic fields quantities and their units.
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Figure 2.18: The progression of the electric field with time (fixed at z = 0) for the wave £(z,t) =
cos(wt — kz)Z + 2sin(wt — kz)g. This wave is right-hand elliptically polarized, with the major axis oriented
along the y-axis.

Derive the wave equations for the electric and magnetic fields based on recollection of Maxwell’s
equations and describe the underlying assumptions.

Describe the concept of a plane wave and why the plane wave is fundamental to the general under-
standing of the propagation of electromagnetic waves.

Understand what is meant by the wave vector, the “k-vector surface,” and its physical interpretation.

Explain what is meant by the following in relation to material properties: homogeneous/inhomogeneous,
isotropic/anisotropic, linear/nonlinear, time variant/invariant, and dispersive/nondispersive.

Understand the importance of the propagation constant and the wave impedance to describe wave
propagation, regardless of the type of medium in which the wave is propagating.

Recall the spatial and temporal relationships of the electric field intensity, magnetic field intensity and
the wave vector in lossless media and lossy media.

Derive the complex permittivity from first principles, and understand the motivation for defining a
complex permittivity in a lossy medium.

Understand the application of a complex wave vector and complex impedance to describe plane wave
propagation in lossy medium, and how these quantities simplify to describe wave propagation in good
dielectrics and good conductors. You should also be able to show how a good conductor approaches a
perfect conductor in the limit as the conductivity approaches infinity.

Define and apply the following quantities: loss tangent, skin depth, decibels and Nepers.
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Figure 2.19: The progression of the electric field with time (fixed at z = 0) for the wave £(z,t) =
2 cos(wt — kz)& — 2 cos(wt — kz — 7/4)§. The major axis of the ellipse is oriented at an angle of v = 135°
with respect to the x-axis.

e Understand the Poynting vector and use the complex Poynting vector to determine the average power
flow of a plane wave in lossless and lossy media.

e Define what is meant by the polarization of a wave, and be able to specify the polarization in terms of
linear, circular and elliptical polarization.
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Chapter 3

Reflection and Transmission of Waves
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Heinrich Hertz (1857-1894)

“March 19, 1888: | would like to tell you of the progress as follows: in air, electrodynamic waves are reflected
by solid conducting walls, reflected waves interfere with the incident waves - the incidence is vertical - and give
rise to standing waves in the air. In the first wave length, calculated from the wall, these phenomena are very
pronounced and varied, and | believe that we cannot reveal the undulatory nature of sound in free space as clearly
as the undulatory nature of this electrodynamic propagation. The first node can be determined very accurately
and we can measure the wavelength in an extremely direct manner. November 30, 1888: When you asked me
in Berlin if | had carried other experiments on waves. | had nothing important to tell you at the time. Now,

however, | have made some progress which firmly establishes the relationship between light and electricity and
which | am anxious to tell you about.”

—Extracts from letters by Heinrich Hertz to Hermann von Helmholtz
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In the previous chapter, we focused on electromagnetic waves propagating in “infinite” media. The next
step is to explore the consequences of a wave when it reaches a boundary between two dissimilar media.
While this appears a simple problem, the behavior of electromagnetic waves at a boundary, or interface,
is complex and full of surprises. This is a very important chapter, since most electromagnetic problems of
interest to engineers involve waves propagating through or along interfaces. We begin the chapter discussing
the boundary conditions for a wave at a single interface. This is then extended to a discussion of waves
propagating through multiple interfaces.

3.1 Boundary Conditions

The boundary conditions relate the electromagnetic fields and fluxes on either side of an interface between
two media. Let us refer to the two dissimilar material regions as “region 1”7 and “region 2.” Assume that
a wave propagating in region 1 is incident onto a boundary between regions 1 and 2. We first define a
unit vector, ns1, that is normal to the planar interface and points from region 2 into region 1, as shown
in Figure Bl Although we will not show the details here, it can be shown that the electric and magnetic
fields on either side of the interface must satisfy certain boundary conditions. (For a detailed derivation of
the boundary conditions, refer to: D. K. Cheng. Field and Wave Electromagnetics. Addison-Wesley, 1989,
Third Edition. pp. 116-121 & 329-330.)

The boundary conditions state that the tangential components of the electric fields (the components
parallel to the interface) are continuous across the interface. In phasor form this condition is

ﬁgl X El = ’ﬁgl X EQ (31)
The tangential components of the magnetic fields are related by
ﬁglxﬁlzﬁglxﬁg—i—js (32)

where J, is a surface current, with units of A/m. This equation states that the tangential components of

the magnetic field differ across the interface by the amount .J,. However, J, = 0 in all cases except when
region 2 is a perfect conductor! If region 2 is perfectly conducting, the magnetic field in region 2 is zero

(Hs = 0) which forces a surface current to exist.

Region 1 Region 2
€1 Mo €2, Mo
k
R
O
\nc‘\d"«“‘wa
1y,

Figure 3.1: An electromagnetic wave incident on an interface between two media. The unit vector 721 is
defined as pointing into region 1 (the incident region).

There are an additional two boundary conditions that relate the electromagnetic flux densities on ei-
ther side of the interface. It can be shown that the normal components of the electric flux densities (the
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components perpendicular to the interface) are related by
fi21 - D1 = fia1 - Do + ps (3.3)

where p; is a surface charge density with units C/m?. If the two regions are dielectrics, then ps; = 0 unless
free charges exist at the interface between the two media. It can also be shown that the normal magnetic
flux densities are continuous, i.e.

fig1 - B1 = g1 - B (3.4)

These four boundary conditions are more than we need to completely specify the fields at the interface.
We can solve the interface problem using either the tangential or the normal boundary conditions. Because,
in general, we do not know p; it is easier to use the tangential conditions. For this reason, general solutions
to interface problems are found by matching (setting equal) the tangential electric fields and the tangential
magnetic fields at the interface between the two media.

If region 2 is a perfect conductor, then all of the electromagnetic fields in region 2 must be zero. This
means that the boundary conditions at a perfectly conducting interface are:

TAL21 X E1 =0 (35)
TAL21 X El = js (36)
g1 - B = ps/e1 (3.7)
fioy - Hy =0 (3.8)

Notice that while the tangential electric field and the normal magnetic field must be zero at a perfectly
conducting boundary, the normal electric field and tangential magnetic field are, in general, nonzero.

3.2 Normal Incidence on a Perfect Conductor

Assume that a plane wave propagating in free space in the z-direction is incident on a perfect conductor.
For simplicity, we will focus on the case of normal incidence. We will align our coordinate system such that
the interface between the free space region and the perfect conductor is the z = 0 plane. Without loss of
generality, we can rotate our coordinate axes such that the electric field vector points in the y-direction and
the incident wave propagates in the positive z-direction, as shown in Figure Using phasor notation, we
can write general expressions for the incident and reflected fields. In phasor form, the incident electric and

magnetic fields are (recall that H = kxE /m, where 7 is the wave impedance of the medium)

E; = Eje k% (3.9)
I o
H, = ——e Tkozg — He ko3 (3.10)
Mo

where F; is the amplitude of the incident electric field and H; is the amplitude of the incident magnetic field.
The reflected fields propagate in the negative z-direction, and are therefore

E, = E et (3.11)
_ E . .
H, = —Letikezg — [ etikoz g (3.12)
Tlo
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where E,. and H, are the amplitudes of the reflected electric and magnetic fields. Note that both the incident
and reflected fields propagate through the free space region with the propagation constant k, = w\/fi,€, =
w/c. Also, recall that the impedance of free space is 1, = \/po/€o = 377 Q.

Recall that we previously established that no electric or magnetic fields can exist inside a perfect con-
ductor. Therefore the transmitted fields are

E, =0 (3.13)
H, =0 (3.14)
X
r
E’ kﬁ'ﬂc'idm.r
ﬁr | E" kn'(m.s'mi.rmf
73 ii
k:‘qﬂum.'d
E, 2
< R >
N
Free Space N Perfect
E=§g, N Conductor
H=H, N
c=0
A J

Figure 3.2: Orientation of the incident, reflected, and transmitted fields at the interface between free
space and a perfectly conducting region, at normal incidence.

We must next relate the amplitude of the reflected field to the incident field amplitude. To do this, we
apply the boundary condition for the tangential electric fields (Equation B.5]) at the interface between the
two regions at z = 0:

—ixEi(z=0)—2xE.(2=0)=0 (3.15)

Substituting the expressions for the electric fields into this equation yields:
E,+E.=0 (3.16)

From this, we obtain an expression for the electric field reflection coefficient from a perfectly conducting

interface at normal incidence: g
| R A— 3.17
- (3.17)
Physically, this means that the electric field experiences a 180° phase shift upon reflection from a perfectly
conducting interface, but no change in amplitude. The total electric field in region 1 is

E| = Eie_jkoz:lj _ Eie+jkozgj — Ei(e_jk"z _ e+jkoz)g
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= —j2F;sin (ko2) ¢ (3.18)

Transforming back to the time domain, the total electric field in region 1 is
E1(2,t) = Re {—j2E;sin (koz) /' } § = 2E; sin (k,2) sin (wt) § (3.19)

Notice that the total tangential electric field amplitude is always zero at z = 0, as expected. In addition,
the total electric field is always zero if k,z is any multiple of 7. These locations where the field is always
zero do not change with time, but instead are fixed. This fixed portion is called a “standing wave,” which
we will discuss in greater detail later in the chapter.

What happens to the magnetic field when it is reflected from the perfectly conducting boundary? From
Equations and we find that H; = —E;/n, and H, = E,/n,. Using these results, we find that the
magnetic field experiences a reflection

H, - Er/no

- - I'=+41 3.20
H;  —Ei/no (3:20)

This means that the magnetic field experiences no phase shift or amplitude change upon reflection from a
perfectly conducting interface at normal incidence! This means that the total magnetic field in region 1 is

Hy = Hie 7%%3 + HietI%?3 = Hy(emIko? 4 eTiko?)z

E;
; cos (koz) & (3.21)

Transforming to the time-domain, the total magnetic field is

= 2H, cos (koz) & =

— —2F; . —2E;
Hi(z,t) = Re { * cos (koz) eJ“t} = L cos (koz) cos (wt) & (3.22)
Mo Mo
From these results, we make several observations:
1. The incident and reflected electric fields differ only in sign and direction of propagation.

2. The incident and reflected magnetic fields differ only in direction of propagation.

3. The total magnetic field at the interface of the perfect conductor (z = 0) is not zero! Instead, it has

a magnitude |H;(z = 0)| = 2E;/n,. This means that there must be a surface current, J,, flowing at
the interface (see Equation [3.6)).

Let us now solve for the surface current flowing at the interface. From Equation we find

—2F; A) 2F;
x| = y
Mo Mo

JS_TAL21XH1(Z_O)_—2X<

(3.23)

This current exists only at the surface of the perfect conductor. Notice that the surface current at the
interface always flows in the direction of the electric field. In this example, if thin slots are cut in the
conducting plane in the y-direction the current will not be disturbed significantly. However, if a thin slot is
cut in the x-direction, the current flow will be significantly disturbed, and hence the reflection properties of
the surface will be altered greatly.

LLKL LL S>> >>>>>

EXAMPLE 3.1:
A 20 MHz plane wave in free space is normally incident on a perfectly conducting region. The interface
between the free space and perfectly conducting regions is the z = 0 plane. The electric field has an amplitude
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of 100 V/m and is polarized in the x-direction. Find the phasor expressions for the incident and reflected
electric and magnetic fields, and the time-domain expression for the total electric field in the free space
region.

Solution:
The wave vector of the incident wave is
- w 271 x 20 x 108
c

ko=—%2=—"—¥———"—2=0.4z
z 3% 10° z2=0.4z2

Referring to Figure B3] the incident electric and magnetic fields are

E; = Eje %7 =100e %% V/m

_ 1. - 1 0.4z 5 0.4z~
H; = %k X By = (1207Tz) X (1006 30'4233) = &-¢ 90425 A /m
For a perfectly conducting interface the electric field reflection coefficient is I' = —1. Also, the reflected

fields propagate in the -z direction, so the sign of the exponent must be changed. The reflected fields are

E, =TE;e™%%3 = —100e™°*%% V/m

_ 1. - 1
H,=—kxE.=——
Mo 1207
Note that the reflected magnetic field could be found directly from the incident magnetic field using the
magnetic field reflection coefficient of +1 at a perfect conductor. The total electric field in the free space

region (region 1) is found by adding the incident and reflected fields:

, 5
(—2) x (—1006+30'4Z£) = 6—7Te+30'4zgj A/m

Ey = E; + E, = 100e 7%%3 — 100 "794*3 = 100 (e /°** — ¢1704%) 3

= 100[cos(0.4z) — jsin(0.4z) — cos(0.4z) — jsin(0.42)]z
= —5200sin(0.42)z V/m

Converting to the time-domain, where w = 27 x 20 x 105 = 120 x 10%7:

E1(z,t) = Re {Elejwt} = Re {—5200sin(0.42)e’" } &

= Re {—52005sin(0.4z)[cos(wt) + j sin(wt)]} &

= 2005in(0.42) sin(120 x 10°7t) V/m

KLLL LL S>> >>

EXAMPLE 3.2: B
Find the surface current, J, flowing at the interface in the previous example.

Solution:
To find the surface current, we must first find the total magnetic field in region 1 at the boundary. The

total magnetic field at the boundary is simply the addition of the incident and reflected fields at z = 0:

Hi(z=0)=H;(z=0)+ H,(2 =0)
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H,
r H,
) E, z
Perfect
Free Space Conductor

Figure 3.3: Incident and reflected field vectors for Example 1. Notice that there are no fields inside of
the perfect conductor.

The surface current is then found from Equation 3.6 where the unit vector pointing from region 2 into region
lis —2:

y 5

0 -1 =—2 A/m
5 3
37

JS:fL21XH1:

o O ®»

Notice that |Js| = 2E;/n, as expected.

LLKL LKL S>> >>>>>

3.3 Normal Incidence on a Dielectric

In the previous section, we considered normal incidence on a perfect conductor, which was simplified by the
fact that no fields exist inside of the perfect conductor. We next consider the problem of reflection and
transmission from an interface between free space and a dielectric medium. In this case, transmitted fields
will exist in the second region. Assume that a plane wave propagating in free space in the z-direction is
normally incident on a dielectric described by the parameters €5 and u,. Using phasor notation, we again
write general expressions for the incident, reflected, and transmitted fields. Similar to the previous section,
the incident electric and magnetic fields are

E; = Eje k% (3.24)
_ —F; . . . .
H, = ——e Tkozg — He ko3 (3.25)
Mo



E, = E.etitz (3.26)

_ E. . .
H, = I etikoz g — Hre'Hkozi (3.27)
Mo
The transmitted fields have the form
E, = Ee k27 (3.28)
_ E . .
Hy = ——Leik22g = He ik22p (3.29)
72

where E; and H; are the amplitudes of the transmitted electric and magnetic fields at z = 0. The transmitted
fields propagate through the dielectric material with the propagation constant ks = w,/t,e2. The impedance
of the dielectric material is 72 = /jo/€2. The fields are illustrated in Figure B4l

X
E, k
incident
E P
— | 4 kn-ma.s-mmr«f
H J _@_.
A i,
kr'n_'ﬂc'c‘.rcd !
E "
Free Space Dielectric
g=g, E=¢,
H=H, H=Ho
o=0 o=0

Figure 3.4: Orientation of the incident, reflected, and transmitted fields at the interface between free
space and a dielectric region, at normal incidence.

We again relate the amplitudes of the reflected and transmitted fields to the incident field amplitude.
We apply the boundary condition for the tangential electric fields (Equation B at the interface between
the two regions, which yields

E,+E.=FE; (3.30)

In a similar manner, we apply the boundary condition for the tangential magnetic fields (Equation [3.2) at

z = 0, which results in
E; F E
__z+_T:__t (331)
Mo Mo 72
By combining Equations[3.30] and B.3T] we obtain an expression for the electric field reflection coefficient from

a dielectric interface at normal incidence (refer to Appendix C for details):

o B _m=n (3.32)
Ei N2 + Mo
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In a similar manner, we derive the transmission coefficient to relate the transmitted electric field amplitude
to the incident field amplitude. Using Equations B30 and 3.32] we find (refer to Appendix C for details):

E E,. +E; 2
T:_t_ r =+ z:F+1: 2

E, K 72 + 7o

(3.33)

Since the two materials are lossless, the impedance is a real quantity that can be expressed in terms of the
index of refraction of the material as n = 1,/n. In this case, the reflection and transmission coefficients can
be rewritten as

F:770/n2_770 _ 1—-mno
No/n2+1Mo 1+ mng

_ 2no /12 _ 2
No/N2+ M0 14+n2

(3.34)

(3.35)

Notice that for a lossless material, both the reflection and transmission coefficients are purely real quantities.
Also, since the materials are lossless there is no current flow. A typical dielectric material, glass, has an index
of refraction of approximately 1.5 at visible wavelengths. This means that the reflection and transmission
coefficients at normal incidence from air onto a layer of glass are approximately I' = —0.2 and 7 = 0.8.

KLLL LKL K> >>

EXAMPLE 3.3:

A 20 MHz plane wave in free space is normally incident on a dielectric with an index of refraction
ny = 1.5. The interface between the free space and dielectric regions is the z = 0 plane. The electric
field has an amplitude of 100 V/m and is polarized in the x-direction. Find the phasor expressions for the
incident, reflected, and transmitted electric fields, and the phasor expression for the total electric field in the
free space region.

Solution:
The wave vector of the incident wave is
- w 21 x 60 x 10°
c

= A .4/\
ko Z 3% 108 2=04z2

The incident electric field is

E; = Eje kT =100e7%4%3 V/m
The electric field reflection coefficient from the interface is
l-my 1-15

r= - -
1+ ng 1+1.5

-0.2

Since the reflected fields propagate in the -z direction, the sign of the exponent must be changed. The
reflected electric field is B 4 4
B, =TE;et%%3 = —20e™943 V/m

The total electric field in the free space region (region 1) is found by adding the incident and reflected fields:
Ey = E; + E, = 100e 7°%2 — 20e /04

=20 (5¢ 704 — ¢*04%) 3 V/m
The electric field transmission coefficient is

2 2

T: = =
1+ny 1415

0.8
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Also, in the dielectric (region 2), the wave vector is

_ . w . 2w x60x108 . .
kg = kongz = Engz = W (15) z2=0.62

The transmitted electric field is

E,=TE;e 7" 7§ =80e7%% V/m

KLLL LL K> > >>

3.4 Normal Incidence on a Conducting Medium

At this point, we have considered reflection and transmission from a perfect conductor (o = co) and a dielec-
tric (0 = 0). What occurs if a wave is normally incident on a medium with a finite, nonzero conductivity?
Assume that a plane wave propagating in free space in the z-direction is normally incident on a nonmagnetic
(v = po) conductor with a permittivity €2 and conductivity o2, yielding a complex permittivity .. The
incident and magnetic electric and magnetic fields are again

E; = Eje k% (3.36)
B . .
H; = . e Ikt g = Hie k% (3.37)
E, = E.etitz (3.38)
H, = —Tetiherj = Hetiko?; (3.39)
Mo
The transmitted fields in the conductor have the form
E; = Eje k2 (3.40)
_ E ; )
H, = ——tedkezg — [, Tkez3 (3.41)
Ne

The incident, reflected, and transmitted fields are shown in Figure The transmitted fields propagate
through the lossy conducting material with the propagation constant k. = w,/fi,éc = 3 — ja. Because the
wave vector is complex, the amplitude of the wave will decay away from the interface. The impedance of
the lossy material is 7. = \/po/€c, which is also a complex quantity. In Chapter 2, it was shown that as
the conductivity of the medium increases, the magnitude of the impedance 7. decreases. If the medium is
a perfect conductor, the impedance is zero.

Noting the similarity between this case and the case of reflection from a dielectric, we use Equation
to write an expression for the electric field reflection coefficient from a conductor at normal incidence:
B e (3.42)

E;i  ne+no

An important point to notice is that as the conductivity increases towards infinity, the electric field reflection
coefficient approaches -1:

lim T'= lim (B /E)=—2=_1 (3.43)

T.—00 Te—00 —|—7]o
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Figure 3.5: Orientation of the incident, reflected, and transmitted fields at the interface between free
space and a conducting region, at normal incidence.

This agrees with the reflection coefficient we found previously for a perfect conductor.
What happens to the magnetic field when it is reflected from the conducting boundary? From Equations
B37 and B39 we find that H; = —F;/n, and H, = E,/n,. Using these results, we find that the magnetic

field experiences a reflection
Hr Er Mo — Nec

H; Ei e+
Notice that the magnetic field reflection approaches +1 as the conductivity increases, and is exactly +1 for
a perfect conductor:

(3.44)

lim (H,/H)= lim (-T)= 1

=41 (3.45)
O, —00 O—00 —|—’[70
This again agrees with the results obtained previously for a perfect conductor.
The electric field transmission coefficient from a conductor at normal incidence is
E E, + E; 2
g bt _ Bt B e
E; E; Ne + Mo

(3.46)

Since the magnitude of the impedance of a good conductor is much smaller than the intrinsic impedance of
free space, 1,, the transmission coefficient 7 into a good conductor is small. As the conductivity approaches
infinity, the transmission becomes zero, i.e. there is no electric field in a perfect conductor, as expected:
0
lim 7 = lim (E;/FE;) = =0 (3.47)

Tc—00 Oc—00 Mo

The relationship between the transmitted and incident magnetic fields is
He _no Ev 210
Hi Ne Ei Ne + Mo

(3.48)

Notice that as the conductivity approaches infinity, the transmission approaches H;/H; = 2. Recall that
this field is dissipated by an “infinitely thin” surface current at the interface, such that the total magnetic
field inside the perfect conductor is still zero.
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Let us examine the current flow in region 2 in greater detail. Assume that region 2 has a finite conduc-
tivity, o9, and that it is a good conductor. The current density in the conducting region is then

J = O'QEt = O'QTEie_jkcz:l) (349)

The total current per unit width of the conductor measured along the x-axis is found by integrating from
0<z<0x:
- o0 . o TE:
Jiot = / 02T Ee % dz = §ooTE; / eIkerdy = ZZ — 0 (3.50)
0 0 JRe

where Jyo¢ has units of A/m. Assuming that the medium is a good conductor, we found in Chapter 2 that
we can make the approximation k. = 8 — ja =~ (1 — j)y/wi,02/2, and therefore

_ TE, TE,
Jeor = ———22 2 § = : : 9 (3.51)
J(1=7) Vwpoeo2/2 (1+7) Vwho/ (202)

Finally, if region 2 is a good conductor the complex wave impedance is 7. ~ (1 + j)y/wio/(202), which

reduces the solution to
- 1 . E. R
Jiot = —TE§ = _ty =Hy (3.52)
e Me
Therefore, when an electromagnetic wave is incident upon a region of finite conductivity the total current
per unit width is equal to the tangential magnetic field at the surface. As the conductivity of the second
medium approaches that of a perfect conductor (as oo — 00), the magnitude of the total magnetic field
at the interface becomes |H; + H,.| = 2E;/7n,. When the conductivity approaches infinity, the skin depth
approaches zero and the total current per unit flows in an infinity thin region at the surface, i.e. becomes a
surface current:
.= . 2F; |
Iim Jipp = Js = 7 (3.53)

o9 —00 770

This current exists only at the surface of the perfect conductor. In other words, the current decays “infinitely
fast.” Refer to Appendix C for an alternate derivation of the surface current at the interface of a perfect
conductor.
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EXAMPLE 3.4:

Human brain tissue has a relative permittivity and conductivity of €, &~ 55 and ¢ &~ 2.1 S/m, respectively,
at 2.45 GHz [2]. Assume that a plane wave at 2.45 GHz carrying a time-average power of 250 mW /m? is
normally incident from free space onto a human brain. Find the electric field reflection and transmission
coefficients, T and 7.

Solution:

To find the reflection and transmission coefficients, we must first find the impedance of the two materials.
Recall that the impedance of free space is 1, = 377 ). The complex permittivity of brain tissue was found
in Chapter 2 to be:

) = (4.87 — j1.36) x 107 F/m
WERE,

€brain = €r€o (1 -7

From this we obtain the complex permittivity

Morain = | | 2 = 49.9¢701%6 Q)

Ebrain
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The reflection coefficient is

N A L
= = - G = . e
Norain + Mo 49.9e30-136 4 377

From this expression, we see that the electric field will experience a 3.11 radian, or 178°, phase shift upon
reflection. The transmission coefficient is

T =T+1=0.234¢70-120
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EXAMPLE 3.5:

Find the time-domain expression for the transmitted electric field inside the brain tissue. Assume that
the electric field is polarized in the x-direction, propagates in the z-direction, and that the interface is at
z=0.

Solution:
We first must find the amplitude of the electric field propagating in free space. In free space (z < 0), the
wave will have the general form:

E(z < 0) = E,e ko3
We can find the amplitude of the field, F,, given the average power in the wave:

<3> - |§‘7’|22 = 0.2505 W/m?

From this we find that E, = 13.7 V/m. The transmitted electric field in the brain tissue will have the
general form

E(z>0) = TE,e hminzj

The complex propagation constant in the brain is

kbrain = W/ foEbrain = 384 — 752.7

Therefore, the phasor expression for the electric field transmitted into the brain tissue (z > 0) is
E(z > 0) = (0.234e7%120) (13.7) e 7384752773

— 30140120 ,—j384z ,—52.7z 5, V/m

Notice the 0.120 radian (6.88°) phase shift occurring because of the lossy material interface. The time
domain electric field is then found from the phasor expression:

E(z > 0,t) = 3.21 cos(1.54 x 10'% — 3842 + 6.88°)e 272 V/m

The reflected field would be found in a similar manner.
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3.5 Oblique Incidence of Plane Waves at a Single Interface

3.5.1 Wave Propagation in a General Direction

Up to this point, we have studied plane waves propagating in unbounded media and waves normally incident
onto an interface. In these cases, a convenient choice for the coordinate system was to assume propagation
in the z-direction. Because the electromagnetic fields were normal to the direction of propagation, they were
assumed to lie in the x- or y-direction. As we will see later, though, many useful electromagnetic devices
rely on waves reflecting off of or transmitting through interfaces at non-normal, or “oblique” incidence. In
this case, the wave vector may have components in the x-, y-, and/or z-directions. As a reminder, recall that
the wave vector pointing in the direction of plane wave propagation is expressed in a Cartesian coordinate
system as k = k,4& + k,§ + k.2. Tt is useful to keep the vector notation because in many cases the wave

vector components become complex, for example if the medium is lossy. If the wave vector components are
purely real, angles can be used to express the direction of propagation as shown in the Figure

k,=ksinBsin¢
— >
y

Figure 3.6: Description of wave vector in the Cartesian and spherical coordinate system. (Only when &
is real can the vector be described in terms of angles.)

For simplicity, when dealing with problems of reflection and transmission off of an interface we align the
coordinate axes to coincide with the interface. In addition, without loss of generality, we can often rotate
the coordinate axes such that the incident wave vector is confined to the x-z or y-z plane. This greatly
simplifies the analysis of the problem, as we will show in the following sections.

It is interesting to point out here that, when a plane wave is incident at an oblique angle onto an interface,
not all of the power of the wave is transmitted across the interface. This can be shown by decomposing
the plane wave into one component that is normal to the interface and one component that is parallel to
the interface. The component that is normal to the interface will point in the direction of the boundary
normal vector. If we think of the conservation of energy across the interface, only the normal components
will contribute to net energy flow through the interface. We will discuss power flow across an interface in
greater detail later in this chapter.

3.5.2 Plane of Incidence

Assume that a plane wave is incident onto an interface described by the z = 0 plane, as shown in Figure
B Assume that we have aligned the coordinate axes such that the plane wave is propagating in the x-z
plane at an oblique angle 6 towards the planar interface. We define a unit vector, Z, that is normal to the
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boundary. The plane of incidence is defined as the plane that is formed by the boundary normal and the
incident wave vector:

Plane of Incidence: The plane defined by the wave vector and a unit vector that is normal to the planar
interface.

For the case shown in Figure 3.7 the plane of incidence is the x-z plane, since both the boundary normal
and the wave vector lie in this plane.

™\, TE Solution
S

H

H
™ Solution\\_

3

A

A

Region 1 Region 2

N PP P PP / FIL ISP rrr7 77 " =

Figure 3.7: When analyzing the problem of oblique incidence onto an interface, the total solution is broken
down into the transverse electric (TE) and transverse magnetic (TM) solutions. The plane of incidence is
the x-z plane in this case.

3.5.3 TE and TM Solutions

Let us now look in greater detail at a plane wave that is propagating at an arbitrary angle but has a wave
vector that is confined to the x-z plane, as shown in Figure 377 In this case, the wave vector does not have

a y-component. From k x E = wu,H we obtain

w2 kB, H,
kxE=| kg 0 k. =| kE,—kE. | =wp, | Hy (3.54)
E. E, E. ko B H.

Notice that the E, field component can be obtained from the H, and H, field components. The H, field
component can be obtained from the E, and FE, field components. In a similar manner, we can use the

equation k x H = —we,E to obtain
—k.H, E,
k.Hy —kH, | =—-we, | Ey (3.55)
ko H, E,
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Again we observe that the field components can be divided into two independent sets. One set is com-
posed of the field components {H,, E,, H.}, while the other set is {E,, Hy, E.}. These sets can be solved
independently.

The first solution, { H,, E,, H,}, can be completely formulated in terms of E,, and is called the transverse
electric (TE) solution. It is called transverse electric because the electric field points in the y-direction, which
is normal (or transverse) to the plane of incidence. Remember that, in this case, the plane of incidence is
the x-z plane. The TE solution is also referred to as perpendicular polarization since the electric field is
perpendicular to the plane of incidence.

The solution of the set {E,, Hy,, E,} can be formulated in terms of H, and is called the transverse
magnetic (TM) solution, because the magnetic field is transverse to the plane of incidence. The TM solution
is also referred to as parallel polarization since the electric field is parallel to the plane of incidence.

The total solution is the sum of the TE and TM solutions. A typical problem of an arbitrary plane wave
incident upon an interface would be approached as follows. First, the incident wave is decomposed into its
TE and TM components. The reflected and transmitted fields are determined separately for the TE and
TM cases. Then, the TE and TM reflected waves are summed to find the total reflected wave, and the
TE and TM transmitted waves are summed to obtain the total transmitted wave. This separation into the
independent TE and TM solutions makes the field analysis much easier.

3.5.4 Tangential Phase Matching at an Interface

In order to understand the behavior of a plane wave at an interface between two media, we must first
understand the concept of “phase matching” at the interface. Consider a plane wave that is obliquely
incident on a planar interface at z = 0, as shown in Figure B8l For this analysis, let us assume that two
waves (a forward and backward travelling wave) will exist in both region 1 and region 2. The reason for
this will become clear when we generalize the analysis to account for multiple interfaces. Here, we will focus
on the transverse electric (TE) solution, which is comprised of the set of fields {H, E,, H.} and can be
formulated in terms of £,. A similar derivation can be performed using the TM solution, but the outcome is
the same. To simplify the notation, we will define k = k, (the x-component of the wave vector) and 8 = k.
(the z-component of the wave vector). Using this notation, a wave vector that is confined to the x-z plane
will have the form

k =ki+ B2 (3.56)

and therefore k2 = k2 + 2. If the wave vector is a real vector at an angle  with respect to the interface
normal, we can write k = ksin(f) and § = k cos(6).

In the incident region, which we will call region 1, the total field is composed of two plane waves and
therefore the total electric field is

El = E'1+ + Elf = (Ale*jﬁwze*jmwﬂ + Ble+j’31*267j'€1*””) I (3_57)

where A; is the amplitude of the forward travelling electric field, and B; is the amplitude of the backward
travelling electric field. The + subscripts refer to parameters for the forward travelling wave, and the —
subscripts refer to parameters for the backward travelling wave. In the second region, the total electric field
will be

Ey = Eoy + By = (Age 1P+2e7Ir242 | Byetila-zeira-t) g (3.58)

Remember that, due to the boundary condition for the tangential electric fields (Equation[31]), the tangential
electric fields must be continuous across an interface. Therefore, we set the tangential electric fields in region
1 equal to the tangential electric fields in region 2 at z = 0 which yields:

Aje T+ 4 Ble IR = A eTIR24T | BoeT iR (3.59)

This relationship must be valid for all values of z along the interface. The only way that this condition
can hold is if the tangential components of the wave vector are identical, i.e. if kK14 = K1— = Koy = Ko_.
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Figure 3.8: Orientation of the electromagnetic fields for the TE-polarized case. In the derivation of the
field relationships it is assumed that all the electric field vectors point in the +y-direction.

Therefore, we can define the x-components of the wave vector simply as « for the forward and backward
travelling waves in both regions! This important conclusion is known as the phase matching condition at an
interface:

Phase Matching Condition: At an interface, the tangential component of the wave vector is the same
for all of the waves in both regions 1 and 2! This is true for both TE and TM polarizations. This is a key
conclusion with very important implications, and we will apply this condition repeatedly.

Assuming that the tangential component of the wave vector is real, it can be written as k = k, = w/v,,
where v, is the velocity of the wave in the x-direction. For linear media, the frequency is the same in all
regions. The phase matching condition implies, then, that the velocities tangential to the interface of all
the waves must be identical, which makes intuitive sense. Imagine a wave that is travelling parallel to a
boundary such that part of the wave is in medium 1 and part is in medium 2. It does not make sense that
the part of the wave along the interface in one material should go faster than the part in the other material!

Now that we have established that the tangential components of the wave vectors must be equal, what
does this say about the normal components of the wave vectors? The magnitude of the wave vector in region
1 can be written as

k= w2+ B2 = (2 + 52 (3.60)

From this expression we conclude that 81+ = (1 in region 1, so we define 8; = f14 = (1—. Likewise, the
magnitude of the wave vector in region 2 can be written as

ko = \//@2 + 33, = \/KQ + 52 (3.61)

It then follows that the magnitude of the normal wave vectors in the same region will have the same
magnitude. Within the same region, the only difference in the wave vector for the forward and backward
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travelling waves is the sign of the z-component (), which will determine whether the wave is travelling in
the +z or -z direction.

Using these results, we can rewrite the expressions for the electric fields in both regions (Equations
and [35]) for the TE case incorporating the phase matching condition:

E1 = (Aje 9912 4 Bietitiz) gminay (3.62)
EQ _ (AQe*jﬁzz + B26+j522) e*jnzg (363)

3.5.5 Tangential Phase Matching: “k-Vector Surfaces” and Snell’s Law

It is instructive to look at the phase matching condition for the tangential wave vectors using the “k-
vector surfaces” in both regions. Considering lossless media, in region 1 the wave vector must satisfy
ki -k = k‘f = wzuoal and in region 2 it must satisfy ko - ko = k% = w2u052. Since the vector equation
7.7 = R? describes the surface of a sphere of radius R, the wave vector equations describe spherical surfaces
with radii k1 = w,/fi,e1 = koni in region 1 and ky = w,/li,e2 = konz in region 2. This is illustrated
in Figure Remember that the tangential wave vectors of all the waves must be the same. Also, the
magnitude of the wave vectors must lie on the spherical “k-vector surface” in each region. Because the
tangential component, x, is fixed by the incident wave, and the magnitude of the wave vectors must lie on
the “k-vector surface,” the direction of all of the waves in each region are determined by the incident wave
vector, as shown in Figure

radius in region |

=O4/1,E, =nk,

A

radius in region 2

= A\l “{?El = nlkra

Figure 3.9: The tangential components of the wave vectors of all of the waves is the same in both regions.
This determines the direction of propagation in both regions. In this example, the first (incident) region
has a lower index of refraction than the second region.

Since we are assuming lossless media, the tangential component of the forward travelling wave in region
1 can be written as x = kq sin(61.), where 6 is the angle between the wave vector and the z-axis, as shown
in Figure Likewise, the tangential component of the backward travelling wave (the reflected wave) in
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region 1 can be written as k = ki sin(61—). Because the tangential component of the wave vector is the
same, this means that 6, = 6;_ = 6. In other words, the angle of incidence equals the angle of reflection.
This is known as Snell’s law of reflection.

Similarly, the tangential component of the forward travelling wave in region 2 can be written as kK =
ko sin(fz). Equating the tangential wave vector components in regions 1 and two yields k; sin(f;) = k2 sin(6z).
Since k = nk, in a lossless medium, this expression can be rewritten as

nq sin(f1) = ng sin(fz) (3.64)

which is known as Snell’s law of refraction, or often simply referred to as Snell’s law. This is a very important
conclusion, since it allows us to easily determine the angle of propagation of the transmitted wave. Note
that Snell’s law of refraction only applies when both media are lossless, and when total internal reflection
(TIR) is not occurring. TIR will be discussed later in this chapter.
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EXAMPLE 3.6:

An electromagnetic wave propagating in air is incident at 30° onto a dielectric with index of refraction
n = 2.2. Assume that the interface between the air and dielectric is the z = 0 plane. The wave vectors lie
in the x-z plane, as shown in Figure If the wavelength of the incident wave is A = 1.57 um, find the
wave vectors of the incident, reflected, and transmitted waves.

Solution:
The magnitude of the wave vector in the incident (air) region is
_ 2mm 21

- = =4. 10 rad
1= T T s 106 - H00x 107 rad/m

The components of the incident wave vector are then found from the incident angle. (Notice that the sign
of each component must be determined from the direction of propagation):

k; = ki + B12 = $ky sin(0;) + 2ky cos(6;) = 2.00 x 10°% 4 3.46 x 10°2 rad /m

For the reflected wave, x and 3; remain the same. The only change is that the wave is now propagating in
the negative z-direction:

k. = ki — 12 = 2.00 x 10°2 — 3.46 x 10°2 rad /m

To find the wave vector of the transmitted wave, we first find the magnitude of the wave vector in the second
region:
_ 2mng _ 2 X 2.2

k2=~ = T5Tx 100

In region 2, the relationship k3 = k2 + (3 must hold, and we know that & is the same in both regions.
Therefore, the z-component of the wave vector in region 2 is

By = \/kZ — K2 = \/(8.80 x 106)% — (2.00 x 106)* = 8.57 x 10° rad /m

Therefore, the wave vector in the second region is:

=8.80 x 10° rad /m

ki = ki + 22 = 2.00 x 105% + 8.57 x 10°2 rad /m

Note that, since both media are lossless, we could have found the transmitted wave vector by first using
Snell’s law, nj sin(f1) = na sin(fz), to find the angle of the transmitted wave:

0y = sin~![ny sin(0;)/ns] = sin~*[sin(30°)/2.2] = 13.1°
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Figure 3.10: Illustration of the wave vectors for Example 3.6: a wave in air incident on a dielectric.

Using this angle, it is a simple matter to find the x- and z-components of the wave vector in region 2, since
the magnitude is known.
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3.5.6 Single Interface: TE-polarized case

We now continue our solution of the TE-polarized fields to obtain an expression that relates the wave
amplitudes across the dielectric interface. The general forms of the electric fields in regions 1 and 2 are
given in Equations and B.63l We now apply the boundary condition for the tangential electric fields
at the interface (Equation B1)). By matching the tangential electric fields at the interface, i.e. setting

E1(z =0) = Es(z = 0), it follows that the field amplitudes are related by

A1+ By = Ay + By (365)
From the equations for the electric fields it is straightforward to solve for the magnetic fields. We find
the magnetic fields from the electric fields using Faraday’s law in phasor form: V x E = —jwu,H. In region
1 we find
_ ; ; 9 _ 9
H, = wJ Z 2 £ |= wj (—&Elj T %Eﬁ) (3.66)
Holo By 0 o

Substituting the electric field in region 1 (Equation B:62)) we find that the magnetic field in region 1 is

—b

Whto

Hy =

(Aye351% — By tifiz) gminay
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+ (Ale_jﬁlz + Bleﬂﬂlz) e IrT s (3.67)
w

o

Likewise, the magnetic field in region 2 is found from the electric field in region 2 (Equation B.63)):

Hy = — (Age™382% — Byetif2?) ¢mireg
Whto
+ — (Age 972 4 Byetif2) gmine (3.68)
w

o

The magnetic fields associated with each plane wave are shown in Figure B.8 Recall that the tangential
magnetic fields must also be continuous across the boundary (unless one of the regions is perfectly conducting,
see Equation B:2)). Matching the tangential magnetic fields (the x-components) in regions 1 and 2 at z =0
yields

B1A1 — 1 B1 = B2 Ag — B2 Bs (3.69)

Equations [3.65] and [3.69 can be combined into the single matrix equation

( 1;1 —161 ) (;) - ( 52 _152 ) (;‘j) (3.70)
</B}1> N ( 611 —151 >1 ( ﬁlz —1ﬁz > <gz> (3.71)

Carrying out the matrix inverse and multiplication, this matrix equation simplifies to

<A1> _1 < L+ B2/B1 1= 0B2/B1 > <A2> (3.72)
By) 2\ 1=0/p1 1+p52/B By .

Since we are considering only a single interface, only a transmitted (forward travelling) wave will exist in
region 2. Therefore we set Bo = 0. (As we will see later, in the case of multiple interfaces, we will always
set B = 0 in the last region.) Then for the fields in the y-direction we can calculate a reflection coefficient
ri2 = Bi/A; which relates the amplitudes of the incident and reflected electric fields, and a transmission

coefficient t15 = A2/A; which relates the amplitudes of the incident and transmitted electric fields. Notice
that when we set By = 0, Equation B.72 will have the general form

@1) - ( S ) (%2) (3.73)

From this matrix equation we obtain A; = mi1A42 and By = ma1As = (ma21/my1)A;. Therefore, the
reflection and transmission coefficients are

and solving for A; and Bi:

Bl mo1
o = DL 3.74
12 A1 mi1 ( )
A2 1
tp =2 = — 3.75
12 A1 mi1 ( )

By inspection, we obtain ma; = (1 — 2/01)/2 and m11 = (14 B2/61)/2 from Equation 372 This results in
the following expressions for the reflection and transmission coefficients in terms of the normal components
of the wave vector:

Er 61 - 62
2 E;  Bi1+ B2 e (3.76)
E,; 21
= — = p— .
12 B Bt It (3.77)
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where we have defined F; = A; (the amplitude of the incident electric field), E, = B; (the amplitude of
the reflected electric field), and F; = As (the amplitude of the transmitted electric field). At this point
it is important to discuss the notation we are using for the reflection and transmission coefficients. The
parameters I' and 7 are defined as the reflection and transmission coefficients in terms of the electric field.
For the TE case, r12 and t15 relate the electric field amplitudes at the interface, and therefore 1o = I'rg and
t12 = 7rg. However, when we discuss the TM case we will use the same parameters, 1o and t12, to relate
the magnetic fields. For the TM case, then, r12 # 'ty and t12 # Tpy. It is important to understand the
difference in notation between the TE and TM cases.

Assuming lossless media, the transmission and reflection coefficients (Equations and B77) can also
be written in terms of angles and the material properties of the two regions:

n1 cosf; — na cos by 12 cos B1 — n cos O

=Trp = = 3.78

"2 TE n1 cos 1 + ng cos by 72 cos 1 + 11 cos O ( )
2n1 cos 64 219 cos 01

t1o = Trm = = 3.79

12 Te n1 cos 1 + na cos s 12 cos B1 + 11 cos O ( )

Notice that if we set 6; = 6 = 0, then the expressions reduce to the reflection and transmission coefficients
for normal incidence. Since the total tangential electric field in region 1 must be equal to the total tangential
electric field in region 2, we have E; + E,. = E;. From this it immediately follows that 1+ r1o = t12. This
can be rewritten in terms of the electric field reflection and transmission coefficients as

1+Tte =TrE (380)

Remember that this condition only holds if the TE reflection and transmission coefficients are defined in
terms of the electric fields!

3.5.7 Single Interface: TM-polarized Case

We now turn our attention to the transverse magnetic (TM) solution that consists of the field components
{E;,Hy, E.} which may be formulated in terms of H,. Recall that the TM polarization is also called
parallel polarization since the electric field is parallel to the plane of incidence. In the TM case, we begin
by formulating the solution in terms of the magnetic fields of the plane waves, which are oriented in the
y-direction. This makes the solution for the TM case much easier since the magnetic fields only have one
vector component to deal with. The magnetic fields in regions 1 and 2 are again written as the sum of
forward and backward travelling waves:

Hl = HlJr + Hlf = (Aleijﬁlz + B16+jﬁlz) e—j/{xg (381)

Hg = H2+ + Hzf = (A267j622 + B2e+j,82z) eijmc:l] (3.82)

It is very important to note that, for the TM case, A; and Ay are the amplitudes of the forward travelling
magnetic fields in regions 1 and 2, and B; and By are the amplitudes of the backward travelling magnetic
fields in regions 1 and 2. Also notice that in these expressions we have already applied the phase matching
condition such that the tangential component of the wave vector is k in both regions. The phase matching
condition was derived for the TE case, but an analogous derivation can be performed for the TM case because
the tangential magnetic field intensity is also continuous across the interface.

The electric field in both regions is found from Ampere’s law in phasor form: V x H = jweE:

E, = ﬂ (Ale*jﬁlz _ BleJrjﬁlz) L
wel
K (Ale—jﬁlz + Ble+j[31z) e~ iR 2 (3.83)
we
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E, = & (AQe—JﬂQZ _ B26+j522) e~ IKT 4
WwEeg

_ (Alefjﬁlz + BleJrjﬁlZ) e RT3 (3.84)
we9

v

F 9

Figure 3.11: Orientation of the electromagnetic fields for the TM-polarized case. In the derivation of the
field relationships it is assumed that all the magnetic field vectors point in the +y-direction.

The electric and magnetic field vectors are illustrated in Figure B1Il Matching the tangential magnetic
fields at the interface (z = 0) it follows that, for the TM case

A1+ By = A3+ By (3.85)

Matching the tangential component (the x component) of the electric fields at the interface yields

Bry, Brpg By Pop (3.86)
€1 €1 €2 €2

Equations [3.83 and [3.86) can be combined into the single matrix equation:

<A1> 1 ( 14 01202/61 1—01202/0 ) (A2> (3.87)
Bi) 2\ 1=901202/81 1+ 61202/ By :

where §12 = £1/e2. As with the TE case, we can find a reflection coefficient r1o = By /A1 = mo1/m11 and a
transmission coefficient t1o = Ay /A; = 1/mqq:

€21 —e1fa
e261 + €152
Hy 2e261

H; e +e1fB

a,
- F _ (3.88)

(3.89)

t1o =
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where we have defined H; = A; (the amplitude of the incident magnetic field), H, = B; (the amplitude
of the reflected magnetic field), and H; = Ay (the amplitude of the transmitted magnetic field). If the
materials are lossless, the reflection and transmission coefficients can be written in terms of angles as
ng cosfly —njcosty 1 cost — g cos by

T2 =

— 3.90
N9 cos 01 + nq cos by 11 cos 61 + 12 cos O ( )

219 cos 0 211 cos 61
ty = = (3.91)
ng cosfy + nycosle My cosby + 19 cos by

Note that from the matching of the tangential fields (H; + H, = H;) it immediately follows that 14712 = t12.

It is important to remember that for the TM case 12 and t12 refer to the magnetic field ratios. This
means that r1o and ¢15 are not necessarily equal to I'ryy and 71y, which are the reflection and transmission
coefficients of the electric field! In some instances, however, we may desire I'ry and 71y, which are related
to r12 and t12 in the following way (refer to Appendix C for details):

E, o Bim

T™ Ei Al m 12 (3 9 )
Ey A mo n
T™ Ei Al'ﬂl m 12 o 12 ( )

The above relationships can also be derived starting with the electric field, the details of which are given
in Appendix C. Remember that the magnetic field reflection and transmission coefficients must satisfy
1+ 712 = t12. This means that, for the TM case, the electric field reflection and transmission coefficients
are related by

14T = %TTM (394)
1

Refer to Appendix C for an alternate method of deriving Equation 3.941

For TM polarization, both the formulation in terms of the magnetic fields and the formulation in terms
of the electric fields are commonly used. The formulation in terms of electric fields has the advantage that
if the wave contains both TE and TM polarized fields, the formulation is consistent in terms of the electric
field. In cases where we are analyzing a problem that consists entirely of TM fields, however, the analysis is
significantly simplified if we use the magnetic field formulation.

3.5.8 Single Interface: Unified Formulation

By formulating the TE polarization in terms of the electric fields and the TM polarization in terms of the
magnetic fields, the relationship that relates the amplitudes at an interface can be written in a unified form
that holds for both TE and TM polarizations:

<A1> 1 ( 14 01202/61 1—01262/0 ) (A2> (3.95)
B 2\ 1—01202/01 1+ 061262/01 By :

where 612 = 1 for TE polarization and 812 = £1/e2 = n?/n3 for TM polarization. The reflection coefficient
in the unified formulation is then

B1 — 61252
rg = — "= 3.96
12 B1 + 0122 ( )
and the transmission coefficient is 28
1
t1g = — = 3.97
2 B1 + 61252 ( )

When applying these relationships it is important to remember that, for the TE case, the reflection and
transmission coefficients are with respect to the electric field, while for the TM case they are with respect
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to the magnetic field. If the two media are lossless, then the reflection and transmission coefficients can be
rewritten in the unified formulation as

nicosfy — d1ang coslly  mg cos by — d19mp cos b

- = 3.98
12 nycosfy + d1ang coslly  ng cos by + d19m1 cos b ( )
2 0 2 0
t12 _ N1 COSUy1 _ T2 COS U1 (399)
n1 cos f1 + d12no cos Oy 12 cos 01 + d12m1 cos O

It is important to note here that, if the reflection and transmission coefficients are known, then Equation
B.95] can be written in terms of these coefficients as

A 1 A
N (b e § (3.100)
By t12 12 1 B
CLLLLLLS S>>

EXAMPLE 3.7:

For this example, we will show how the unified formulation can be applied to the case of oblique incidence
off of a perfect conductor. Assume that a plane wave in air (n ~ 1) is incident upon a perfect conductor.
Find expressions for the reflected electric field for the TE and TM cases.

Solution:
We begin with the TE case. From Equation B.62, we write the incident and reflected electric fields for
the TE case as

_ g —iBz e
ELTE:A16 JRT o =31 i

ET’,TE — Ble*j'ﬂa’eJr]ﬂlZ@

If region 2 is a perfect conductor, then the impedance is 73 = 0. From Equation[3.78 the reflection coefficient

for the TE case is then

A & B —1)1 cos fs _ 1
12 A; 4mnicosfy

Notice that this is the same as for the case of normal incidence! Therefore we can rewrite the fields for the
TE case as

Eimp = Ere /e 1017

E,.rp = —E e irretifizg

where Ej is the amplitude of the incident electric field. These fields are illustrated in Figure[3I2(a). Notice
that the total tangential electric field is zero at the interface. For the TM case, from Equation [3.83 we write
the incident and reflected electric fields as

N A

Ei,TM = (61@ - Iﬁ:é) e—jmce—jﬁlz
wel
_ B S
E.rm = — (—f1d — k2) e Irmetifiz
we

From Equation 390 the reflection coefficient for the TM case is

B
L_meost
Ay mpcost
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We can then rewrite the fields for the TM case as

— K . .
Ei,TM = E1 (&iﬁ — k—é’) eijﬁxeijﬁlz
1

E,mv = Ei —&i — ig eIk o Tif1z
’ 3} k1
where F; is the amplitude of the electric field (notice that the vectors in parenthesis are unit vectors in the
direction of the electric field). These fields are illustrated in Figure[312(b). Again we observe that the total
tangential electric field is zero at the interface.

X X
F 3 F 3
N
R R
N W
— \ —
Er.' N ‘Er.?:lf §
N N
E .. N E N
T Perfect N Perfect
§ Conductor i\ Conductor
N N
N\ N
N N
v v
(a) (b)

Figure 3.12: Electric field vectors for oblique incidence on a perfect conductor. (a) TE case. (b) TM
case.
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EXAMPLE 3.8:
A plane wave in air (n = 1) is incident upon a sheet of a certain type of glass (n ~ 1.414). Assume that
the interface between the air and glass is the z = 0 plane. The electric field phasor of the incident wave is

7 1 1 |
B (ﬁx - EZ> ¢m94X10°%(w+2)

Find the electric field phasor of the reflected wave.

Solution:

Whenever approaching a complex electromagnetics problem such as this, it is a good idea to first make a
good sketch of the fields and wave vectors! To find the reflected fields, we must find the wave vector of the
reflected wave and the reflection coefficient at the interface. First, let’s calculate the value of the reflected
wave vector. By inspection, we see that the incident wave vector is k; = 4 x 105(Z + 2). The incident angle
is found from the incident wave vector components (refer to Figure B13):

K 4 % 10
01 =tan' [ — ) =tan"' [ ——— ) =45°
1 an (ﬁ1> an (4)( 106) 5
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Figure 3.13: Electric fields and wave vectors for Example 3.7.

Because the reflected wave is propagating in the same medium as the incident wave and the reflected angle
is the same as the incident angle, then the only change that will occur for the reflected wave vector is a
change in sign of the z-component:

k=4 x105(& — 2)

The next step is to decide whether the incident field is TE polarized, TM polarized, or contains both TE
and TM components. We identify the plane of incidence for this wave as the x-z plane. The electric field
contains a component polarized in the y-direction (TE), and a component that is in the x-z plane (TM).
Therefore, we must first split the field into its TE and TM components, as shown in Figure B3, and then
find the reflected wave for each polarization separately. Then, we will add the TE and TM solutions to obtain
the total field solutions for the reflected wave. By inspection, we can extract the TE and TM components:

E ; —j 6 = E, . . _. 6
E; e = JE,e J4x10 (x+z)’ Eimm = - (—2%)e §4x10% (z+2)

V2

To find the reflection coefficient, we must know the angle of the transmitted wave, 3. This is found from
Snell’s law (Equation B.64]):

1
0, = sin~! (Z—; sin@l) — gin~? (1.414 sin45°) —30.0°

The reflection coefficient for the TE polarization is then

n1 cos 01 — na cos By cos45° — 1.414 cos 30°
I'rg = = = —0.268
n1 cos 01 + ng cos By cos45° + 1.414 cos 30°

The TE component of the reflected wave is
E,qp = DrpE.e 777 = —0.268 Be 74X10°(x=2)
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The TM reflection coefficient for the electric field is

ng cos i — ny cos by 1.414 cos45° — cos 30°
I'rv = = =0.0717
N9 cos 01 + nq cos B2 1.414 cos45° + cos 30°

From Figure B.13] we see that the x-component of the electric field vector must change sign to be consistent
with Maxwell’s equations. Therefore, the TM component of the reflected field is:

_ E T . 6
Errm =TDov—s (=2 — 2) e 79T = 0.0507E,(—2 — 2)e 94107 (@==)
TM ™ \/5( ) ( )
Another method of obtaining the TM component is as follows. First, calculate the TM component of
the incident magnetic field, H; tv, which will be in the y-direction (check for yourself!). Next, calculate
the magnetic field reflection coefficient (r12) for the TM case, and use this value to calculate the reflected

magnetic field, H »TM, Which will also be in the y-direction. Finally, calculate ET,TM from H rTM. This
method is longer but will guarantee that the electric field vector is pointing in the correct direction.
The total reflected electric field is obtained by summing the TE and TM solutions:

E, = Erte + Eront = Eo(—=0.05074 — 0.2685 — 0.05072)e74x10°(2=2)

KLLL LL K> >>

EXAMPLE 3.9:
Find the electric field phasor of the transmitted wave from Example 3.8.

Solution:

The solution process is similar to that used in Example 3.8 for the reflected field. We first must find the
wave vector of the transmitted wave. Since the incident wave is in air, the magnitude must be k,. From
this we can find k, = 4v/2 x 105. The magnitude of the wave vector of the transmitted wave is then

kr = nok, = 8 x 108

The same result would be obtained by calculating the frequency of the wave, w, and then k; = w./loEona-
Using this result along with the transmission angle, we can find the transmitted wave vector (refer to Figure

B.14):
Fy = ky[sin(62)7 + cos(6)2] = 8 x 10° (%x + §z> = 4% 10° (x + \/§z)

where 03 was found in the Example 3.8 using Snell’s law to be 30°.
Again, we tackle the TE and TM field solutions separately, and then add them to obtain the total electric
field. The transmission coefficient for the TE component is

2n1 cos 64 2 cos 45°
TE nycosf; +nocosy  cos45H° + 1.414 cos 30°

(Notice that 1+ I'rg = Z1g as expected.) The TE component of the transmitted electric field can easily be
written now, since the polarization remains in the y-direction:

Eine = TrpEoe 177 = 0.732E,e14x10°(v4V32)

The TM electric field transmission coefficient is

2n1 cos 61 B 2 cos 45°
ngcosfy +nycosly  1.414 cos45° + cos 30°

Itm = ﬂtu = =0.758
na
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Figure 3.14: Electric fields and wave vectors for Example 3.9.

Finding the TM component of the transmitted field is a bit tricky because the magnitude and direction
of the electric field vector changes in the glass. The magnitude of the transmitted field is found from the
magnitude of the incident field and the transmission coefficient:

E,
Eimv = TrvmEs v = 0758\/5\/ 12 +12 = 0.758E,

Referring to Figure 314, we can then obtain the x- and z-components of the electric field, based on the angle
of the transmitted wave:

_ o 3 .
Ei v = Eyrm (& cos 0z + Zsin 92)6_3k"'r = 0-758E0(§’% + 2)6—J4><106(x+\/§z)

N =

= E,(0.6563 + 0.3792)e34x10° (2432)

Another method of obtaining the TM component is as follows. First, calculate the TM component of the

incident magnetic field, H; tn, which will be in the y-direction (check for yourself!). Next, calculate the
magnetic field transmission coefficient (t12) for the TM case, and use this value to calculate the transmitted

magnetic field, I_{t,TM, which will also be in the y-direction. Finally, calculate Et,TM from H ¢, 7M. This
method is longer but will guarantee that the electric field vector is pointing in the correct direction.
The total transmitted electric field is obtained by summing the TE and TM solutions:

E; = Eyre + Bron = Eo(0.6562 4 0.732 + 0.379)e4x10°(#+V32)

KLLL LL K>3> >>
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3.5.9 Total Internal Reflection

Total internal reflection (TIR) occurs at the interface between two dielectric (lossless) media when the
incident wave is completely reflected at the interface. TIR can only occur if the second region has a lower
index of refraction than the incident region, and if the angle of incidence is greater than a certain angle,
called the critical angle. One easy way to remember this is to think of being in a swimming pool under the
water with your eyes open. If you look straight up through the water/air interface, you will be able to see
the sky above. As you look at the surface at an increasing angle, though, eventually you will not be able to
see out of the water anymore. Instead, the surface will look like a mirror and you will only see a reflection
of the bottom of the pool. This does not happen if you are in the air and looking into the water. This
phenomenon occurs because the water has a higher index of refraction than the outside air.

The “k-vector surface” at the interface between a high index of refraction material and a lower index of
refraction material is shown in Figure As always, the tangential components of the incident, reflected,
and transmitted wave vectors must be equal. As the angle of incidence increases, there will come a point
at which the tangential component of the wave vector will be equal to k2, so the normal component of the
wave vector in the second region must be zero. This special angle is called the critical angle, 6., and occurs
when kq sin 0. = ko, which can be rewritten as

sin 6, = -2 (3.101)
ni

The wave vector in the second region, ko = k& + (22, must satisfy the relationship k3 = x? + 32. At
angles greater than 6., the tangential component, &, is larger than the magnitude of the wave vector in the
second region, ka. Therefore, for the relationship to hold, 32 must be negative, which implies the normal
component of the wave vector in the second region is an imaginary quantity. Remember that an imaginary
propagation constant signifies an attenuating, not propagating, wave. This can be observed if we define
/B2 = —jay. Then, the wave attenuates in the z-direction since e~7(=792)* = ¢=@22_ Because there is no
propagating wave in the second region, TIR occurs. Note, however, that this does not mean that there is
no power flowing in the second region. It only implies that no power is leaving the interface, i.e. all of the
power is flowing parallel to the interface.

The reflection coefficient for the case of TIR can be found from the general form of the reflection coefficient
(Equation B.96). Remember that TIR can only occur when n1 > ng and k > kona. Since k2 + 35 = (konz)?
in the second region and (35 is negative, then for the TIR case we can write the normal component of the

wave vector in the second region as
B2 = £jy/ K2 — k2n3 = tjas (3.102)

The sign must be chosen such that wave decays away from the interface. For this reason we need to select
the negative sign so that e=7(-722)2 = ¢=222_ If we incorrectly select the positive sign, we would have
e—d(+ja2)z — gta2z which represents a wave that is exponentially growing away from the interface. From
Equation [3:96], the reflection coefficient for the case of TIR is

Bi+jdisas oy
B 2 Jrere 3.103
B1 — joi2az ¢ ( )

where ¢ = tan~1(d1202/31), and 612 = 1 for the TE case and 612 = £1/e2 = n?/n2 for the TM case. Also,
remember that 1o is defined in terms of the electric fields for the TE case, and in terms of the magnetic
fields for the TM case. Notice that while the critical angle and the magnitude of the reflection coefficient
are independent of polarization, the phase shift, ¢, experienced by a wave undergoing TIR is polarization
dependent.

12

3.5.10 Brewster’s Angle

Brewster’s angle is a special angle at which waves are mot reflected from an interface. Mathematically
speaking, it is the angle at which 15 = 0. Assume that a plane wave is incident on a single interface at an
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Figure 3.15: The onset of total internal refraction (TIR). TIR occurs when the index of refraction of the
first region is larger than the second (think of sitting under water in a swimming pool) and the incident
angle is greater than the critical angle, 6.. Since the tangential components of the incident, reflected and
transmitted waves must be equal, the normal component of the wave vector in the second region is zero at
the critical angle. At angles greater than the critical angle, k > k2 and the normal component of the wave
vector in the second region is an imaginary quantity.

angle that is less than the critical angle, 6.. In this case, there will be propagating waves in both regions
1 and 2. From Equation we see that the reflection coefficient will be equal to zero if 3y = d1232. For
the TE case, this would require that $; = (2 which can only occur in the trivial case in which ky = k.
This means that the material properties are identical on both sides of the interface and there is no interface!
However, for the TM case the reflection coefficient is zero if €251 = £12. If both regions 1 and 2 are lossless,
then this condition occurs at Brewster’s angle, 6, which is given by
Op = tan ™! 2 tan' 2 (3.104)
€1 ni
Remember that Brewster’s angle occurs only for TM waves in lossless media. Refer to Appendix C for a
derivation of Brewster’s angle.

3.5.11 Example: Reflection from an Air/Glass Interface

Consider an electromagnetic wave propagating through air (n &~ 1). The wave is incident on a boundary
between air and glass, which is assumed to have an index of refraction n = 1.5. Let us examine what happens
to the magnitude of the electric field reflection coefficient, ', for the TE and TM cases as the incident angle,
61 is varied. Figure [316(a) illustrates the magnitude of the electric field reflection coefficients for this case.
At normal incidence (1 = 0°), the reflection coefficients for the TE and TM cases are equal, as expected.
As the incident angle is increased, Brewster’s angle is clearly evident for the TM wave. Also, notice that
since the index of refraction of region 1 is lower than region 2, no TIR is observed.

Now consider the opposite case, in which a wave is propagating in glass and is incident on a glass/air
boundary. This case is illustrated in Figure BI6(b). Since now region 1 has a greater index of refraction
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than region 2, we observe a critical angle at which the magnitude of the reflection coefficients for both TE
and TM polarizations become unity. Note that these graphs show the magnitude only; there is also a varying
phase shift that occurs upon reflection depending upon the incident angle.
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Figure 3.16: Magnitude of the electric field reflection coefficient, I, for varying angles of incidence, 0:. (a)
In this case, n1 = 1 and n2 = 1.5. Brewster’s angle (0) is clearly visible for the TM wave at approximately
56°. (b) In this case, n1 = 1.5 and nz = 1. Since n1 > n2, there is total internal reflection past the critical
angle, 0., which occurs at approximately 42°. Brewster’s angle (0p) is observed for the TM wave at
approximately 34°.
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EXAMPLE 3.10:

Assume that an electromagnetic wave propagating in glass (n; = 1.414) is incident upon a glass/air
boundary, as shown in Figure B.171 The boundary is the z = 0 plane. Find the wave vector in regions 1
and 2 if the electromagnetic wave is incident onto the interface at #; = 75°. Assume that the free space
wavelength of the incident wave is A, = 1.57 um.

Solution:
In this problem, n; > ny, which means that TIR may be occurring. The critical angle for this interface

. n . 1 o
6. = sin 1<n_?> = sin 1(@) =45

Since the incident angle is greater than the critical angle, we will have TIR. If TIR were not occurring,
we could use Snell’s law to calculate the angle of the transmitted wave vector, and then find the vector
components. However, when TIR occurs, Snell’s law no longer gives a valid angle in the second region
because one of the wave vector components in the second region is imaginary! (Check this for yourself.) For

is
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this reason, we deal with the wave vector components directly, and apply the fact that the tangential wave
vector components must be equal in both regions. The magnitude of the wave vector in region 1 is

21 2
ki=Fk = ) =144 ——— ) =5. 10° rad
1 =N ()\O> (1.57><10—6> 5.66 x 10° rad /m

We calculate the wave vector in region 1 from the incident angle:
k1 =ki+ 312 =kisinb1d + ki cos012 = 5.47 x 105% + 1.46 x 10°2

In region 2, the tangential component (k) must be the same. Also, the magnitude of the wave vector is

2T 2T
ko = no <A0> (1.57>< 106) 00 x 10° rad/m

Therefore, the z-component of the wave vector must be

Bo = \/k2 — K2 = \/(4.00 x 109)? — (5.47 x 106)* = —53.73 x 10° = —jay

Notice that we have chosen the negative root in order to obtain a wave that decays away from the interface.
The wave vector in region 2 is then

ko = K& + P22 = 5.47 x 10%% — j3.73 x 102

Region 1 Region 2
n; = 1.414 ny=

Figure 3.17: Glass/air interface described in Example 3.9.
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EXAMPLE 3.11:

For the air/glass interface described in Example 3.8 (n; = 1, no = 1.414), find the incident angle required
such that only the TE component of the wave is reflected from the interface. What is the TM electric field
transmission coefficient (7ZTy) at this angle?
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Solution:
If the wave is incident at Brewster’s angle, the TM reflection coefficient will be zero, and only the TE

component will be reflected. From Equation B.104, we find that Brewster’s angle is
o 1 1.414

fp = tan~! = = tan
ni

== 54.70 = 01

Using Snell’s law, the transmitted angle is found to be 62 = 35.3°. Just as a check, let’s calculate the electric
field reflection coefficient at 61 = 0p:

N cos 1 — nq cos Oz ~ 1.414c0854.7° — c0s 35.3° 0
nocosfy +nycosfy  1.414cos54.7° + cos 35.3°

I'ru

The electric field transmission coefficient for the TM case is

2n1 cos 61 2 cosb4.7°

no cosf1 + nq cos by 1.414 cos 54.7° 4 cos 35.3°

ni
Ttvm = —ti2 =
na

This result can be confusing at first! If 100% transmission is occurring, then why is 7ry = 0.717 The
reason is because the electromagnetic power must be conserved across the interface, and not necessarily the
magnitude of the electric field. It is this topic that will be addressed in the next section.

LLLKL LKL S>> >>>>>

3.6 Power Flow at an Interface

We next turn our attention to the flow of power that occurs at an interface when a plane wave is incident
at an oblique angle. It makes intuitive sense that the power should be conserved across the interface, since
power is not created or absorbed by the interface. But, when the wave is at an oblique angle of incidence,
what power are we referring to? If a plane wave is incident at an angle, the wave can be decomposed into one
part that is propagating towards the interface and another part that is propagating parallel to the interface.
Power conservation only refers to the components that propagate normal to (i.e. towards or away from) the
interface.

3.6.1 TE Polarization

To illustrate the conservation of power across an interface, we will calculate time-average power flow per

unit area, (S), of the incident, reflected, and transmitted waves at the interface (z = 0). In this case, we
will assume that both media are lossless. For the TE case, the electric field phasor of the incident wave is

E; = jE;e7(v#+812)  Therefore, the incident magnetic field phasor is

7 k; x E; 1 z Yy z E; _
H = — K 0 B | = (=P + k2) eI (Katfi2) (3.105)
Who Who 0 Eie—j(mc+ﬁlz) 0 Who
The time-average power of the incident wave is then
— 1 — _ ok
<SZ> = gRe{El X Hi }

1 T 7 z

= 0 E e~ i(rathiz) 0
ZWMO _ * o +j(kz+P12) * o +j(kx+P12)

BiE}e 0 kEYe
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_BL o i 4 52} (3.106)
2wt
Note that we have used E;E; = |FE;|? in deriving this relationship, and have assumed that x* = k and

(7 = p1 since the medium is lossless and therefore x and (3, are real.

For the reflected wave, the electric field amplitude is FE, = I'rg F;, and the wave propagates away from the
interface with a wave vector k, = ki — (3;2. Using the same procedure as the incident wave, the time-average
power of the reflected wave is

(8) = IEPICrnl o e — 6,23 (3.107)
T 2w‘u0 1 .

The amplitude of the transmitted electric field is By = 7rgE;. In this case, we can not assume that

5 = (2 since the wave in the second region may be decaying (because of TIR) which would lead to an
imaginary value of #s. Therefore, the time-averaged power of the transmitted wave at the interface is

(8)= 7|Ei|21ZTE|2Re (ki + 32} (3.108)
x
(8.2 (8,2 (S0
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Figure 3.18: Power is conserved at the interface if the total power flowing into a volume is equal to the
total power flowing out of the same volume.

To check power conservation at the interface, we choose a sample volume across the boundary as shown
in Figure BI8 For power to be conserved, the total time-average power flowing into the volume must be
equal to the total time-average power flowing out of the volume. Obviously, the x-directed components are
conserved since they simply flow along the interface. Therefore, we are left with the z-components. Let us
denote the cross-sectional area of the sample volume in the x-y plane as A. Since (S) is the time-average
power flow per unit area, the total time-average power of the incident, reflected, and transmitted waves in
the z-direction is:

P’iz = A<Szz> (3109)

s )
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Pr,z =A <Sr,z> (3110)

B .= A(S) (3.111)

Setting P; . + P . = P, ., yields
Bi — Bi|Trel* = Re {83} | Tre | (3.112)

By substituting the expressions for I'rg and 71g (Equations B76] and BI77), it is easily shown that power is
indeed conserved across the interface (refer to Appendix C for details).

3.6.2 TM Polarization

Following an analogous derivation it follows that for TM-polarized waves at oblique incidence, the time-
average power of the incident, reflected, and transmitted waves at the interface is

<\ _ Hif? . .
<Sz> = g Re ki + 1) (3.113)
- H’L' 2 T 2 . )
<Sr> = %Re {kZ — 512} (3.114)
o\ _ [Hil|Trm]? s
<St> = M Re (ki + ) (3.115)
1

Note that the permittivity in the denominator is €; in all three cases. Setting the total, z-directed, time-
average power in region 1 equal to the z-directed time-average power in region 2 at the interface yields

B1 — B1|Ttm|? = Re {B2} | Trum|? (3.116)

By substituting the expressions for I'ry and Tty (Equations 3292 and B03), it is easily shown that power
is indeed conserved across the interface (refer to Appendix C for details).

3.6.3 Reflectance and Transmittance

We have previously defined reflection and transmission coefficients at the interface, I' and 7, in terms of
the ratios of the electric fields. In addition, we can define coefficients in terms of the ratios of the incident,
reflected, and transmitted power. These coefficients are called the reflectance (R) and the transmittance (T),
and are defined as

Pr z <Sr z>
R=12 = Xn 3.117
Pi,z <S'L,z> ( )
Pt z <8t z>
T=—"= : 3.118
P (Siz) (3.118)
For both the TE and TM polarizations, it can be shown that
R=|T? (3.119)
where I' = I'rg for TE polarization or I' = 'ty for TM polarization. The transmittance is
R B3
T=|T|"Re 5_ (3.120)
1

where 7 = Trg for TE polarization or 7 = 71y for TM polarization. In terms of the unified formulation
presented earlier in this chapter, the reflectance and transmittance can be written as

R = |rsf? (3.121)
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where d12 = 1 for TE polarization, and d12 = €1/e2 for TM-polarization. Remember that in the unified
formulation, the reflection and transmission coefficients 15 and t12 are in terms of the electric fields for TE
polarization and in terms of the magnetic fields for TM polarization!

T = |t12|2Re{6—2512} (3.122)

3.7 Standing Waves

An interesting phenomenon that occurs when a wave is reflected from an interface is the formation of a
“standing wave,” which is a portion of the wave that is fixed in space and does not propagate. Consider a
TE polarized plane wave that is propagating in a medium with index of refraction n; and is reflected from
an interface (an analogous argument can be presented for the TM case). The incident wave is at an angle
01 with respect to the interface normal. The reflected wave is then also at an angle 6; with respect to the
normal. The two plane waves in region 1 can be written as

E; = Eje=iPzeiray (3.123)

E, = Epetihrzeirey — Prp Eetihize—iney (3.124)

Notice that the maximum amplitude of the incident wave is |E;| = E; and the maximum amplitude of the

reflected wave is |E,.| = I'tg E;, and that these amplitudes are independent of the position along the z-axis.
The total electric field in region 1 is then

Eior = Ei + B, = Eie/2e /"G 4 B et02e7Ir0g

= B; (e797% 4 |Dypleftetifiz) eineg

= Fei(kathiz) [1+ |FTE|ej(2512+¢)]g (3.125)

Note that we have written the complex reflection coefficient in polar form as I'rg = |I'rg|e’?. Calculating
the maximum amplitude of the combined electric field in region 1, we find

|Et0t| — |Eie—j(m+[31z)| 1+ |FTE|ej(2[312+¢)| (3.126)
The magnitude of the first term is F;, while the magnitude of the second term is
|1 + |FTE|ej(2ﬁlz+¢)| = |1 + |FTE| cos (2[312 + ¢) + j|PTE| sin (2512 + ¢) | (3.127)

Notice that the amplitude of the total field is no longer a constant value, but instead is a periodic function in
the z-direction! The maximum value that the wave can assume at any position is called the standing wave
envelope. The behavior of the standing wave envelope is most easily visualized using a graphical method
called the “crank diagram.” The crank diagram is simply a plot of Equation in the complex plane for
increasing values of z. At z = 0, the standing wave envelope is proportional to the length of a line extending
from the origin to the point “A” shown in Figure BI9(a). As the distance from the interface is increased (z
becomes increasingly more negative), the phase change causes the “crank” to rotate in a clockwise direction,
as shown in Figure B19(Db).

From the crank diagram, it is easily seen that the standing wave envelope has a maximum amplitude of
E;(1+ |Irg|) and a minimum amplitude of E;(1 — |I'rg|). Although not presented here, we would obtain
a similar solution for TM polarized fields. The standing wave ratio (SWR) is the ratio of the maximum to
minimum amplitude of the standing wave envelope:

SWR = (3.128)
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Figure 3.19: Visualization of the standing wave envelope using the crank diagram in the complex plane.
The envelope is proportional to the length of an arm that extends from the origin to a rotating “crank”
anchored at unity. (a) The crank at z = 0. (a) As the distance from the interface is increased (z becomes
increasingly more negative), the crank rotates in a clockwise direction.

The largest SWR is achieved if |I'rg| = 1 which would occur, for example, if region 2 is a perfect conductor.
In this case, the standing wave envelope will have a maximum value of 2F; and a minimum value of zero.
This results in a pure standing wave. For a general case in which |T'rg| # 1, the resulting pattern can be
created by the superposition of a pure standing wave on a traveling wave.

Also from the crank diagram, we observe that the standing wave envelope is a periodic function. The
period of the standing wave envelope, A, is the minimum distance in the z-direction required for the “crank”
to return to the same position. This occurs when 26, A = 27, which yields

T T Ao

A = — = =
01 nik, cos 01 211 cos 0,

(3.129)

since k, = 2m/X,. As the incident angle increases, the period of the standing wave envelope increases. The
standing wave envelope with the shortest period is achieved when the incident wave is at normal incidence
(81 = 0). In this case, the period of the standing wave envelope is simply A = \,/(2n1).

Figure illustrates the amplitude of the total electric field, £, and the standing wave envelope
for a wave that is normally incident on an interface. For this example, a reflection coefficient of I' = 0.5
is assumed. Notice that as time is incremented, the electric field always stays within the standing wave
envelope, which in this case has a SWR of 1.5/0.5 = 3.

3.8 Plane Waves at Multiple Interfaces

Up to this point we have dealt with reflection and transmission from a single interface. However, it is
easy to imagine a situation in which an electromagnetic wave will be incident on a region that consists of
multiple, parallel interfaces. An example of this is sunlight incident on a puddle of water with a thin layer
of oil floating on top. Another example of this is most eyeglass lenses, which are coated with thin layers
of different materials to reduce reflections. If a medium consists of many parallel layers, we refer to it as a
“multilayered” or “stratified” medium.

Previously, we developed a matrix analysis method to determine the reflection and transmission from a
single interface. In this section, we extend the method to analyze reflection and transmission from a medium
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Figure 3.20: Electric field (solid lines) and standing wave envelope (dotted lines) for normal incidence
onto an interface at z = 0. Notice that the electric field always stays within the envelope as the wave
propagates. The reflection coefficient is I' = 0.5.

with multiple layers. The approach is the following. In general, in each layer there will be a forward and
backward travelling plane wave (the exception being the last layer in which there is only one wave, the
transmitted wave). We have already derived relationships that relate the fields on one side of an interface
to the other. If we can find a relationship to propagate two plane waves through a layer from one interface
to the next over a certain distance, then we have all of the tools required to solve the problem. The solution
method involves relating the plane waves across the first interface, propagating the plane waves through the
next layer, relating the plane waves across the next interface, propagating through the next layer, and so
forth. This process is illustrated in Figure B.2Il Mathematically, we will find that this process reduces to a
series of matrix multiplications. Using this method, we can easily obtain the total reflection and transmission
coefficients of the entire “stack” of layers. Note that in the previous section, we denoted the regions on either
side of the interface as region 1 and region 2. For the case of multiple interfaces, we will number the layers
0, 1, 2, 3... and so on (the reason for numbering this way will become clear in the next chapter).

3.8.1 Relating Amplitudes Across One Interface

For the case of multiple interfaces, we will have layers 0, 1, 2, 3... and so on, and therefore there is an
interface between regions 0 and 1, between regions 1 and 2, etc. By generalizing Equation [3.95, we can
obtain a matrix expression that relates the amplitudes of the fields across an interface between any layer m
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Figure 3.21: Process for solution of a multilayered problem. The solution method involves relating the
plane waves across the first interface, propagating the plane waves through the next layer, relating the
plane waves across the next interface, propagating through the next layer, and so forth.

and the next layer m + 1:

(Am> _1 ( L+ 0m(m+1)Bm+1/Bm 1= 6m(m+1)Bm+1/Bm > <Am+1>

Bm B 5 1- 5m(m+1)ﬁm+1/ﬁm 1+ 5m(m+1)ﬁm+1/ﬁm Bm+1
- A,
= D) < 5 “) (3.130)
m—41
where we have defined
~ 1/ 146 Bm+1/0 1-6 Bm+1/5
Dm m i m(m+1)Mm+ m m(m+1)Pm+ m 3.131
(m+1) 2 ( 1- 6m(m+1)6m+1/6m 1+ 5m(m+1)ﬂm+1/ﬂm ( )
and recall that
St 1) = 1 for TE—polari.zati.on (3.132)
Em/Em+1 for TM-polarization

Remember that A,, and B,, refer to the amplitudes of the forward and backward travelling electric fields if
we are dealing with TE polarization, or the magnetic fields if we are dealing with TM polarization.

3.8.2 Relating Amplitudes Within a Layer

Within a particular layer m, we assume two plane waves: a forward travelling and a backward travelling
plane wave. Because the waves are propagating over a certain distance in the z-direction, we no longer
assume that the wave amplitudes, A,, and B,,, are constant. Instead, they are functions of z. Therefore,
the total field in layer m has the general form

F,, = [Am(z)efjﬁ""z + Bm(z)eﬂﬁ""ﬂ e Ire (3.133)

where F,,, represents the total electric field if we are dealing with the TE case or the total magnetic field
for the TM case. Let us define the z-coordinate of the interface between layer m — 1 and layer m as z,,, as
shown in Figure[3.221 The total field in layer m at z = z,, is then

Fo(z=2zm) = [Am(zm)e_jﬁmz*" + Bm(zm)eﬂﬁmzﬂ e inw (3.134)
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If layer m has a thickness d,,, then the interface between layer m and the next layer m + 1 occurs at

2 = zm + dp, (vefer to Figure [322). The total field in layer m at z = 2, + d,, is

Fun(z = 2 + dyn) = [ A (zm)e 0 Gt ) 4 By, (2, )P Gt | g

[Am (zm)efjﬁmdm e*jﬁmzm + Bm (Zm)€+j6"”d""eJrjﬁ””Z"ﬂ} e*jﬁm

= [Am(zm —+ dm)e*jﬁmzm + Bm(zm + dm)e‘l’jﬁmzm} efjﬁm

(3.135)

Comparing Equations [3134] and B.I35] we see that the field amplitudes within the layer are related by

A (2 + dim) = A (2 e IPmdm (3.136)
B (2m + dm) = B (2 )e3Pmdm (3.137)
In matrix form, this becomes
A (Zm + dm) e~ IBmdm 0 A (Zm) 5 Am(zm)
= ; =P, 3.138
(Bm(zm +dm) 0 etiBmdm B (Zm) m (dm) B (2m) ( )
where we have defined P,,, the propagation matriz, as
N ~Brmdm 0
Py (din) = ( ‘ 0 et iBmdm ) (3.139)

This means that if we know the amplitudes of the fields just inside the layer, we can find the field amplitudes
at the other side of the layer (after propagating a distance d,,) simply by multiplying by the propagation
matrix P, (d,,). Later we will see that it is the inverse of the propagation matrix that is required for the

multilayered formulation. Since P, is a diagonal matrix, the inverse is simply

- etiBmdm 0
Pt (dy) = ( 0 o imdm (3.140)
Layer m
B (: )e— Flee=P =, '}", )B_ Je=Pp(zp+dy ?Ij}

[.JJ'J'J' (:HJ )e

A (2 )e /0B 5

—J et By (2 4,y )] J:
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Figure 3.22: Propagation of the electromagnetic fields through layer m, which has a thickness dn,.
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3.8.3 Relating Amplitudes Between Multiple Layers

We now examine the procedure for relating wave amplitudes between multiple layers in a stratified medium
(a medium with many, parallel layers). The procedure is illustrated in Figure[ 323l To simplify the notation
let Ap(zm) = Am, Bm(2m) = Bm, and pm(dm) = P,,. We first number the layers in increasing order, with
the incident layer as layer 0, then layer 1, layer 2, and so on until layer M. We assume that the amplitudes
of the wave in the outermost layer (layer 0) are known, and are equal to Ag and By at the first interface.
The amplitudes of the plane waves across the interface between layer 0 and layer 1 are then related by

<g§> = Doy <gi> (3.141)

We next propagate the waves through layer 1 using the propagation matrix P; to obtain the wave amplitudes
just before at the interface between regions 1 and 2:

P (gi) = Dy (gz) (3.142)

AN aia (A
(4) = ppa(2) 5149

Repeating this process for the interface at between regions 2 and 3 we obtain

S (A = (A A\ s~ (A
I3 (B) ~ Dy (BB) (B) — Py ' Dy (BB> (3.144)

This process is repeated until the last layer M, where we obtain

D AMfl A AM AMfl 51 ~ AM
Py (BM—1> =Dm-1ym <BM> — (BM—1> =Py 1 Div—1ym Bus (3.145)

These matrix equations can be combined to relate the wave amplitudes between layer 1 and layer M:

Rearranging, we find

A T A
(B°> = D1 Py ' D12 Py  Dos... Pyt | D 1yar <BM> (3.146)
0 M

Layer 1 Layer 2 Layer 3 Layer M

ﬁ--ﬂm— ..|{|:]}~' Yfi-hm- .|’\3::J:. ﬁ—ﬂx\'—[h_ﬂj\) %3{“‘;; g :DJ:
X ﬁmﬂ&,:] . ﬂ:m—-r[hzl ~ Mxx.&]i;:r “, ﬂnm-rp”:] .
y Aye Y Ase Y Aye :

Ae y

Figure 3.23: Illustration of the multilayer formulation.
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After carrying out the matrix multiplication, the entire cascade of D and P matrices reduces to a single
2 x 2 matrix that relates the wave amplitudes in the first region (Ao, By) to the amplitudes in the last region
(Apr, Bar). Similar to the single layer case, we then find the reflection and transmission coefficients from the
entire stack of layers by considering only a transmitted wave in the last region (setting By; = 0). Equation
then reduces to a matrix equation of the form:

A A
O) = M e M (3.147)
By mo1 M2 0
From this matrix equation we obtain Ay = my1 Ay and By = maoi1 Ay = (ma1/mi1)Ap. Therefore, the
reflection and transmission coefficients of the entire stack are

By mo

poBo_ 3.148
Ay mn ( )
A 1

=" =_— 3.149
Ao mu ( )

Remember that r and ¢ are defined in terms of the electric fields for the TE case, and in terms of the magnetic
fields for the TM case.

When implementing this method, the normal wave vector component, (,,, is required in each layer m to
calculate the matrices D and P. Assuming that we know the angle of incidence of the incident plane wave,
o, (where 6 is defined as the angle from the interface normal) it is straightforward to calculate x and (3,
the x- and z-components of the wave vector in region 0:

Bo = kong cos(fo) (3.150)

Kk = kongsin(fp) (3.151)

where ng is the index of refraction in region 0. Since the tangential component of the wave vector, k, must
be the same in all layers, the normal component in each layer is found from

B =/ (kontm)” — K2 (3.152)

where n,, is the index of refraction of layer m, and m =1, 2, ... M.

3.8.4 Example: Three Layer Case

The power of the matrix method for multilayered structures lies in the fact that computer routines can be
quickly implemented to numerically calculate the reflection and transmission coefficients for a structure with
an arbitrary number of layers. However, here we will consider the development of a general expression for
the reflection and transmission coefficients of a three-layered structure using this method. This structure is
illustrated in Figure Our goal is to calculate the reflection coefficient from the stack in terms of the
reflection and transmission coefficients g1, to1, 12, t12, and the thickness of the middle layer d;.

Using the notation developed in the previous section, the relationships between the fields in layer 0 and
layer 2 are expressed by the following matrix equation:

A - - = (A
(Bz) = Dy P; 11)12<Bz) (3.153)
where (see Equation B100):
~ 1 1 To1
Dy = — 3.154
ot to1 ( ror 1 ) ( )
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Figure 3.24: Illustration of the forward and backward travelling fields in a three-layered structure.

- +jB1ds

—1 e 0

P = ( 0 e—IB1dr ) (3.155)
~ o 1 1 T12
Dy2 = . ( r 1 ) (3.156)

For a practical calculation, we would carry out the matrix multiplication on a computer. However, for
illustration purposes, we will explicitly perform the multiplication. Evaluating Equation B.153] we obtain

Ag B 1 eJB1d1 4 7“017“12€_j51d1 7«01e—j[31d1 + 7«12e—j[31d1 As (3 157)
By - tortio 7n016j51d1 +7“126_j51d1 e—iP1d —I—T017’12€_j[31d1 By :
Since there is no backward travelling wave in layer 2, the reflection coefficient is
Mot rmejﬁldl 4 rue*jﬁldl ro1 + r12e*j251d1
T=——=— e = —a (3.158)
mii e]ﬁl 14 7«017412@_]51 1 1 + 7"017"126_j B1dy
The transmission coefficient of the stack is
1 tort tortioe 901
= _ o1t12 . 01t12 (3.159)

miq ejﬁldl + 7"017"126_]'61(11 1 + r01r126_j251d1

As an example, consider the case of a very thin layer of oil floating on a puddle of water. Because oil is
less dense than water, a small amount of oil will float and can generate layers as thin as one micron or less.
You may have observed this in a parking lot after a rain, and noticed different colors in the puddle. You
may have also noticed that when you change the angle at which you are viewing the puddle, the apparent
color changes. Why does this occur?

Figure B 20l illustrates the case of a 0.5 um thick layer of oil floating on water. For this example, we have
assumed the indices of air, oil, and water are ng = 1, ny = 1.7, and ny = 1.33, respectively. Using Equation
[BI58, we can calculate the reflection coefficient for various wavelengths and angles of incidence. Figure 3.26]
illustrates the reflectivity for the TE case for three different incident angles (recall the reflectivity for the TE
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Figure 3.25: A thin layer of oil floating on top of water.

case is simply R = |r|?). At normal incidence (0°), a peak in the reflectivity is observed at a wavelength
of approximately 570 nm. In this case, the layer of oil on the puddle would appear greenish-yellow. If you
are observing the puddle at an incident angle of 45°, a peak is observed at approximately 520 nm, and the
puddle would appear bluish-green. If you are observing the puddle at an angle of 70°, the peak reflectivity
occurs at about 470 nm. In this case, the puddle would appear blue.

3.9

Important Concepts

Upon the completion of this chapter, you should be able to:

Recall the boundary conditions at an interface.
Analyze plane waves at normal incidence onto a perfect conductor and a dielectric.

Analyze plane waves at normal incidence onto a conductor, understand the generation of currents, and
show how the analysis reduces to the case of a perfectly conducting interface.

Explain why the tangential components of all plane waves at an interface must be equal.
Use and understand the interpretation of “k-vector surfaces” at an interface.
Define the following: plane of incidence, TE polarization and TM polarization.

Understand why the solution is broken up into the solution of the TE and TM polarized components
when analyzing the reflection and transmission of an arbitrary polarized wave, and why the solution
is then the sum of the two polarizations.

Derive the reflection and transmission coefficients for TE and TM polarized waves.

Analyze the power flow at oblique incidence from first principles and show that power is conserved at
an interface.

Use k-vector surfaces to explain why and under which conditions total internal reflection occurs.
Understand the behavior of fields and power flow when total internal reflection occurs.
Understand Brewster’s angle.

Draw the reflection coefficient as a function of angle of incidence for a dielectric interface in which the
incident medium has a lower or higher index of refraction than the second medium.
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Figure 3.26: Reflectivity from a 0.5 pum thick layer of oil floating on water, TE polarization. (The indices
of air, oil, and water are assumed to be ng = 1, n1 = 1.7, and no = 1.33, respectively). Notice how the
wavelength of maximum reflectivity changes with incident angle.

e Mathematically describe the interference of two plane waves propagating at an angle with respect to
each other.

e Formulate the reflection and transmission coefficients from a multilayered structure using the propa-
gation matrix method.
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Chapter 4

Waveguides
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In the previous chapters we studied plane waves that propagate in an arbitrary direction in an infinite
medium, or in a region with planar interfaces. Now we will look at structures specifically designed to guide
electromagnetic waves, called “waveguides,” that propagate a special class of electromagnetic fields called
“modes.” An electromagnetic mode is a self-consistent solution of Mazwell’s equations, which means that
once such a field solution exists in a waveguide, it will propagate without loss (unless, of course, the waveguide
is made of an absorbing material). Waveguide modes propagate a limited amount of electromagnetic energy
between two points in space in a secure manner without radiating energy. For this reason, electromagnetic
modes are very important in high-speed point-to-point communication, such as in long-distance broadband
internet connections. In this course we will focus on understanding the properties of modes, but will not
concern ourselves with how these special field solutions are generated.

An important characteristic of waveguides is the ability to propagate a single mode at a specific carrier
frequency with very low attenuation. The single mode must be able to exist over a large frequency band.
In this manner, many signals at different frequencies can be propagated within the same waveguide over
long distances with limited signal distortion. Another attractive characteristic of a waveguide is that a large
amount of information can be transmitted in a very space-efficient manner. For example, a single optical
cable may hold dozens of single mode optical fibers and within each fiber a very large number of signals can

propagate (see Figure [41]).

Figure 4.1: Optical cable, consisting of dozens of individual optical fibers. Each fiber strand is typically
on the order of hundreds of microns in diameter [4].

Most waveguide structures fall into one of three categories: (1) transmission lines consisting of multiple
conductors in which the dominant mode is a transverse electromagnetic wave, (2) closed conducting tubes,
or (3) open-boundary dielectric structures, consisting of different dielectric materials. Types (1) and (2) are
used mainly for transmitting high frequency electrical signals, while type (3) is used for optical signals. An
example of a type (1) structure is a coaxial transmission line, which consists of a center metallic conductor,
surrounded by a dielectric material and an outer conductor (see Figure £2). With this configuration, the
electromagnetic mode is confined between the two conductors. A surprising fact is that a mode can also
propagate if the center conductor of the coaxial transmission line is removed, which would yield a type
(2) waveguide. The properties of such a mode in a type (2) waveguide is different than the transverse
electromagnetic mode that propagates in the coaxial cable. An example of a type (2) waveguide is a
rectangular metallic waveguide (see Figure 3] that is often used for guiding microwaves. What is even
more surprising is that a mode can also propagate if both the inside and outside conducting regions are
removed from a coaxial transmission line! This leaves only the dissimilar dielectric regions, which is a type
(3) waveguide. An example of a type (3) waveguide is a glass optical fiber (see Figure[d4). Glass fibers are
used extensively for transmission of optical signals.
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Figure 4.2: Coaxial cable. The outer diameter is typically on the order of 5 mm [5].

Figure 4.3: Rectangular metallic waveguides. The rectangular slot is typically on the order of 1 cm by 2

cm [6].

An electromagnetic mode has several similarities with a resonant LC circuit. In the case of an LC circuit,
the resonance occurs in the time domain. This resonance is a “self-consistent” solution of the Kirchhoff’s
circuit equations. Once resonance begins, the LC circuit will continue to resonate at a specific frequency in
the absence of losses. In a more general sense, it is possible for a ideal lossless LC oscillator to resonate at
several distinct temporal frequencies. In this sense, the oscillator has “discretized” the time-frequency space.

A waveguide mode can be viewed as a “spatial-frequency” resonance. Unfortunately, the geometry of
optical fibers and rectangular waveguides complicates the mathematical analysis, which can obscure the basic
physical mechanisms. To gain an understanding of the fundamental physics behind waveguides, we will focus
on the simplest waveguides consisting of planar dielectric or metallic regions. In a planar waveguide, the
electromagnetic fields of guided modes can be written as a collection of plane waves. These plane waves
can only propagate in specific directions within the waveguide, or alternatively stated, only specific wave
vectors are allowed to propagate. In analogy to the resonant LC circuit, the electromagnetic mode is a
resonance in space, and therefore it only occurs at specific, discrete wave vectors. In this way, it behaves like
“spatial-frequency” resonance. There are also interesting analogies between guided electromagnetic waves
and quantum theory. This is because of the analogy between the Maxwell wave equation and the Schrédinger
equation, which is also a wave equation. A quantum course invariably starts off with studying a particle
in a box (rectangular potential well), leading to resonances which explain why discrete quantum states
exist in atoms. The allowed discrete states also occur in compound semiconductor structures, which in
the two-dimensional case are described simply as stratified planar periodic media. This is analogous to
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Figure 4.4: A single strand of optical fiber. The outer diameter of a fiber is typically on the order of
hundreds of microns, including a protective plastic coating. The actual optical waveguide typically has a
125 micron outer diameter, and the region of the optical fiber that confines the light is on the order of 10
microns [7].

electromagnetic modes which, in contrast to plane waves that can propagate in any direction, i.e. continuous
k-space propagation, have wave vectors that can only assume “discrete” values in k-space.

As stated previously, the study of planar waveguides is a good foundation for understanding modes of
more complicated waveguide geometries such as rectangular guides and optical fibers. The simplest planar
waveguide consists of one center planar region of finite width, surrounded by two “infinitely” thick regions.
To treat different planar waveguides, we will derive a general condition for a planar waveguide mode that
will then be simplified for two special cases. The first one is a planar waveguide in which the two outer
regions are perfect conductors. This waveguide is called a parallel plate waveguide. The parallel plate
waveguide propagates three types of modes: transverse electromagnetic (TEM) modes, transverse electric
(TE) modes, and transverse magnetic (TM) modes. A detailed knowledge of the TE and TM modes in a
parallel plate waveguide is important to understand TE and TM modes that exist in a more complicated
rectangular waveguide. The second case that we will study consists of three dielectric regions. The outer
regions have equal indices of refraction, while the inner layer has an index of refraction that is higher than
the outer regions. Because the two outer regions have the same index of refraction, this waveguide is called
a symmetric dielectric planar waveguide. This type of waveguide propagates only TE and TM modes (no
TEM mode). A knowledge of planar dielectric waveguides is important for understanding optical fibers,
since the modes in a dielectric waveguide resemble the modes in a optical fiber.

In the following sections, we will introduce the fundamental mechanisms that cause electromagnetic
waves to be guided in a three-layered structure. We will then examine the specific cases of a metallic parallel
plate waveguide and dielectric planar waveguide. Finally, we will extend the analysis to consider metallic
waveguides that have a rectangular geometry. First, however, we must discuss an important change in the
coordinate system used when dealing with waveguides. This is addressed in the next section.

4.1 The “Waveguide Coordinate System”

Up to this point, when discussing reflection and transmission of waves from an interface between two media
we always chose the z-axis to be normal to the interface, as shown in Figure [f.5)a). This is because it is
customary to chose the z-axis in the “general” direction of wave propagation, which has always been towards
or away from the interface. Since we have defined the x-component of the wave vector as x and the z-

114



component as 3, then k was the tangential component, and § was the normal component. This meant that
it was k, the tangential component, that was the same in both regions.

However, we will see that when dealing with waveguides, the “general” direction of wave propagation
is along the direction of the interface. Therefore, it is customary to choose the z-direction parallel to the
interface! This means that now the x-direction is perpendicular to the interface, as shown in Figure 5(b)!
As before, x and 8 are defined as the x- and z-components of the wave vector. This means that now (3 is
tangential to the interface and & is normal to the interface, and it is § that must be equal in both regions.

Using the “waveguide coordinate system,” the incident, reflected, and transmitted wave vectors shown in
Figure [£3(b) would be written as:

ki = k12 + B2 (4.1)

k., = —r12+ P2 (4.2)

%t = KoZ + ﬂé’ (4 3)
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Figure 4.5: (a) Previously, the z-axis was chosen to be perpendicular to the interface. (b) In waveguiding
applications, the general direction of propagation is along the interface, so the z-direction is defined parallel
to the interface.

4.2 Waveguiding Condition for a Three-Layered Structure

Consider a structure consisting of three planar layers, which we will denote as region 0, region 1, and region
2. We are interested in electromagnetic modes propagating along the layers, and so we choose the waveguide
coordinate system. Assume that region 0 extends to infinity in the negative x-direction, region 1 has a finite
thickness a, and region 2 extends to infinity in the positive x-direction, as shown in Figure As before,
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we assume a forward and a backward propagating plane wave in each region, with the amplitudes of the
plane waves in the outermost regions related by (refer to Chapter 3):

AO = 5—1 A2
=Dy P, °D 4.4
(Bo) 01 " D12 <32 (4.4)
where:
~ 1 1 ro
Do = — 4.5
ot to1 ( To1 1 ) ( )
. etiria 0
Pt = ( . ) (4.6)
and .
~ 1 T12
Dy = — 4.7
12 t12 ( T12 1 ) ( )

Recall that (kon,,)? = w2, + 3% in each layer m (the tangential wave vector component 3 is the same in
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Figure 4.6: A three-layered planar waveguiding structure.

all three regions). Also remember that the amplitude A refers to a wave propagating in the forward (+z)
direction, and the amplitude B refers to a wave propagating in the backward (—x) direction. We saw in the
previous chapter that carrying out the matrix multiplication shown in Equation [£4] yields

Ao 1 €M +ro1rioe MY rgreT I frpped™e Az (4.8)
By tortia \ T01€771% 4 1ri9e” 7MY 7RG 4oy pigete By ’

For brevity let us write this equation as

()= (e ) () "
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To find the waveguide modes, we are interested in the self-consistent solutions of the matrix equation.
A self-consistent, solution is one in which waves exist in the center region without the presence of incident
waves in the two outer regions. This means that we are interested in a solution where there is no wave
incident in the +x-direction in layer 0 (no wave propagating in the forward direction, i.e A9 = 0) and no
wave incident in the -x-direction in layer 2 (no wave propagating in the backward direction, i.e. By = 0).
Substituting Ag = 0 and By = 0 into Equation [£9] we find

0= m11A2 and BO = m21A2 (410)

The amplitudes As and By must be non-zero to prevent the trivial solution in which no fields are in the
waveguide. Therefore, m1; must be zero. This leads to

miy = €™ + ropripe M =0 (4.11)

Multiplying both sides of the equation by e=7%1¢ and using the fact that 791 = —r1, Equation EI1lis reduced
to
rior12e 2 =1 (4.12)

Therefore, an electromagnetic mode in a planar waveguide is the special electromagnetic field solution that
satisfies Equation 12l In the case of the parallel plate waveguide, layers 0 and 2 are perfect conductors and
therefore the reflection coefficients do not depend upon the angle of incidence. In this case a closed-form
solution exists for Equation In the case of a dielectric planar waveguide, the reflection coefficients
are a function of the angle of incidence of the plane waves at the interfaces, which makes Equation a
nonlinear equation without a closed-form solution, and the resulting equation must be solved numerically.

4.3 Parallel Plate Waveguides

In this section, we analyze a waveguide that consists of a planar dielectric region (which may be air), bounded
above and below by two conducting regions. To simplify the analysis, we will assume that the bounding
regions are perfectly conducting. This approximation is valid in many practical situations, since the metals
used for waveguides at microwave frequencies have very high conductivities.

We should point out here that when referring to waveguides that operate in the microwave regime such
as parallel plate waveguides, it is customary to specify the permittivity, ¢, of the dielectric region (or the
relative permittivity, €,, where €, = £/¢,) and to think in terms of frequency. When discussing waveguides
that are used in the optical regime, such as planar dielectric waveguides, it is customary to specify the index
of refraction, n, of the dielectric regions, where n = ,/e,, and to think in terms of wavelength. Do not be
confused by this, since it is easy to convert between these parameters and work in either the frequency or
wavelength domain!

4.3.1 Propagation Constants of the Guided Modes

Consider a dielectric region bounded by two infinitely thick perfectly conducting planes separated by distance
a, as shown in Figure 7] Assume that the region between the conductors (region 1) is a dielectric with a
permittivity €. Because regions 0 and 2 are perfectly conducting, a closed-form solution of the waveguiding
condition (Equation I2)) can be obtained. In Chapter 3, we found the reflection coefficients at the interface
between a dielectric and a perfect conductor for the TE and TM cases. For the TE case, the reflection
coefficient (defined in terms of the electric field) is r = E,./E; = —1. For the TM case, the reflection coefficient
(defined in terms of the magnetic field) is r = H,/H; = +1. Referring to the waveguiding condition, we
then note that the product r19712 is equal to one for both the TE and TM cases! The waveguiding condition
then reduces to

e I2m1 — cos(2aky) — jsin(2ak;) = 1 (4.13)

This equation is only satisfied when 2ax; = 0, £27, 4, ... and so forth. This waveguiding condition can
be summarized as
aKk1 = mm (4.14)
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where m is defined as

] 1,2,3,4,... for TE modes
m= 0,1,2,3, for TM modes
X
Perfectly
Conducting
- Regions
a
z
y

Figure 4.7: A waveguide consisting of a dielectric region surrounded by two infinitely thick perfectly
conducting regions. It is assumed that the regions extend out to infinity in the x- and y-directions.

Each one of these discrete solutions corresponds to a different “mode” of the parallel plate waveguide
(the reason that m # 0 for TE modes will be seen later.) This important relationship tells us that in a
parallel plate waveguide, the allowed values of the transverse wave vector of a mode are determined only by
separation of the plates! The transverse wave vector of the parallel plate waveguide mode does not depend
on the frequency/wavelength of operation, or the permittivity of the dielectric materiall

As the frequency of operation changes, the magnitude of the wave vector, ki, also changes. But, the
wave vector transverse to the plates, x1, must remain constant. Since % + 32 = k? must be satisfied in the
guiding region, this means that the wave vector component in the longitudinal direction, 8, must change
with frequency. This value of § associated with each mode at a particular frequency of operation is called
the propagation constant of the mode. The propagation constant for a particular value of m is

ﬂm—\/kf—n%—\/w%os—(%f—\/W;ET —(%)2 (4.15)

The variation of the propagation constants with frequency for m = 0 to 4 are plotted in Figure
(recall that no m = 0 TE mode exists). Notice that only the m = 0 TM mode can propagate down to DC.
In addition, notice that the m = 0 mode has a linear relationship between the frequency and propagation
constant, while the other modes have nonlinear relationships. This will be important later when we discuss
dispersion which leads to signal distortion in waveguides.

It should be pointed out that, although we initially assumed that the outer perfectly conducting regions
are infinitely thick, this is not a necessary assumption. Because the electromagnetic fields are zero inside
a perfect conductor, we may also assume that the perfectly conducting layers are infinitely thin (see Figure
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Figure 4.8: Propagation constants vs. frequency in a parallel plate waveguide. (Note that the m =0 TE
mode does not exist.) The m = 0 TM mode can propagate down to DC, whereas all of the other modes
require a minimum frequency for propagation. (Waveguide parameters: a = 10 cm, &, = 1)

[9). The previous derivation still holds and the waveguiding condition is the same. Of course, in real life
there is no “infinitely thin perfect conductor,” but this approximation is valid for very thin, highly conducting
materials.

An alternative way to look at the waveguiding condition in a parallel plate waveguide is the following.
Consider two plane waves polarized in the y-direction, i.e. TE waves, that are propagating down the parallel
plate waveguide by “bouncing” off the top and bottom plates. Assume that the bounce angle is 8, as shown
in Figure At any point along the waveguide, the two waves can be written in phasor form as

El = Ale_jﬁze_jﬂlx:l) (416)

Ey = Age 1Pzetimry (4.17)

where 8 = kysinf and k1 = ky cos@. The total electric field is then
Eiot = E1 + Ey = Aje 17775 4 Age™IPzetimey (4.18)

We next impose the restriction that the wave amplitude must be zero at the lower perfectly conducting plate,
located at x = 0 . This will only be true for all values of k1 if Ay = —Ay = A. Therefore, the total electric
field can be written as

Eop = A (e77517 — gtim®) e IP%h = —j2AeIP% sin(ky ) (4.19)

Notice that the standing wave generated by reflection from the lower plate has periodic locations along the
x-axis where the field is always zero, given by x = mn/k1, where m is an integer. Therefore, the second
perfectly conducting plate can be placed at any multiple of 7/k;away from the first plate and the boundary
conditions will be met on both plates. This can be expressed by the condition « = mn/k; (m =1, 2, 3, ...),
which can be rearranged into the form given in Equation [£14] above.
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Perfectly
Conducting
Plates

Figure 4.9: A practical parallel plate waveguide. The plates are thin, but the waveguiding condition still
holds because the electromagnetic fields decay "infinitely fast” in a perfect conductor.

In summary, the field inside a parallel-plate waveguide can be viewed as a sum of two plane waves
propagating at oblique angles. The relative phase of the two plane waves is such that the sum of the
fields satisfy the boundary conditions at the interfaces. In the direction of propagation (i.e the z-direction,
also called the longitudinal direction) the two plane waves have the same wave vector component, 5. In
the direction perpendicular to the interfaces (i.e the x-direction, also called the transverse direction) the
magnitude of the wave vector components, 1, are equal but have opposite sign.

4.3.2 The “Discretization” of k-space

Now we can see why the wave vectors in a waveguide can only assume “discrete” values in k-space. The
fields of plane waves propagating in infinite media and in “stratified” media can propagate in any direction,
and the only restriction is that the wave vector must satisfy & - & = k2. Alternatively stated, there is no
restriction on the direction of the wave vector, i.e. the k-space is continuous. In waveguides, however, the
k-space is discretized. For example, in a parallel plate waveguide Equation @14 “discretizes” the k-space by
restricting the wave vector components to the following values:

k1 €{0,7/a,2r/a,37/a,....} for TM modes
k1 € {r/a,2n/a,3r/a,....} for TEmodes

(The reason that x1 # 0 for TE modes will be seen in next section.) Figure[LIT]illustrates the discretization
of k-space for TE modes due to the waveguiding condition of the parallel plate waveguide.

4.3.3 Cutoff Conditions for Parallel Plate Waveguides

Referring to Figure 4.8 we see that depending upon the frequency (or wavelength) of operation, a particular
mode may or may not be able to propagate in a parallel plate waveguide. If a mode cannot propagate
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Figure 4.10: "Bouncing wave” interpretation of waveguiding by a parallel plate waveguide. The bounce
angle of the waves is § with respect to the normal of the perfectly conducting plates. The detail shows the
decomposition of the wave vector ki into its normal and tangential components, k1 and (3.

because the frequency of operation is too low (or the wavelength is too large) then the mode is referred to
as being “cut off.”

Let us look at what happens to the TE and TM m = 1 modes as the frequency is decreased. From
Equation 14] we see that the transverse wave vector must be equal to k1 = 7/a for the m = 1 mode. If
the frequency of operation is low enough such that k1 < 7/a, then it is impossible for the transverse wave
vector to equal 7/a since the relationship k% = x? + 3% must be satisfied in the guiding region. For this
reason, the m = 1 mode is cut off. The m = 1 cutoff frequency is defined as the lowest frequency at which
the m = 1 mode can propagate without loss. Therefore, the cutoff frequency of a mode occurs when 5 =0
and k; = k1. For the m = 1 mode, the cutoff condition is then

2 C T
ky = ”ffl\/g_ _ g (4.20)

which, when rearranged, yields
c

N 2a./e,
where f. ;1 is the cutoff frequency of the m = 1 mode. This can be rewritten in terms of the wavelength as
Ae,1 = 2a./g,, where A, 1 is the cutoff wavelength in free space (not the wavelength in the dielectric material,
which would be shorter by a factor of 1/,/2,).

This condition can be generalized to all modes. The cutoff condition for the m'™ mode in a parallel plate
waveguide is

Jea (4.21)

me 2a./¢,
fc,m r—— = —\/_ (4.22)

=5 Nos or Aeym = -

where f. . is the cutoff frequency of the m™mode, and M., is the cutoff wavelength in free space (not the
wavelength inside the guide). If we return to the view of the fields inside the waveguide as the sum of two
“bouncing” plane waves, at cutoff these waves bounce back and forth at normal incidence between the plates
since # = 0. In other words, the mode does not propagate in the z-direction. As the frequency is increased,
the plane waves begin propagating in the z-direction.

The cutoff frequency /wavelength of a mode is an important parameter of a waveguide. If a mode is below
the cutoff frequency, the mode cannot propagate and will be attenuated. FiguresdI2(a) and (b) show the
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Figure 4.11: The discretization of k-space for TE modes in a parallel plate waveguide (note there is no
m = 0 TE mode). The vectors shown represent the wave vectors for the m = 1, 2, 3, and 4 modes. The
wave vector component in the transverse direction is fixed by the waveguide geometry, while the magnitude
of the wave vector varies with frequency as k1 = w./ji0€.

number of propagating modes in a parallel plate waveguide versus frequency for TE modes and TM modes,
respectively. Note that, at a specific frequency, there will always be one more TM mode than TE mode,
since no m = 0 TE mode exists.

Using the expressions for the cutoff frequency and wavelength of each mode (Equation E22), we can
rewrite the propagation constant of the m'" mode as (see Appendix D):

B =kiy/1 = f2,,/2 =ki\J1=X2/A2 (4.23)

Remember that the cutoff wavelength in Equations and €23 is the wavelength in free space, not the
wavelength inside the waveguide!

Often, when speaking of metallic waveguides, the cutoff wavelength is given in terms of the wavelength
inside of the waveguide. Since the wavelength inside of the waveguide is related to the wavelength outside
by Ain = Aout/+/Er, this means that the cutoff wavelength specified in terms of the wavelength inside of the
waveguide does not depend upon the material in the waveguide! This can lead to confusion when specifying
the cutoff wavelength of a parallel plate waveguide. This point is illustrated in the following example.

LLKL LKL > >>>>>

EXAMPLE 4.1:

Consider a parallel plate waveguide filled with a nonmagnetic medium with a permittivity e = 9¢,. The
spacing between the plates is 10 cm. What are the cutoff frequency and cutoff wavelength of the m = 2
TE mode? What are the cutoff frequency and cutoff wavelength if the permittivity of the filling material is
increased to ¢ = 16¢,7 What is the propagation constant of the TE, mode at 1.5 GHz in each case?

Solution:
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Figure 4.12: (a) The number of TE modes as a function of frequency in a parallel plate waveguide. The
lowest-order mode is the m = 1 mode which has a cutoff frequency of f.1 = ¢/(2a/e;). (b) The number
of TM modes as a function of frequency in a parallel plate waveguide. The lowest-order mode is the m =0
mode which can propagate down to 0 Hz.

The cutoff frequencies for the two different filling materials are given by Equation
ome  2(3x10%)
© 2aE 2(0.10)V9
ome 2(3x10%)
20 2(0.10) V16

fe2 =1GHz (fore = 9¢,)

=0.75GHz  (fore = 16¢,)

fc,2

The cutoff wavelengths are

\ 2a\/r  2(0.10)v9
C2 fr— fr—

i - 5 =30cm (fore = 9¢,)

N 2a./e,  2(0.10) /16
c 2 P— =
’ m 2

These are the cutoff wavelengths outside of the waveguide, i.e. in free space. Inside the waveguide, the
wavelengths are decreased by a factor of 1/,/€,:

=40cm  (fore = 16¢,)

A 30
Ac,2 (inside) = 2 = —10cm (fore = 9¢,)
e V9
A 40
Ac,2 (inside) = Z = T =10cm  (fore = 16¢,)

Notice that the cutoff wavelength inside of the waveguide does not depend upon the properties of the filling
material! The propagation constant of the TE; mode at 1.5 GHz is:

21 x 1.5 x 109v/9
= ki /1= f2,/f2 = V1 —12/1.52
Pz =M calf 3 x 108 /15
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=702 rad/m (fore =9¢,)

21 x 1.5 x 10°/16
Bo =ki\J1— [/ = 3 % 108 V1 —0.752/1.52

=109 rad/m (fore = 16¢,)
In both cases, however, the transverse component of the wave vector must be

mm 21
KK =——=——=0628 rad/m
"7 e 010 /
Thinking in terms of the “bouncing wave” model, we observe that the “bounce angle” is steeper in the

case in which € = 9¢,, since in that case the mode is closer to cutoff (refer to Figure £13).

k. /6

K, =62.8
K, =628

p=70.2 p=109

(a) (b)
Figure 4.13: Wavevectors for the two different filling materials of Example 4.1: (a) ¢ = 9¢,, (b) € = 16¢,.

KLLL LKL K> >>

4.3.4 Modal Behavior Below Cutoff

It was previously stated that a mode cannot propagate without loss below the cutoff frequency of that
particular mode. Below the cutoff frequency, the fields inside the waveguide have some similarities to
fields in the case of total internal reflection (TIR). In TIR, the tangential wave vector component of the
incident wave in the first medium is so large that in the second, low-index region the wave vector component
perpendicular to the interface is forced to be imaginary. In the low-index region, the fields decay away from
the interface, since the wave vector component perpendicular to the interface is imaginary, while the wave
vector component parallel to the interface is real.

In a parallel plate waveguide, the transverse wave vector component of the mode remains equal to
k1 = mm/a. Below cutoff, this means that x; > ki, so that the propagation constant in the z-direction
must become imaginary. This means that the field attenuates in the z-direction. The further the frequency
is below cutoff, the faster the mode attenuates.

If a mode is below the cutoff frequency (i.e. if f < f.., or equivalently if A > A.,,) then the propagation
constant is imaginary and the mode is attenuated. The attenuation constant of the mode is

Q= /K2 — k2 = k14/ gym/fQ—l:k“//\Q/)\am—l (4.24)
where we have defined o, = jG,, as the attenuation constant of the m'® mode, and k; = w o€ = Wi/, /c.
CLLL LKL > >>>>>>
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EXAMPLE 4.2:

Consider a parallel plate waveguide from Example 4.1 filled with a nonmagnetic medium with a permit-
tivity € = 9¢,. The waveguide has a spacing between the plates of 10 cm. What is the attenuation in dB/cm
of the m = 2 mode if we are operating at 200 MHz?

Solution:
In the previous example, we found that the cutoff frequency of the m = 2 mode is 1 GHz. Therefore,

the attenuation constant is
g =kiy/f2n /[P = 1= (wVer/c)\/fem/f?—1

= (2 x % 200 x 108 x v/9/3 x 108> V/12/0.22-1=61.6 Np/m

Since the mode will attenuate as E,e~%*, we can find the field amplitude at 0 cm and at 1 cm:
E(Ocm) =FE, and E(lcm)= E,e~(61.6)(0.0) — g 54F,

The attenuation in dB/cm is then

E,
20 log (o 54"E ) =535 dB/cm

LLLKL LL S>> >>>>>>

4.3.5 Wavelength and Phase Velocity in the Waveguide

In addition to the operating frequency w and operating wavelength A, we are also interested the wavelength
and phase velocity in the direction of propagation (i.e. the z-direction). Using the expressions for the
cutoff frequency and wavelength of each mode (Equation B.22), we can define A\, as the wavelength in the
z-direction, or “guide wavelength” for the m'" mode (see Appendix D):

Lo MVE Ve

am = o = = s (4.25)
Bm \/1_ c%m/f2 \/1_)‘2/>‘g,m
The phase velocity of the m'" mode is (see Appendix D):

B T o,

4.3.6 Electromagnetic Fields: TE Modes

We now derive the electromagnetic field solutions inside the parallel plate waveguide. Using the “bouncing
wave model,” we have already derived the electric field for TE modes (Equation ET9). Grouping all of the
constant terms into the arbitrary constant F,, the electric field can be rewritten as

E = E,sin(k1z)e %% = E, sin (mx) e 987y (4.27)
a

where we have substituted in the waveguiding condition x1 = mz/a. For the TE modes, there is a problem
if m = 0. If we choose m = 0, then the electric field is E = 0. This is because the value of m determines
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the number of maxima/minima of the mode in the transverse direction. The m = 0 mode has zero max-
ima/minima, i.e. it is a constant in the transverse direction. But, the tangential electric field at the plates
must be zero, so that a TE mode with a constant amplitude in the transverse direction cannot exist. This
means that in a parallel plate waveguide the m = 0 TE mode cannot exist!

The magnetic field solution is easily obtained from the electric field using Faraday’s law in time-harmonic
form. (Note that we cannot use the expression H = k x E/n to find the magnetic field, since the total
electric field consists of two plane waves propagating in different directions!):

) . g Zz
_ _ OF, OF
HegoVxB=—ml o 4 | =2 (_ay“ayA)
w)u’O wﬂ/o w,uo V4 X
0 E, 0
E, . L A —jfBz
= {—psin(k12)Z + jr1 cos(kix)z} e’
Wito
E, . mm R .m mm 2\ . —iBz
= {—Bsm (—x) Z 4 j— cos (—x) z} e’ (4.28)
Wito a a a

where m > 1 for TE modes. The electric fields of the three lowest-order TE modes are illustrated in Figure

414
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Figure 4.14: The electric fields of the three lowest-order TE modes in a parallel plate waveguide (note
that the m = 0 mode cannot exist for the TE case). The arrows indicate the direction of the electric field
vector (y-direction).

4.3.7 Electromagnetic Fields: TM Modes

For the TM modes, we again assume the “bouncing wave” model, except now the magnetic field is perpen-
dicular to the direction of propagation. Therefore, we construct the magnetic field from the sum of two
waves:

Htot = Hl + Hg = Aleijﬁzeijﬁlm:l) + AgeijﬁzeJerlI:l) (429)
We cannot directly use the tangential magnetic fields to solve for the relationship between A; and As because
there are unknown surface currents on the perfect conductors. This means that the tangential magnetic
field may not be zero at the surface of the perfect conductors. The problem is solved by first finding the
tangential electric field at the interface and exploiting the fact that the total tangential electric field is zero
at a perfect conductor.
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Because the magnetic field vector is in the y-direction, the electric field will have components in the
x- and z-directions. Since we are interested only in the tangential electric field, we use Ampere’s law in

time-harmonic form (V x H = jweE) to find the z-component of the electric field:
i OH, , . .
E, = Sy B (Aje™7m® — AgetIm?) e P> (4.30)
we Ox we
Setting the tangential electric field to zero at x = 0, it follows that A; = As. Therefore the magnetic field
can be written as

H = A(e77m® 4 etim)e=iB2y — [ cos(rkyz)e 7%y

= H, cos (mx) e Iy (4.31)
a

Contrary to the TE mode, m can be zero for a TM mode. Substituting m = 0 into Equation {31 we find

the magnetic field solution for the m = 0 TM mode is H = H,e 77%j. This does not pose a problem since at

a perfectly conducting interface the tangential magnetic field does not have to be equal to zero. Recall that

a nonzero tangential magnetic field gives rise to an infinitely thin surface current flowing at the interface of

the perfect conductor. The magnetic fields of the three lowest-order TM modes are shown in Figure
Again using Ampere’s law in time-harmonic form, we find that the electric field is

_ — _ — oOH OH
E=Jdyxp="1|2 2 2 L(a_w_a_y,g)
we we 0 H 0 we V4 X

<

H .
= —2{Bcos(k17)® + jk1 sin(k1x)2} e IP>
we

H )
=2 {Bcos (mx) z —l—jm sin (mx) 2} e IPz (4.32)
we a a a

where m > 0 for TM modes.

y

Figure 4.15: The magnetic fields of the three lowest-order TM modes in a parallel plate waveguide. Note
the presence of an m = 0 TM mode, since the magnetic field can be constant without violating the boundary
conditions at the plates. The arrows indicate the direction of the magnetic field vector (y-direction).
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4.3.8 The TEM Mode

The lowest-order (m = 0) TM mode is a very special and important electromagnetic mode of the parallel
plate waveguide. This mode has a zero-frequency (DC) cutoff. From Equation €14 we see that x; = 0 for
this mode. The propagation constant is then (see Equation T3]

o = k1 = wy/ltoe (433)

In other words, the propagation constant is that of a plane wave propagating through a material with a
permittivity ! The electric field for this mode is found by substituting m = 0 into Equation .32

_ H . .
B = Boto —iney _ nH,e 7% 7 (4.34)
we

where 17 = \/,/¢ is the wave impedance of the medium between the parallel plates. The magnetic field is

found in a similar manner from Equation [£3Tt
H = H,e 7P (4.35)

This mode is called the transverse electromagnetic mode or TEM mode, because both the electric and magnetic
fields are transverse to the direction of propagation. Notice that the electromagnetic fields of the TEM mode
are exactly those of a plane wave. Therefore, the TEM mode in the parallel plate waveguide looks like a
plane wave that is truncated at the parallel plates.

An important aspect of the TEM mode is that it is the only mode that can propagate at any frequency
down to 0 Hz. Also, the TEM cutoff condition does not depend on the spacing of the waveguide. It can
be shown that, in general, the solution of the field amplitudes for a TEM mode are determined by solving
the Laplace equation that describes the electrostatic field solution. Electrostatic field solutions only exist if
there are at least two conducting surfaces, i.e. it must be possible to apply a voltage potential to generate an
electrostatic field. For this reason, a waveguide that supports a TEM mode must have at least two separate
conducting surfaces.

The surface current and charge densities on the conductors for the TEM mode can be found from the
boundary conditions at a perfectly conducting surface:

f-E=ps/e (4.36)

Aox H =T, (4.37)

where p; is the surface charge density (C/m?), J, is the surface current (A /m), and 7 is a unit vector normal
to the surface and pointing into the dielectric. In the top conductor, the time-varying surface current and
surface charge are

js,top =—Ix Hoe_jﬁz:g = _Hoe_]ﬂz»% (438)
Ps,top = — 2 - 57)Hoe_jﬁz T = —57)Hoe_jﬁz (4.39)
and on the bottom conductor
Ts pott = & x Hee 997 = Hye 7772 (4.40)
psor = & - enHoe 7% & = enH,e 77 (4.41)
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4.3.9 Guide Impedance in a Parallel Plate Waveguide

When using waveguides to transmit electromagnetic waves, transitions from one type or geometry of waveg-
uide to another will often exist. At the interface between the two dissimilar waveguides, reflections will
occur. We can determine the reflected and transmitted waves by examining the “guide impedance” of the
different waveguide regions.

Consider a parallel plate waveguide composed of two dissimilar sections. The first section of the waveguide
is filled with a dielectric having a permittivity ¢,, while the second section is filled with a dielectric €, as
shown in Figure We will first consider the TE case. Due to reflections, an incident and a reflected
field will exist in region a, while only a transmitted wave will exist in region b. At the interface between
waveguide region a and region b, the total tangential electric and magnetic fields must be continuous. This
yields

Eyi+ Eyr=Ey, (4.42)
Hz,i + Ha:,r - Ha:’t (443)
X
A
1
Region a Region b
€p Ho €p Mo

T > Z

Figure 4.16: A parallel-plate waveguide filled with two different dielectric materials. For a mode propa-
gating in the +z-direction, a reflection will occur at the interface between the two regions.

The power flow in the -z-direction is determined from the cross-product of the y-component of the electric
field with the x-component of the magnetic field. For this reason, we define a TE mode guide impedance
with respect to power flow in the +z-direction for each region as

E,; E
WS T ey T Hi (449

Substituting the electric and magnetic field solutions (Equations and .28) yields a guide impedance of

E,sin (BEz) e~ 782 o k
R '(a ) Yo _ 0 (4.45)
— o2 sin (%x) e—ibz B B

where n = \/p,/€ is the wave impedance of each region and k = w,/11,€ is the propagation constant in each
region. Using Equation {23 the TE guide impedance can be rewritten as

TE Ui

_ _ n
YT i nar i,

where f.,, and A, are the cutoff frequency and wavelength of the m'" mode, respectively, in region a or
region b. For the TM case, continuity of tangential fields gives

(4.46)

Ex,i + Ex,r = Lt (447)
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Hyi+ Hyr=Hyg (4.48)

We define a TM mode guide impedance for each region as

E.; E
™™ €T, z,r
™M = 5t — ’ (4.49)
7 Hy; Hy,

Substituting the TM field solutions (Equations E31] and {32) we find

5H0 2y —J1Bz
™ _ w—elcos(me)e 7w _ g _ Bn
M == = (4.50)
ocos (ZXg) e we k
Using Equation 423 the TM guide impedance can be rewritten as
M = 1= f2. /82 =0 1=/, (4.51)

The analysis of discontinuities in waveguides proceeds exactly as for a plane wave at normal incidence to
an interface, provided that we use the guide impedance of each section as opposed to the wave impedance in
each dielectric region. The electric field reflection coefficient between waveguide regions 1 and 2 for either a
TE or TM mode is

_ Ngb —MNg,a
Dgp = 12— (4.52)
Ng.b + Mg,a
where 7, for regions a and b are calculated using Equation .40 or Equation [£.51] depending upon whether
we are interested in TE or TM modes, respectively.

LLLL LL S>> >>>>>>

EXAMPLE 4.3:

Consider a section of air-filled parallel plate waveguide, which is connected to a section filled with a
nonmagnetic medium having a permittivity € = 9¢,. Both sections have a spacing between the plates of 10
cm. The frequency of operation is 2 GHz. Find the reflection coefficients of the TE; and TM; modes at
the discontinuity.

Solution:
The cutoff frequency for the m = 1 modes in the first (air-filled) region is

¢ 3x108
2a\/E1  2(0.10)V/1

and in the second (¢ = 9¢,) region is

Je =1.5 GHz (regiona)

o 3x10%
 2a,/2:22(0.10) /9

Because f > f. in both cases, the modes can propagate in each region. The reflection coefficient between
regions a and b for the TE; mode is then found from the guide impedances of the two regions:

fc,l

=0.5 GHz (regionbd)

1,
Nyw = —"2 =1.5129, Q
1—(1.5/2)
10/ V9
oy = "—2 =0.344n, Q
1—-(0.5/2)

130



e _ 0:344n, — 1.512n,
b ™ 0.3447, + 1.5121,

The reflection coefficient for the TM; mode is found in a similar manner:

miM =,y /1 - (1.5/2)% = 0.661p, Q

Mo
ny _(E> 1-(0.5/2)> =0.323, 0

v _ 0.3231, — 0.661n,
ab ™ 0.323, + 0.6617,

= —0.629

= —0.343
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4.4 Symmetric Dielectric Planar Waveguides

The study of planar dielectric waveguides is a good foundation for understanding modes of more complicated
waveguide geometries such as optical fibers. This is because, unlike parallel plate waveguides, the modes in
a planar dielectric waveguide resemble those in optical fibers. For parallel plate waveguides, determination
of the field solutions was fairly straightforward due to the assumption of perfectly conducting walls, and we
found field solutions in which the tangential electric field was zero at the walls. For dielectric waveguides,
however, the field is guided by reflection at the interface between two dielectric materials, which means that
the field solutions extend outside of the guiding region, or “core.” This makes the electromagnetic analysis
somewhat more complicated for these types of waveguides.

It is important to note that the parallel plate waveguide, which consisted of metallic plates, is useful in
the microwave regime, and it is customary to specify the permittivity, €, and to think in terms of frequency
for these types of waveguides. Dielectric waveguides, on the other hand, are useful in the optical regime,
and we usually specify the index of refraction, n, and think in terms of wavelength.

The simplest planar waveguide consists of one center planar region of finite width, surrounded by two
“infinitely” thick dielectric regions. The outer regions have the same index of refraction, and the inner layer
has the highest index of refraction. Because the two outer regions have the same index of refraction, this
waveguide is called a “symmetric dielectric planar waveguide.” This type of waveguide propagates only TE
and TM modes (no TEM mode). The geometry of the symmetric slab waveguide is shown below in Figure
ATI7 The center dielectric layer, called the “core” has an index of refraction n; and a thickness a. The core
is bounded by two semi-infinitely thick layers with index of refraction no collectively called the “cladding.”
Each of the planar layers are assumed to extend indefinitely in the +y- and +z-directions.

4.4.1 'Wave Vectors in the Core and Cladding

Light can be “trapped” in the core region of the planar dielectric waveguide if total internal reflection (TIR)
occurs and the waveguiding condition is satisfied. Recall that, for TIR to occur, the incident medium must
have a higher index of refraction than the second medium. Therefore, for light to be “trapped” in the core
of the waveguide, the index of refraction of the core must be greater than the index of refraction of the
cladding, i.e. n; > mo. For a mode in a dielectric planar waveguide, we can picture the light “bouncing”
down the waveguide between the top and bottom interfaces as shown in Figure [£I8 TIR occurs if the
“bounce angle,” 0, is greater than the critical angle, 6., at the core/cladding interface, where

§, = sin~! (@> (4.53)

ni
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Figure 4.17: Symmetric dielectric planar waveguide. The cladding layers are assumed to be “infinitely”
thick. The cladding and core layers extend out to infinity in the +y- and +z-directions. Note that, in
contrast to the parallel plate case, the z-axis is defined a running through the center of the core. Because
of symmetry, this simplifies the field solutions. This does not affect the waveguiding condition derived in
the previous chapter.

Figure 4.18: A symmetric dielectric slab waveguide guides light by TIR. Note that, in contrast to the
parallel plate case, the z-axis is defined as running through the center of the core. Because of symmetry,
this simplifies the field solutions. This does not affect the waveguiding condition derived in the previous
chapter.

Without loss of generality, we confine the wave vectors of the “bouncing” wave to the x-z plane, as shown
in Figure The wave vector in the core has a direction determined by the direction of the bouncing ray,
and has a magnitude k1 = n1k,. Likewise, the magnitude of the wave vector in the cladding is ko = nok,.
The relationships between the components of the wave vectors in the core and cladding are shown below in
Figure [£19

The next question we ask is, without going into the waveguiding condition, is it possible to place limits
on the values of 8 that can correspond to guided modes? In the core region, the wave vector components
are related by

(n1ko)? = 7 + 3 (4.54)
where 3 = nik,sin(f) and k1 = nik, cos(d) (see Figure £19). The maximum possible value for 5 occurs

when the wave is propagating directly down the waveguide (6 = 90°). In this case, k1 = 0 and 5 = nik,.
The minimum possible value of 3 that still corresponds to a guided wave occurs when the wave vector is at
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Core, n=n,

Cladding, n = n,

Figure 4.19: Relationships between the wave vector components in the core and cladding regions of the
waveguide. Note that the upper cladding is not shown in this figure. Recall that § must be equal in the
core and cladding regions.

the critical angle, since 6§ must be greater than 6. for TIR to occur. If § = 6., then we have
B = nik,sin(0.) = nik, (%) = nok, (4.55)
1

Therefore, the propagation constant of a guided mode must satisfy
nok, < B < niko (4.56)
Defining the effective index of the mode as neg = 3/k,, this condition can be rewritten as
Ny < Ner < M1 (4.57)

What conclusions can we now draw about the wave vector components in the cladding? In the cladding
region, the wave vector components are related by

(nok,)” = K3 + ° (4.58)

Recall that the tangential wave vector component (8 in this case) must be continuous across a dielectric
interface (see Chapter 3). Therefore 8 must be equal in the core and the cladding regions. Solving for the
x-component of the wave vector in the cladding, ko, we find

ko = \/ (nako)® — 32 (4.59)

However, for waveguiding to occur it must be true that 5 > nak,. This means that in the cladding, x is
an imaginary number, so we define
Ko = —Jjv2 (4.60)

2 =/ B2 — (nak,)? (4.61)

4.4.2 Propagation Constants of the Guided Modes

such that

In the previous section, we established that the effective index of modes guided by the symmetric planar
waveguide must lie between the index of the core and the cladding. Does this mean that any value of neg
(i.e. any bounce angle) that meets this condition corresponds to a guided mode? The answer is no, since the
waveguiding condition must also be satisfied. To investigate this, we return to the waveguiding condition
(Equation E12):

’1“1()’1“126_]'%%1 =1 (462)
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Because we are considering only a symmetric structure, the reflection coefficients from the dielectric inter-
faces, r1¢p and r12, will be equal, and we define rig = r1o = r. In Chapter 3 we found that the reflection
coefficient at a dielectric interface is

K1 — 012K2 K1+ Jo1272

. _ 012702 _ g2 4.63
K1+ 01262 K1 — jo1272 (463)

where d12 = 1 for TE polarization or d12 = €1 /g5 for TM polarization, and we have defined

¢ = tan~"! (&zE) (4.64)
R1

Notice that the magnitude of r is unity, which confirms that TIR is occurring. Also note that a phase shift
of 24 will occur with each reflection from the core/cladding interface. Substituting the reflection coefficient
back into Equation £.62] the waveguiding condition becomes

eI W=2ma) — (4.65)

for the symmetric dielectric slab waveguide. This equation is satisfied only when

dp — 2K10 = =27V (4.66)
where v = 0,1,2,.... Because each bounce angle corresponds to a unique value of ki, this equation shows
that only certain bounce angles correspond to guided modes! Substituting Equation [£.64] into Equation [£.60)
we obtain

_ Y2 KR1Q VT
tan™! (0= | = — — — 4.67
( 2 m) 2 2 (4.67)

This is the transcendental equation that determines the allowed modes in a symmetric dielectric slab waveg-
uide. It is customary to define normalized parameters to simplify the solution of the equation. The normalized

frequency, or V-number, is defined as
Ta /| o 5 _ kea 75 2
= —y/n3—n3 = ni —nj; (4.68)
Ao 2

and the normalized propagation constant, b, is defined as

(B/ko ) - ”2 anf - ”%
b= = £ 4.69
n? —n3 n? —n3 ( )

The requirement that ny < neg < mp means that the normalized propagation constant, b, must lie between
0 and 1. Using these normalized parameters, it can be shown that

n _ VB-K _ |(B/k)
K1 k2 — 32 n? — ﬂ/k

/ﬁa_ koa 5 5 —
\/ 5 \/ni—nig=Vv1-> (4.71)

Therefore, the transcendental equatlon (Equation [L.67)) can be rewritten in terms of the normalized param-

eters as
<512\/ - b ) Vv1-— (4.72)

where v is referred to as the “order” of the mode, and is similar to the mode number m for parallel plate
waveguides. Unlike the parallel plate waveguide, however, v > 0 for both TE and TM modes (since there is
no TEM mode).

(4.70)

and
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By substituting specific values for b, which must lie between 0 and 1, we can easily solve for the cor-
responding values of V for a given value of v. This generates the b-V graph shown in Figure Using
this graph, it is easy to determine the number of TE modes and the propagation constant of each mode
given the V-number of the waveguide. For example, if ¥V = 4, the waveguide will support three different
TE modes: TE;, TE;, and TE(, where the subscript refers to the order of the mode, v. The corresponding
values of b can be read from the graph: b ~ 0.20, 0.62, and 0.90. More accurate solutions may be obtained
from tabulated values of b vs. V. If the indices of refraction of the core and cladding are known, we can use
these values of b to approximate the propagation constant of each mode, 3. Note that the curves shown in
Figure also approximately apply for TM modes if n; = no. This situation occurs quite frequently in
waveguides, and is called the “weakly guiding condition.”

Figure 4.20: Normalized propagation constant b versus normalized frequency V for the TE modes in a
symmetric dielectric planar waveguide. The most left curve is the v = 0 mode, the next curve to the right
the » = 1 mode, and so on. The curves also apply for TM modes if n; = na. The curves are calculated by

varying b from 0 to 1 to calculate V = [tan™'(8124/0/(1 — b)) + v7/2]/v/T —b.

Notice that increasing V has two effects. First, the normalized propagation constant, b, of each mode
approaches 1. From Equation 69, we see that this means that the effective index of each mode, neg,
approaches the index of the core, ny. Given what you know about TIR, why is this the case? The second
effect of increasing V is that the number of modes the waveguide can support increases.

4.4.3 Cutoff Conditions for Guided Modes

For each mode, there is a certain value of V' below which the mode is no longer guided (when b = 0). Similar
to parallel plate waveguides, the terminology for this is that the mode is “cut off” at that particular value of
V. The cutoff V-number for each mode, V., can be found by substituting b = 0 into Equation .72} which
yields

v, =2 (4.73)



This cutoff condition applies for TE and TM modes. For example, if 7/2 < V < 7, two TE and two TM
modes can propagate in the waveguide. If 7 < V < 37/2, three TE and three TM modes can propagate, and
so on. Returning to the bouncing wave model, the cutoff condition occurs when the wave is at the critical
angle. Beyond the critical angle, the wave is not completely reflected by the core/cladding boundary and
the mode cannot propagate down the waveguide without loss.

Notice that the cutoff for the ¥ = 0 mode is Vo = 0. Therefore, the v = 0 mode can always propagate
in a symmetric slab waveguide. This means that very low frequency (long wavelength) signals, approaching
0 Hz, can propagate in a symmetric dielectric waveguide. In practice, however, to get a perfectly symmetric
waveguide is impossible and the cladding regions will have slightly different indices of refraction. For this
reason, the cutoff frequency is never at 0 Hz, and in fact, is considerably higher and often in the mid-infrared
region.

Because all planar dielectric waveguides support the v = 0 TE and TM modes, they are called the
fundamental TE and fundamental TM modes. As long as V < 7/2; only the fundamental TE and TM
modes are allowed to propagate in the waveguide. If this condition is met, the waveguide is referred to as a
single-mode waveguide. Single-mode waveguides are extremely important in optical communications because
they allow signals to be transmitted over long distances with minimal distortion, as we will see later. For a
symmetric dielectric planar waveguide the normalized single-mode cutoff frequency, V., is

V.=m/2~ 1571 (4.74)

Substituting this value into Equation .68 and rearranging, we find the single-mode cutoff wavelength for a

symmetric dielectric slab waveguide
Ae = 2ay/n? —n3 (4.75)

(Remember that A. is the wavelength in free space, not inside the waveguide!) At wavelengths shorter than
A¢, multiple TE and TM modes are allowed to propagate in the waveguide, i.e. the waveguide is a multimode
guide.
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EXAMPLE 4.4:

Consider a dielectric planar waveguide with a core width, a, of 1 pm and core and cladding indices of
n1 = 1.5 and ny = 1.4, respectively. Find the single-mode cutoff wavelength, and the number of modes this
waveguide will support at a free space wavelength of 0.6 um.

Solution:
The cutoff wavelength of this waveguide is

Ae =2ay/n} —nd =2(1x107%) /1.52 - 1.42 = 1.08 pm

That means that this particular waveguide will be single-mode for A, > 1.08 um. If the waveguide is used
at a wavelength of 0.6 um, the waveguide will be multimode with a V parameter of

Ta 7 (1x1079)
V=-—y/n?-—nd=———""21152-142=282
N VT T 651076
From Figure [4.20] we see that the waveguide will support 2 TE and 2 TM modes at that wavelength.
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4.4.4 Electromagnetic Field Analysis

In the previous section, we developed the transcendental equation that determines the modal propagation
constants of the dielectric planar waveguide without considering the electromagnetic fields associated with
the modes. In this section, we directly solve for the fields associated with the various modes by first solving
the wave equation in the core and cladding regions, and then applying the appropriate boundary conditions
at the interfaces. We will first derive the fields of the TE modes, followed by the TM modes.

X X

(a) (b)

Figure 4.21: Orientation of the electric and magnetic fields for (a) the TE modes, and (b) the TM modes
of a dielectric planar waveguide.

Figures 2T}a) and (b) indicate the direction of the field vectors for TE and TM modes, respectively.
Recall that the electric and magnetic field vectors are perpendicular to each other, and both are perpendicular
to the direction of propagation (the direction of the wave vector). For TE modes, the electric field is parallel
to the core/cladding interface, i.e. in the y-direction. From the figure, we can see that the magnetic
field vector of the TE modes will have a components in the x- and z-directions. For the TM modes, the
magnetic field vector will be aligned with the y-axis, and the electric field will have components in the x-
and z-directions. Therefore, we will expect solutions of the following form for the TE and TM modes:

TE modes : ? = Eyy
H=H,i+H,?

TM modes : l_; = Bol+ B22
= Hyj

4.4.5 TE Modes

Because the planar dielectric waveguide is invariant and of infinite extent in the y-direction, we can assume
that the fields do not vary in the y-direction. We then assume an electric field solution of the form

E = B, (z)e 777y (4.76)

In other words, we are assuming propagation in the z-direction with the propagator e=7%%. When this field
solution is substituted into the wave equation (V2E + k?E = 0), it can be rearranged into the form (see
Appendix D):

ViE+ (K*-B*)E=0 (4.77)



where the transverse Laplacian operator, ViE, is

_ 0’E  0°E
VIE=——+ % 4.78

t axQ + ayQ ( )
Since we have assumed no field variation in the y-direction, we can conclude that §*E/dy* = 0. From
Equation 154 we know that k? — 32 = k? in the core region. Therefore, in the core region the wave equation

reduces to )

T B+ BE@ =0 (] <a/2) (4.79)

The solutions to this equation are sines and cosines, which means that the field will have sinusoidal behavior
in the transverse direction in the core.

In the cladding region the wave vector components are related by k3 — 3% = (—jv2)?, as given in Equation
459 The wave equation in the cladding is therefore

82

Ox?
The solution to this equation is an exponential that decays away from the core (an exponential that increases
away from the core is also a solution to Equation 80 however, this is a non-physical solution since the
fields must decay to zero far from the core). Due to the symmetry of the waveguide structure, we know that

the modes will either be perfectly symmetric or perfectly antisymmetric about the z-axis. This allows us to
write the field solutions in the top cladding, core, and lower cladding;:

By(0) ~3E,@) =0 (a] >a/2) (4.80)

E = Ee 2(@=a/2)=ifz (x> a/2) (4.81)
E-{imn J0 omsasan o
E={ T bmermeremeiny @< oap) (483)

(Refer to Appendix D for an alternate derivation of the general form of the fields.) In the core, the cosine
solution corresponds to the even “symmetric” modes (v = 0, 2, 4, ...) while the sine solution corresponds
to the odd “antisymmetric” modes (v = 1, 3, 5, ...). Notice that we have arbitrarily normalized the field in
the core region to have a maximum amplitude of unity. The values of E, that correspond to guided modes
are determined by applying the boundary conditions at the core/cladding interface. In Chapter 3 we saw
that the tangential electric and magnetic fields must be continuous across a dielectric interface. Applying
the continuity of the tangential electric fields at x = a/2 (i.e. setting Equation 81 equal to Equation
at x = a/2) yields

| cos(kia/2)
Eo= { sin (k1a/2) (4.84)
Note that we can also apply the boundary conditions at © = —a/2, but this redundant as it yields the same

equations.

Referring to the field solutions (Equations ELRINL8F), we observe that the solutions in the core are
standing waves with varying periods depending upon the value of k1. In the cladding regions, the solutions
are decaying, or evanescent, fields with a decay rate depending upon the value of «5. The evanescent “tail”
decays toward zero in either direction away from the core region. The positive and negative sign in the lower
cladding solution correspond to the symmetric and antisymmetric solutions, respectively.

Using Faraday’s Law, it is straightforward to find the magnetic fields associated with the TE modes of
the planar slab waveguide:

_ _ 0E, OE
H=2Lvxp="L |2 2 2|- (—a—%+a—yz> (4.85)
Whte Who |y E, 0 Whte z x
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Evaluating this equation gives the magnetic fields for the upper cladding region (z > a/2):
E,

H= (—B2 — jya2) e 12(@=a/D iz (4.86)

the core region (—a/2 <z < a/2):

o (_ﬂ{ cos (#12) }i_m{ sin (#12) }Z> i (s

Wte —cos (k1)

and the lower cladding region (z < a/2):

— Eo A . 2 —J
H= { ’ } (=B + jya2) etr2(@ta/2) g=if= (4.88)

Whto

where the upper solutions again refer to the symmetric (even) modes, and the lower solutions correspond to
the antisymmetric (odd) modes.

By solving the waveguiding condition (Equation[£72) and substituting the propagation constant, 3, back
into the field equations we obtain the electric field profiles of the modes. The electric field profiles of the
four lowest-order TE modes are shown in Figure Notice that the TEg mode has a single maximum
at the center of the core and no nulls (zero crossings). The TE; mode has two maxima and one null. In
general, the mode number indicates the number of nulls for a particular mode.

X

‘\

TE,  TE, TE, TE
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Figure 4.22: The electric field profile of the four lowest-order TE modes in a symmetric dielectric planar
waveguide.

Let us now examine a mode when it approaches cutoff as the wavelength is increased (V, which is
proportional to frequency, is decreased). Figure[d23lshows the evolution of the TE; mode as the wavelength
is increased (V is decreased). From the b-V curve (Figure [£20), we see that at shorter wavelengths (large
V-numbers), the effective index of the mode, neg, approaches the index of the core, ny. From the field
solutions, we see that in this case the electric field is tightly confined within the core. As the wavelength
is increased (V is decreased), neg approaches the index of the cladding, and we move toward the critical
angle for TIR. This causes the effective index to approach ns. The attenuation constant of the fields in the
cladding decreases and the mode is less strongly confined in the core.

It should be noted that, even though there is electromagnetic power propagating in the cladding, all of
the power is still propagating in the z-direction, i.e. there is no light “leaking” out of the waveguide as the
mode propagates. However, once the wavelength is increased sufficiently such that cutoff occurs, then the
solutions in the cladding become propagating waves in both the x- and z-directions (8 and ko are real). In
this case, we no longer have a waveguide that only propagates power in the z-direction.
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Figure 4.23: As a mode approaches cutoff, more of the field propagates in the cladding, which causes the
effective index of the mode to decrease.

Another way to picture the evolution of the mode as the wavelength is changed is with the S-w graph
shown in Figure In this graph, the propagation constant of each mode, [, is plotted against the
frequency of the light propagating in the waveguide (recall that w = 27¢/\,). At cutoff, the propagation
constant of each mode is equal to the propagation constant in the cladding, wna/c. As the frequency is
increased, the propagation constant approaches the propagation constant of the core, wni/c. The most
important point to notice from the (3-w graph is that the curves for each mode are not straight lines! This
is true for all types of dielectric waveguides, including optical fibers. While the meaning of this is unclear
now, it will become very important when we discuss waveguide dispersion, which causes pulses of light to
distort as they travel down the waveguide.
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EXAMPLE 4.5:
For the waveguide described in Example 4.4, find the electric field of the TE; mode at a free space
wavelength of 0.6 pm.

Solution:

In Example 4.4, we found that V = 2.82 for this waveguide at A, = 0.6 ym. From Figure @20 (or from
a table of b vs. V values), we see that this corresponds to a normalized propagation constant of b ~ 0.38 for
the TE; mode. The free space propagation constant is

2T

kp=——F
°7 0.6 x10-6

=1.05x 10" rad/m

Solving Equation for 8 we find

B =kor/n2 +b(n? —n2) =1.05x 1071/1.42 + 0.38 (1.52 — 1.42) = 1.51 x 10" rad /m

The transverse component of the wave vector in the core is

K1 = \/(n1k0)2 — 32 = \/(1.5 x 1.05 x 107)* — (1.51 x 107)* = 4.44 x 10° rad /m
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Figure 4.24: (-w graph for the three lowest-order TE modes in a symmetric dielectric planar waveguide.

The transverse attenuation constant in the cladding is

Yo = \/52 — (ngko)* = \/(1.51 x 107)? — (1.4 x 1.05 x 107)? = 3.48 x 10° Np /m

The constant FE, is then (note that this is an odd mode)

6 —6
E, = sin (%) — sin { (444 x 10°) (1 x 107°) } — 0.796

2

Inserting these values into the field solutions for an odd mode we find:

= 0.7966—3.48x106(x—0.5><10*6)e—j1.51x107zQ (z > 0.5um)
E = sin (4.44 x 10%z) ¢ 71:51x1072 (=0.5um < x < 0.5um)
B _0.796e+3.48><106(x+0.5><10_6)67j1.51><107z2) (z < —0.5um)
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4.4.6 TM Modes

The derivation of the TM modes proceeds in an analogous manner, so only the results will be presented
here. For the TM modes, we begin with the magnetic fields in the core and cladding:

H = H,e 2@=a/2) =3Bz 4 (x >a/2) (4.89)
— cos (k1 —iBs o«
- { cor ((/@1190)) }e B g (—a/2< 2 <a)2) (4.90)
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H= { + }Hoe+72(’”+a/2)e_jﬁzgj (z < —a/2) (4.91)

Using Ampere’s Law, we find the electric fields associated with the TM modes of the planar slab waveguide:

S — g — : ? ; H H
—Jyxp=2H 8% a% % - J <—8a Vs — —aa yz) (4.92)
we wEe 0 Hy 0 wEe ya T

where € = ne, in the core and € = n3e, in the cladding. Evaluating this equation gives the electric fields
for the upper cladding region (z > a/2):

_ H .
B = —2 (B + j9a2) 200/ Dm0 (4.93)
2€o0

the core region (—a/2 <z < a/2):

E= 12 <ﬂ{ cos (r12) }£+jm{ sin (12 }z) e~iP= (4.94)

wnie, sin (k1) —cos (k1)

and the lower cladding region (z < a/2):

_ H j
E= { : } — (482 — j722) etr2(eta/2)o=ipz (4.95)
WN3E,

where the upper solutions again refer to the symmetric modes, and the lower solutions correspond to the
antisymmetric modes. Applying the continuity of the tangential magnetic fields at x = a/2 yields

| cos(kia/2)
Ho = { sin (k1a/2) (4.96)

4.5 Rectangular Waveguides

In the previous sections, we studied planar waveguides, in which the field is confined only in the x-direction.
In this section, we will study rectangular waveguides. In these types of waveguides, the field is confined in
the x- and y-directions with conducting plates. The geometry of a rectangular waveguide is shown in Figure
The waveguide has a width a in the x-direction and a height b in the y-direction By convention a > b.
We also assume that the waveguide is of infinite extent in the z-direction. The waveguide is filled with a
nonmagnetic material with permittivity ¢, and we assume that the walls are perfectly conducting.

4.5.1 Propagation Constants of the Guided Modes

We can derive the propagation constants of the guided modes without undertaking a detailed electromagnetic
analysis. Because we have placed boundaries in the x- and y-directions, we can no longer assume propagation
only in the x-z plane. Instead, a wave propagates down the rectangular waveguide by “bouncing” off all of the
walls, and therefore the wave vector inside the guide may have components in the x-, y-, and/or z-directions.
Therefore, we decompose the wave vector in the guiding region into x-, y-, and z-components:

ki = ko@ + ky§ + B2 (4.97)
where the magnitudes of the components are related by
k2 = wipoe = k2 + k;; + 32 (4.98)
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Perfectly Conducting Walls

Figure 4.25: Geometry of a rectangular waveguide. The walls are assumed to be perfectly conducting,
and by convention a > b.

We can think of the rectangular waveguide as two parallel-plate waveguides: one in the x-direction and
one in the y-direction. Therefore, the waveguiding condition for the parallel-plate waveguide, Equation E14]
still applies in the x- and y-directions. In other words, the value of k, will be restricted such that

ak, = mm (4.99)

where m = 0, 1,2, ... is the mode number in the x-direction. As in the case of the parallel plate waveguide,
the number m indicates the number of maxima/minima in the x-direction. In a similar manner, values of
k, will be restricted by the walls so that

bk, = nm (4.100)

where n =0, 1,2, ... is the mode number in the y-direction and indicates the number of maxima/minima in
that direction (note that by convention n is used as the mode number, and does not correspond to the index
of refraction). From Equation .98 we then find that the propagation constant for a particular combination
of m and n is

Bmn = \/WQNOE — (mm/a)® = (nm/b)? (4.101)
The corresponding modes of the rectangular waveguide are referred to as TE,,, or TM,,,, modes, where
E. = 0 (the electric fields lie in the xy-plane) for TE modes and H, = 0 (the magnetic fields lie in the
xy-plane) for TM modes. Since by convention a > b, the first subscript refers to the mode number along
the larger dimension of the rectangular waveguide.
As in the case of the parallel plate waveguide, the boundary conditions restrict certain modes from
propagating. The following modes cannot exist in a rectangular waveguide:

TEgo, and TMgg, TMp0, TMo,

Given the boundary conditions at a perfectly conducting interface, why are these modes restricted from
propagating?

4.5.2 Cutoff Conditions

Recall that a mode enters cutoff when the propagation constant becomes imaginary. To find the cutoff
frequency for a given mode in a rectangular waveguide, we set (,,, equal to zero and solve for the frequency.

This yields
1 c
femn = W\/(m/a)Q + (n/b)* = 5 \/a\/(m/a)Q + (n/b)* (4.102)
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where ¢, is the relative permittivity of the filling material. Or, in terms of wavelength

2/
(m/a) + (n/b)’ .

Ac,mn =

Note that A; .y, is the wavelength in free space, not the wavelength in the waveguide.

LLKL LL > >>>>>

EXAMPLE 4.6:

Consider a rectangular metallic waveguide with dimensions ¢ = 10 cm and b = 5 cm, filled with a
dielectric with a permittivity € = 4¢,. Find the cutoff frequencies of the 4 lowest-order TE modes. How
many TE and TM modes can propagate at 1 GHz?

Solution:

We know that the TEgy mode cannot exist in a rectangular waveguide. From Equation [4.102 we see that
the four modes with the lowest cutoff frequencies are the TE g, TEq;, TEog, and TE{; modes:

3 x 108
fea0 = T (1/0.1)* = 0.75 GHz
S 3 X 10° (1/0.05)* = 1.50 GH
c - . = 1. Z
ot 2V/4
Fono = 2210 o017 — 1.50GH
€20 =~~~ . = 1. v/
20 2v/4
3 x 108

fear = \/(1/0.1)2 +(1/0.05)* = 1.68 GHz

2V/4
What is the lowest-order TM mode that can propagate in this rectangular waveguide? Since the TMjyy,
TM,,0, and TMg,, modes cannot exist, the lowest-order TM mode is the TM;; mode, which has a cutoff
frequency of 1.68 GHz. Therefore at 1 GHz only the TE;g mode can propagate and the waveguide is single-
mode, since f > f. only for that mode. Notice that since a = 2b the TEy; and TEyy modes have the
same cutoff frequency. The significance of this will become apparent later in this chapter. The propagation
constants of the 5 lowest-order modes in this waveguide are shown in Figure

LLKL LL S>> >>>>>

4.5.3 Electromagnetic Modes

In general, in a rectangular waveguide a variety of TE and TM modes may exist, and the field expressions are
fairly complex. Therefore, we will not present the full derivation of the electromagnetic fields in a rectangular
waveguide. However, the transverse fields of several of the lowest-order TE,,,, and TM,,,, modes are plotted
in Figure The lowest-order mode, the TE;g mode, is a very important mode which we will study in
detail next.
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Figure 4.26: Propagation constants of the 5 lowest-order modes of the rectangular metallic waveguide in
Example 4.6.

4.5.4 The Fundamental Mode

In this section we focus on the lowest-order mode that can propagate in a rectangular waveguide. Unlike the
parallel plate waveguide, there is no TEM mode since the conducting plates force the x- and y-components
of the electric field to be zero at the walls of the waveguide. Since the TEqg, TMgg, TM,,q, and TMg,, modes
do not exist and by definition a > b, then from Equation we see that the mode with the lowest cutoff
frequency is the TE;yp mode. For this mode, the electromagnetic fields are exactly the same as the TE fields
of the parallel plate waveguide with m = 1:

E=FE,sin(Zz)e 78
E = E,sin (ax) e 7 (4.104)
= E, Lo/mN .. T N\ —jse
H= {—ﬂsm (—:c)x—i—j—cos (—:c) z}e J (4.105)
Wito a a a

From Equation [£101] the propagation constant of the TE;q mode is

Bro = \Jw2poe — (1/a)? (4.106)
and from Equation 4102 the cutoff frequency is

1 c

2a./{o€ - 2a./e,

Notice that a finite electric field exists on the conductors at y = 0 and y = b. From Equation [£36] we
see that this will give rise to the surface charge densities:

fe,10 = (4.107)

ps = +§-eE = +eE,sin (Egg) e P> (4.108)
a

on the upper and lower walls where the positive and negative signs refer to the walls at y = 0 and y = b,
respectively (see Figure d25)). In addition, the presence of a nonzero tangential magnetic field will give rise
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TEo2

Figure 4.27: Transverse field profiles of the twelve lowest-order TE and TM modes in a rectangular
waveguide. Solid lines indicate the electric field, while dashed lines indicate the magnetic field. (Reproduced
from C. S. Lee, S. W. Lee and S. L. Chuang. Plot of modal field distributions in rectangular and circular
waveguides, IEEE Trans. Microwave Theory and Techniques, 33(3), pp. 271-274, March 1985)

to a surface currents on all of the walls, which can be found from Equation 37 On the left and right walls,
the surface currents are

iE, ,
T, = +i x H=+jH, = iyj T cos (fx) 82 (4.109)
Wit a

where the positive and negative signs refer to the walls at z = 0 and x = a, respectively. On the top and
bottom walls, the surface currents are

Js=+9x H=+(2H, — 2H,)

E

=+ {]—cos (W ) T + [sin (ﬁx> 2} °
a a a Whto

where the positive and negative signs refer to the walls at y = 0 and y = b, respectively.

The time averaged power per unit area flowing down the waveguide in the TE;g mode is calculated from
the Poynting vector in the z-direction:

e IPz (4.110)

= 1
<s> 2= —5Re {E,H;} (4.111)
Substituting the field solutions, this yields
S\ s BlEo|* . 57
<8> 2= m Sin (g.ﬁ) (4112)



The total average transmitted power transmitted by the TE;g mode in the z-direction is then

p= [ [ (8)-2) anay = PEL (a.113)

Notice that the larger the product ab is, the more power can be transmitted by the waveguide.

4.5.5 Why does a = 2b in a Typical Waveguide?

In rectangular waveguide, we typically want to optimize the power carrying capacity as well as the frequency
range in which only the fundamental TE;y mode can propagate, i.e the range in which the waveguide is
“single-mode” (the reason for this will become apparent in Chapter 5 when we discuss dispersion).

For a rectangular waveguide with dimensions a and b, the mode with the lowest cutoff frequency is the
TE;9 mode. The mode with the next higher cutoff frequency is either the TEp; mode or the TEsg mode
whose cutoff frequencies are found from Equation to be:

1

0l = e 4.114

Jeor 2b\/fioe (4.114)
1

fe20 = (4.115)

ay /o€

Which mode has the next higher cutoff frequency depends upon the relationship between a and b. If b = a/2,
then fc o1 and fc 20 are equal. If a/2 < b < a, then f. 01 < fc20 and the mode with the next higher cutoff
frequency is the TEy; mode. In this case, the range of frequencies over which single-mode operation occurs

is
1 1

2a./11o€ / 2b./110€
This range of frequencies is the largest when a and b are chosen to be as far apart as possible. Therefore,
we choose b = a/2.

If we choose b < a/2, then fc 01 > fc20 and the mode with the next higher cutoff frequency is the TEqq
mode. Therefore, the range of frequencies over which single-mode operation occurs is

(4.116)

1 1
— < f<— 4.117
2a./1L0€ / ar/Iho€ ( )

and therefore as long as b < a/2 the single-mode frequency range does not depend on b. From Equation
we know that the larger the product ab is, the more power can be transmitted so we choose the largest
possible value for b, which is b = a/2. Therefore, to optimize the single-mode frequency range and the power
handling capability we often find that a = 2b in practical rectangular waveguides.

4.6 Important Concepts
Upon the completion of this chapter, you should be able to:
e Contrast the behavior of waves propagating in unbounded media and in waveguides.

e Derive the general waveguiding condition for a three-layered structure, and how it reduces to the
waveguiding conditions for parallel plate metallic waveguides and dielectric planar waveguides.

e For parallel plate waveguides:
— Determine the propagation constants and cutoff conditions.

— Describe the behavior of the fields of the TE, TM, and TEM modes.
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— Show why the m = 0 TE mode cannot exist.
— Derive the currents that are generated in the conducting regions.

— Understand and be able to calculate the “wavelength inside the waveguide,” the frequency of
operation, the wavelength of operation, the wavelength in the transverse direction inside the
waveguide, the phase velocity of the modes, and the guide impedance. You should also know how
these parameters depend on the properties of the dielectric between the two plates.

— Calculate the reflection coefficient between two dissimilar waveguides.
e For symmetric dielectric planar waveguides:

— Determine the propagation constants and cutoff conditions.
— Describe the behavior of the fields of the TE and TM modes, and understand why no TEM mode

exists.

— Understand the behavior of the fields as a mode approaches or “moves away” from cutoff.
e For rectangular waveguides:

— Determine the propagation constants and cutoff conditions.
— Describe in general the behavior of the fields of the TE and TM modes.

— Understand in detail the lowest order mode and the currents generated in the walls of the waveg-
uide.

— Understand and be able to calculate the “wavelength inside the waveguide”, the frequency of
operation, the wavelength of operation, the wavelength in the transverse direction inside the
waveguide, and the phase velocity of the modes.

— Explain why a = 2b in many rectangular waveguides.
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Chapter 5

Group Velocity and Dispersion
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Up to this point, we have only considered the propagation of monochromatic signals (electromagnetic
fields at a single wavelength) that exist over all time. In information systems, we want to send modulated
signals or electromagnetic pulses through a system. From Fourier analysis, it can be shown that any time-
limited signal or modulated signal actually consists of a spectrum of frequencies. Most often, the different
wavelength (frequency) components of an electromagnetic pulse each propagate at a different velocity and
therefore become spread out in time as they propagate through a material or waveguide. This is known as
dispersion.

5.1 Dispersion of Electromagnetic Signals

To understand how dispersion causes electromagnetic pulses to broaden, consider the simple interpretation
shown in Figure Bl At ¢ = ¢1, a pulse consisting of multiple wavelengths is launched into a material
or waveguide exhibiting dispersion. Assume for now that all media are lossless. At this point, all of the
wavelength components overlap in time. However, as they propagate the different wavelength components
travel at different group velocities. At t = t5, the various wavelengths no longer overlap, and the combined
pulse shape has broadened in time. It is important to realize that this effect is not due to attenuation,
since we have assumed that all media are lossless. Instead, it is only due to the “spreading out” of the
electromagnetic energy as the pulse propagates. The total energy in the pulse remains the same.

/' Combined pulse shape

—

(a) Attime 7, a pulse Each wavelength (b) At time #,, the
consisting of multiple travels at a different wavelengths
wavelengths is launched different velocity have spread out, causing
into a material or the pulse to broaden

waveguide

Figure 5.1: Pulse broadening due to dispersion. (a) The initial pulse consists of different wavelengths.
Each wavelength propagates at a different velocity due to dispersion. (b) The velocity difference causes
the different wavelengths to spread out and the pulse to broaden.

In order to understand propagation in a dispersive system, we first need to understand the difference
between “phase velocity” and “group velocity.”

5.1.1 Phase Velocity vs. Group Velocity

Up to this point, we have been studying only the propagation of monochromatic electromagnetic waves,
which we have assumed exist for all time and all space. We have not considered time-limited signals. What
we have been calling “velocity” of the wave is actually the “phase velocity” of the wave. For example, ¢ is
the phase velocity of a monochromatic plane wave in free space.

Counsider a propagating sinusoidal wave, as illustrated in Figure[5.21 The phase velocity, vy, is the velocity
at which a particular point on this wave travels through space. To determine an expression for the phase
velocity of the wave, we take a fixed reference point on the wave, and analyze how it moves as time progresses.
We will assume the wave is propagating in the +z-direction with a propagation constant, 3, and a frequency,
w. To fix a point on the wave, we set sin(wt — 3z) equal to a constant. Then, to determine how this fixed
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Figure 5.2: Illustration of the phase velocity (vp) of a wave. The phase velocity is the velocity at which
a particular point on the wave travels.

point moves in time, we solve for z which yields:

wt—pfz=A — z:%t—% (5.1)

where A is an arbitrary constant. The phase velocity of the wave is then determined by the rate at which
this point moves in the z-direction:
dz w
Vp = — = — 5.2
Equation can also be rewritten in terms of the free space wavelength of the signal, \,, since in free space
w =2me/ Ny

(5.3)
While we have derived the expression for v, by considering only a propagating wave, the result also

applies to a waveguide mode. In this case, we can rewrite the phase velocity in terms of the effective index,
Nefr, of the guided mode (recall that k, = w/c):

oC
P=F=6 " nen (54
This relationship shows that the phase velocity of a guided mode is inversely proportional to the effective
index of that mode. Therefore, as a waveguide mode approaches cutoff, its phase velocity increases.

For a non-monochromatic signal (such as an electromagnetic pulse), we can define another velocity, the
group velocity, vy. When a pulse of light is launched into a material or a waveguide, the group velocity is the
velocity at which the pulse envelope travels. This is illustrated in Figure 5.3l In the figure, the envelope of
the pulse is indicated by the dashed lines. The group velocity is also the velocity at which the pulse energy
travels.

To determine an expression for the group velocity, we will consider a simple signal consisting of two equal
amplitude waves at slightly different frequencies: w, + Aw and w, — Aw, such that the frequency difference
between the waves is 2Aw. The propagation constants of these two waves are 3, + A8 and 8, — AB. In
time-domain form, the two waves can be written as

&1 =E,cos[(wo + Aw)t — (Bo + AB) z] and &z = E, cos[(wo — Aw) t — (B, — AP) 2] (5.5)

To make it easier to add these waves, we write them in the following form:
£ = Re { Eoej[(woJrAw)t*(ﬁoJrAﬁ)Z]} and & = Re { Eoej[(erw)t*(ﬁrAﬁ)Z]} (5.6)
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Figure 5.3: Illustration of the group velocity (vg) of a pulse. The group velocity is the velocity at which
the pulse envelope (indicated by dashed lines) travels. It is also the velocity at which the pulse energy
travels.

Adding these two waves we obtain

Eiop = E1 + Ey = Re { E, [emwwﬁz) I efj(AwthﬁZ)} ej(wotfﬁuZ)}

= Re {2E0 cos(Awt — Aﬁz)ej(%t_ﬁ"z)}

= 2F, cos(Awt — ABz) cos(wot — Boz) (5.7)

The two waves form a “beat pattern” as illustrated in Figure[5.3l The envelope of this beat pattern, indicated
by the dashed lines in the figure, is 2F, cos(ABz—Awt). The group velocity of the beat pattern is the velocity
at which this envelope travels.

i
, A
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\V LN LA

/ \ /
4 ¥
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Figure 5.4: Illustration of the “beat pattern” formed by two waves with slightly different frequencies. The
group velocity (vg) is the velocity at which the “beat” envelope travels.

To determine the group velocity, we now take a fixed reference point on the envelope and determine the
rate at which it travels. Therefore, we set the envelope, E, cos(Awt — Afz), equal to a constant and solve
for z. This yields:

Aw A

(5.8)

152



where A is an arbitrary constant. The group velocity of the wave is then determined by the rate at which
this point moves in the z-direction:
dz Aw
== (5.9)
dt  Ap
A realistic electromagnetic signal does not consist only of two frequencies, but of a continuum of frequencies
around a central frequency, w,. To find the group velocity at w,, we find the limit of Equation as Aw
and Af approach zero:
. Aw  dw
= lim —=—
Aw—0AB  dfS

Vg (5.10)

The group velocity can also be expressed in terms of the free space wavelength of the signal, A,, since in free
space w = 2mc/X,. Using the chain rule we find

v, (5.11)

_dwd)\, d (27c % B —2#0&
Cdh, dB dho \ N\ ) dB A2 dp

An important point to note about the group velocity is that if G is a linear function of w, then the
phase velocity and the group velocity are equal. For example, in free space the propagation constant of an
electromagnetic wave is k = w/llo€, = w/c, which is a linear function of frequency. From Equation (52 the
phase velocity in free space is

=—=c (5.12)

as expected. The group velocity of the wave in free space is

_dw d

== (ke)=c (5.13)

Ug
Notice that v, = vy since the propagation constant is a linear function of frequency! It is only when 3 is a
nonlinear function of w that the phase velocity and the group velocity are different!
Once the group velocity of a pulse is known, we can calculate the group delay, 7,, which is the time
required for a particular frequency component of the pulse to propagate a distance L:

. ZEZL%:_/\ELCM
g Vg dw 2me dA,

(5.14)

From Equation 514l it is apparent that the group delay is a function of frequency (or wavelength) provided
that (3 is a nonlinear function of w. This means that each frequency/wavelength component of a pulse will
arrive at a different time, causing what is known as dispersion. It is important to notice that dispersion is
not caused by different waveguide modes propagating at different velocities! (This is a separate effect, called
“multimode distortion,” which we will not discuss here). Dispersion occurs even when all of the energy in a
waveguide is confined to one waveguide mode.

The type of dispersion a pulse experiences is classified according to the relative magnitudes of the phase
and group velocities, which are determined by the curvature of the w vs. (3 graph. As stated previously,
if the propagation constant is a linear function of frequency as shown in Figure 5.5[a), then v, = v, and a
pulse will not experience dispersion. This situation is called dispersion-less. If the w vs. 3 graph exhibits a
“downward” curvature as shown in Figure 5.5(b), then v, > v, and the pulse experiences normal dispersion.
It is referred to as normal because in a material such as glass the index of refraction increases towards larger
frequencies, which decreases the linear increase of w vs. § curve, which then leads to v, < vy. Finally, if the
w vs. [ graph has an “upwards” curvature as shown in Figure [5.5l(c), then v, > v, and the pulse experiences
anomalous dispersion.
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Figure 5.5: The dispersion type can be determined by the slope of the w vs. 3 graph. (a) Dispersion-less
(vp = vg). (b) Normal dispersion (v, < vg). (c) Anomalous dispersion (v, > vg).

5.1.2 The Origins of Dispersion

What are the causes of dispersion? Or in other words, what causes 3 to be a nonlinear function of w? In
general, dispersion is the result of two effects:

1. Material dispersion: Dispersion caused by the material through which the pulse is propagating. The
index of refraction (or permittivity) of most materials varies with frequency, causing the propagation
constant to be a nonlinear function of w.

2. Waveguide dispersion: Dispersion caused by confining the electromagnetic energy within a waveg-
uide. As we saw in Chapter 4, the geometry of a waveguide itself causes 3 to be a nonlinear function
of w, even if we assume that the material parameters are constant.

In a waveguide, both types of dispersion generally exist. However, in many situations material dispersion is
much smaller than waveguide dispersion and can be neglected. One example of when this is not the case is
in optical fibers. For fibers, material and waveguide dispersion are similar in magnitude and both must be
considered. In the following sections, we will investigate the material dispersion properties of a plasma, and
the waveguide dispersion present in a parallel plate waveguide.

5.2 Material Dispersion: Plasma

In Chapter 2, we discussed a plasma, which is a collection of oscillating positively and negatively charged par-
ticles in which the time-averaged charge density is zero. Below the plasma frequency, electromagnetic waves
propagate without loss; however, the plasma also exhibits material dispersion. This can be demonstrated as
follows. In Chapter 2, we found that the permittivity of a plasma is given by

w2
Ep = €o <1 - w—;’ (5.15)
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where w,, is the plasma frequency. Note that the permittivity is highly dependent upon frequency. The
propagation constant of an electromagnetic wave in a plasma is

w2 w? 1
ky = wy | poo (1—w—g>=k0\/1—w—g:?/w2—w§ (5.16)

If w > wy, then €, > 0 and k, is real, corresponding to a propagating wave. Solving Equation .16l for w we

find
w=/c?k2 + w2 (5.17)

The functional dependence of w on kj, is shown in Figure[5.6l The dotted line corresponds to the propagation
constant in free space, k, = w\/llo€,. Notice that the propagation constant is a nonlinear function of
frequency, which means that dispersion will occur when a signal propagates through a plasma.

Frequency, o

Propagation Constant, k

Figure 5.6: w-k relationship for a wave in a plasma.

To find the group velocity, we could solve for w, then find dw/dk,. However, it is often easier to calculate

the inverse as follows: .
dw dkp\
_ 2 _ (% 5.18

Y9 =k, ( dw > (5.18)
This is mathematically correct provided that the curve of k, versus w is continuous and single-valued, which
holds for the cases of interest to us. Using this method, the group velocity of a pulse propagating through

a plasma is
-1

d dk,\ w2
vg= = (52) o ——=—] =c¢f1-2 (5.19)
dk, dw ew? — w2 w
P

(Refer to Appendix E for the alternate method of derivation.) The group velocity as a function of frequency
is shown in Figure [5.7(a). Notice that v, is a nonlinear function that is highly dependent upon frequency,
and decreases towards zero near the plasma frequency, wp,.

The group delay over a distance L through the plasma (where w > w)) is

L L

Tg:—zi
v / 2/.,2
9 o/l -wifw
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The group delay per unit length (7,/L) is shown in Figure 57(b). As the frequency approaches the plasma
frequency, the propagation time increases dramatically. Notice also that the propagation time approaches
that of a wave in free space as w — oo. The material dispersion is clearly evident in the figure.

g

g

1lc gty

Group Velocity, v
Group Delay Per Unit Length, /L

w [0}
P
Frequency, o Frequency, o

(a) (b)

Figure 5.7: (a) Group velocity versus frequency for a plasma. (b) Group delay per unit length in a
plasma. The propagation time increases dramatically as the frequency approaches the plasma frequency.
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EXAMPLE 5.1:
As stated previously, the index of refraction of most materials varies with wavelength . Suppose you have

a fictitious glass whose index of refraction can be expressed by the following function over the wavelength

range of interest:
B C
n) =A+—+ =
(R) Ao A2
where ), is the free space wavelength, and A, B, and C' are constants. Find expressions for the phase and
group velocities in terms of the wavelength and the constants A, B, and C.

Solution:
We must first obtain an expression for the propagation constant of a wave in this glass as a function of
wavelength:
2
B(Xo) = n(Ao)kip = n()\o)/\—ﬂ = 27(AN, 1 4+ BA 2+ CNP)

o

From Equation [5.3] the phase velocity is

- 2me 2me c

B A2m(AN T A B O A+ BA, A+ ONC

Up

From Equation 517}, the group velocity is

—2mcdN, —2mc [ dS 1 one 9 _3 4y -1
Vg = )\g % = )\g (d—AO) = )\—g {27T(—AAO — 2BAO - 3CAO )}

C
A+ 2BMA, 3002
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The same result for v, would have been obtained if we would have found an expression for A, in terms of 3
and then directly solved for the derivative dX,/dB. This is a daunting task, however (try it for yourself!).
Notice that if the index of refraction is a constant (B and C are zero) then the phase and group velocities
are equal.
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5.3 Waveguide Dispersion: Parallel Plate Waveguide

In order to understand waveguide dispersion, we will focus on the dispersion properties of the simplest
waveguide we have studied so far: the parallel plate waveguide. We will solve for the waveguide dispersion
in the absence of material dispersion, i.e. assuming that the material properties are not functions of frequency.
Using the expression for the propagation constant we have previously derived (see Chapter 4), we solve for
w to obtain an expression for the frequency in terms of 3 for the m'™ mode:

w= \/Z_T\/ﬂfn + (m7/a)? (5.21)

Assuming that ¢, is not a function of frequency (i.e. there is no material dispersion), the group velocity of
the m'™ mode is then

dw cBm c

v = — = = —

P A, ek Ry

The details of this derivation are given in Appendix E. The group velocities of the five lowest-order TM

modes of a parallel plate waveguide are shown in Figure [5-8(a). Notice that the group velocity of the TEM

(m = 0) mode is always vy o = ¢/./e, regardless of frequency! In fact, this is equal to the group velocity of

a plane wave propagating in a dielectric with a relative permittivity €,. This makes intuitive sense, as we

previously found that the TEM mode resembles a plane wave that is truncated at the perfectly conducting
top and bottom plates. This is one reason why the TEM mode is extremely important!

From Equation [5.14] we find the group delay, 7,, for each mode:

Y — (5.23)

Ty T 2 /r2
g cy/1— c,m/f

The group delay per unit length (7,/L) in a parallel plate waveguide is shown in Figure G.8(b). Notice
that the TEM mode has a constant group delay regardless of frequency. For the remainder of the modes,
however, the propagation time is highly dependent upon frequency, which leads to dispersion.

1= f2,./1? (5.22)

KLLL LL > >>

EXAMPLE 5.2:

Counsider an air-filled (e, = 1) parallel plate waveguide with a plate spacing of 5 cm. What is the group
velocity of a narrowband signal with a center frequency of 10 GHz, propagating in the lowest-order TE
mode? How long will this signal require to propagate 10 m? How long would a pulse at 5 GHz require to
propagate the same distance?

Solution:
The lowest-order TE mode is the TE; mode which has a cutoff frequency of

¢ 3x10%

" 2ay5  2(0.05)
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Figure 5.8: (a) Group velocity (vg) of the four lowest-order TM modes of a parallel plate waveguide.
Notice that the TEM (m = 0) mode has a constant velocity regardless of frequency, and therefore exhibits
no group velocity dispersion. (b) Group delay per unit length (7,/L) of the four lowest-order TM modes
of a parallel plate waveguide. (Parameters: a = 10 ¢cm, &, = 1)

From Equation (5.22] the group velocity is then

c

Vg,1 \/a
= (3 x10%) /1 —32/102 =2.86x 10° m/s

The time required to propagate 10 m (i.e. the group delay) is

1_fc2,m/f2

L 10

S e =349
vy 2.86 x 108 e

Tg =

Using the same method, we find the group velocity at 5 GHz is 2.40 x 10® m/s. The group delay at 5 GHz

is then
10

797 540 x 108

Therefore, a pulse at 10 GHz would arrive almost 7 ns sooner than the pulse at 5 GHz, which would lead to
dispersion in a pulse containing both of these frequencies.

=41.7ns

LLKL LL S>> >>>>>

5.4 TImportant Concepts
Upon the completion of this chapter, you should be able to:

e Describe in detail the importance of group velocity dispersion in data communication systems and its
relation to pulse distortion.
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Derive expressions for the phase and group velocity of a electromagnetic signal in terms of the frequency
and propagation constant.

Understand the difference between material and waveguide dispersion, and the origins of both types
of dispersion.

Derive the group velocity and group delay given an expression for the propagation constant in terms
of frequency.

Understand why the TEM mode does not exhibit waveguide dispersion.
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Chapter 6

Radiation
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Guglielmo Marconi (1874 - 1937)

“Heinrich Hertz's classical experiments were conducted in his laboratory using a small end-loaded dipole driven by
an induction coil and a spark gap for his transmitter. His receiver was a small loop, and detection was by induced
sparking. Since the frequency generated by a spark transmitter is determined by the resonant mean frequency of
the antenna system, his experiments in 1887 were conducted at VHF/UHF (60 to 500 Mhz) — the corresponding
wavelengths (5.0 to 0.6 metre) being practical for indoor experiments. Marconi started experimenting with Hertz's
apparatus in 1894. He was fascinated by the idea that by means of Hertzian waves it might be possible to send
telegraph signals, without wires, far enough for such a system to have commercial value. By 1896 he achieved a
transmission distance of 2.5 kilometres, by using an earth and an elevated aerial at both transmitter and receiver
(nowadays called a Marconi antenna). His first permanent station established a link between the Isle of Wight
and Bournemouth, England, some 22 km away (in 1897). He established communications across the Channel
in 1899. By now he must have been using frequencies in the low HF band, since his aerial systems were much
larger. In 1900 he decided to try and achieve transatlantic communications. The required aerial size, and so the
signalling frequency, at best could only be projected by extrapolation from values successful over a range of much
shorter distances. The aerial at Poldhu, Cornwall in December 1901.... radiated signals in the MF band (about
850 kHz)" [8]
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Nikola Tesla (1856 - 1943)

In 1893 the Chicago World Columbian Exposition was lighted by means of Tesla's system and work was begun on
the installation of power machinery at Niagara Falls. In a lecture-demonstration given in St. Louis in the same year
- two years before Marconi’s first experiments - Tesla also predicted wireless communication; the apparatus that he
employed contained all the elements of spark and continuous wave that were incorporated into radio transmitters
before the advent of the vacuum tube. Engrossed as he was with the transmission of substantial amounts of
power, however, he almost perversely rejected the notion of transmission by Hertzian waves, which he considered
to be wasteful of energy. He thus proposed wireless communication by actual conduction of electricity through
natural media, and, working in Colorado Springs, Colorado, in 1899-1900, proved the earth to be a conductor

Of his wireless system, he wrote in 1900: ‘I have no doubt that it will prove very efficient in enlightening
the masses, particularly in still uncivilized countries and less accessible regions, and that it will add materially to
general safety, comfort and convenience, and maintenance of peaceful relations.” With the financial backing of
J. P. Morgan, he began work on a worldwide communications system, and a 200-foot transmission tower was
constructed at Shoreham, on Long Island. By 1905, however, Morgan had withdrawn his support, and the project
came to an end. The tower was destroyed by dynamite, under mysterious circumstances, in 1914." [9]
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In our study up to this point we have simply assumed that electromagnetic waves exist, and we looked
at the propagation of those waves in various media and waveguides. We now turn to the question: how
are electromagnetic waves created? The answer, as we will see, is that they are created by radiation from
time-varying currents and charges. In this chapter, we will look at radiation from such sources in free space.
The study of electromagnetic radiation also forms the bridge between electrostatics and the propagation of
electromagnetic waves. Calculations involving radiation require advanced vector mathematics; therefore, it
is important that you review the vector theorems given in Chapter 1 to understand the material in this
chapter. In addition, it is important to be very familiar with the spherical coordinate system including the
unit vectors, discussed in Chapter 1 and also repeated in Figure for convenience.

A 4

Figure 6.1: The spherical coordinate system and definition of the unit vectors.

6.1 Electrostatics Review

Before investigating the generation of electromagnetic waves, let us first review electrostatics, i.e. when the
electromagnetic field quantities do not depend on time. In this case, all of the derivatives with respect to
time are equal to zero. Faraday’s law in the electrostatic case is:

VxET)=0 (6.1)
Ampere’s law in the electrostatic case is:

V x H(T) =T (T) (6.2)

where J(T) = 0€(T) is a direct current source in this context. Gauss’ laws in the electrostatic case (in free
space) are:

v.g(r) = 20 (6.3)




V-H(F) =0 (6.4)

Notice that the electric and magnetic fields are independent in the electrostatic case in a lossless medium.
This is an important conclusion! Up to this point we have been considering time-varying fields, and a time-
varying electric field always gives rise to a time-varying magnetic field, and vice versa. In the electrostatic
case, however, we can have an electric field without a magnetic field, or a magnetic field without an electric
field!

6.1.1 Scalar Potential

We next review the methods for solving for the electric field when dealing with an electrostatic situation.
We will use the scalar potential, which will give us hints about how to solve more complicated problems
using the concept of a vector potential. In electrostatics, the solution of the electric field from Equations
and is simplified by exploiting the fact that the curl of the gradient of a scalar field ®(7) is zero, i.e.

Vx|[Ve(F)| =0 (6.5)

(refer to Chapter 1) and realizing that the solution of a scalar field is easier than a vector field. There is some
flexibility in how the scalar field (also referred to as the scalar potential) is defined. A convenient choice is

E(T) =-Vo(r) (6.6)

where ®(7) is the scalar potential, with units of volts. The negative sign is chosen so that electric field lines
point from regions of high potential to regions of low potential. Notice how this choice of £(7) satisfies

Equation By substituting £(7) into Gauss’ law (Equation [6.3]), we obtain the scalar Poisson’s equation

v2g — L) (6.7)
o )
The solution for the scalar potential can be found either from differential or integral methods. The scalar
potential for an isolated charge is particularly simple using an integral approach. Starting from Equation
and using Gauss’ theorem (see Chapter 1)

?{(A-ﬁ) dsz/(v-ix) % (6.8)

S \4

j{(zﬁ) S — / (V-z) dV — / (&) dV — charge enclosed in volume V/ (6.9)
€o €o
s 1% v

This is Gauss’ Law from electrostatics in integral form.

Let us use this opportunity to review how we utilize Gauss’ law to obtain the electric field. For a point
charge ¢ at the origin, we expect that the electric field will only have a radial component due to spherical
symmetry, and at a fixed radius the electric field will be constant. The field is expressed in spherical
coordinates as

it follows that

E(r) = E(r)f (6.10)

We next choose a spherical Gaussian surface that is concentric with the origin and at a radius r,, as shown
in Figure Due to symmetry, we can assume that the field has a constant value over the surface S.
Applying Gauss’ law (Equation [6) we obtain the following, noting that 7+ = 7 on the spherical surface:

E-i)dS = ¢ [E(ro)i-7]dS = E(ro) $ dS = 4nr2E(r,) = - (6.11)
flesyo- for-wises =

165



Spherical Surface, S

Figure 6.2: A point charge ¢ at the origin. The spherical surface determines the surface of integration to
calculate the electric field.

From this it follows that 7

E =— 6.12
() = frar2 (6.12)
Even though we have assumed that the surface lies at a particular radius r,, there is nothing special about

this radius since the result in Equation [6.11] will follow for any radius r. Therefore it follows that

S
4de,r?

E(r)=E(r)r = (6.13)
To obtain the scalar potential for the point charge, first note that the gradient in spherical coordinates is
(refer to Chapter 1)

00(7) 1 8@(?)9 1 9®(TF) -

(7)) = P4 - 6.14
ve(r) or T r 00 rsinf  O¢ ( )
Therefore, from Equation the scalar potential for a point charge must satisfy
= q . 0d(T) .
E(r) = - _ 6.15
(r) 4re,r? " or " ( )
The scalar potential must then be
q
d(r) = ) 6.16
(r) dmeor + o ( )

where ®, is a constant. Imposing the boundary condition that the scalar potential must decrease toward
zero as we move away from the charge, i.e. ®(o0) = 0, it follows that

_ q
dme,r

(6.17)

If the charge is not at the origin but at the point described by the position vector FI, then the scalar potential
becomes

_ C— (6.18)
dre,|F — T |
This solution can be extended to a charge distribution pv(?/)
!/
1 _
(™) gy (6.19)

N 471—50 |? —?,|
V/
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as shown in Figure [6.3] which is a general integral solution for the scalar Poisson’s equation.

]

Scalar Potential
Charge Density el G)(r)
p,(F")

-
-

-
-
L =

=

p.(FHdV" —y
(Source Point)

Figure 6.3: Illustration of the scalar potential generated by a charge density located an an arbitrary
position in space.

6.1.2 The Electric Dipole

Consider two static charges +¢ and —gq positioned on the z-axis at z = +d/2 and z = —d/2 respectively,
where d is much smaller than the distance to the observation point, as shown in Figure What is the
electric field far from the origin in this case?

From superposition, the total scalar potential at a radius r is the sum of the scalar potential of the two
individual charges:

q q
o(r) = - 6.20
") = Tme R, e R (6.20)

The problem is now focused on obtaining expressions for the distance from the observation point to the
positive charge, R, and the distance to the negative charge, R_. In terms of the angle 6, the distance to
the positive and negative charges are approximately

Ry~r— C§lcos€ (6.21)

R_~r+ gcosg (6.22)

if the observation point is far from the charges (refer to Figure[6.4). We also know that d < r, and therefore
(see Appendix F)

1 1 d
— ~— 14 —cos# 2
Ry r < + 2r €08 > (6.23)
and ) . p
— =~ - 1- = .24
7~ ( 5 €08 9) (6.24)
The total scalar potential is then approximately
qg 1 d q 1 d qd cosf
®(r) ~ — |1+ —cosf ) — — (1= =—cosb | = 6.25
) dme, T < * or “% > dme, T ( 2 O dme,r? (6.25)
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cos(t)
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r s
I

Figure 6.4: Two static charges separated by a distance d. The separation between the charges, d, is
assumed to be much less than the distance to the observation point, r.

Solving for the electric field, we obtain

- gdcosf . qdsinf ,
=-Vo(r) = 2
E(r,0,9) Vo(r) o3, T pr— 0 (6.26)
It is customary to define a dipole moment p = gd such that
E(r,0,0) = pcosf psmﬁé (6.27)

7
2nr3e, 4mrie,

6.1.3 Vector Potential

If a scalar potential can be used to solve for the electric field, can a potential be defined for the solution of
the magnetic field? Recall that the divergence of the magnetic field must be zero (Equation [6.4]). Since the
divergence of the curl of a vector field is zero (see Chapter 1), i.e.

V- [v X Z(r)} ~0 (6.28)

then H(T) can be described by a curl of some vector field. A convenient choice is

A(F) = iv % A (r) (6.29)

where A(T) is the vector potential. Substituting H(7) into Ampere’s law (Equation [6.2) we obtain
v x (Vx;l):V(V-;l)—VQ.Zl:uoj (6.30)
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A vector field is uniquely specified, up to an additive constant, when both the curl and divergence of the

vector field are known. In the specification of the divergence of A there is again some flexibility and one

convenient choice is B
V-A=0 (6.31)

This choice is known as the Coulomb gauge. Using the Coulomb gauge Equation reduces to
VA = —pJ (6.32)

which is known as the wvector Poisson’s equation. The general solution of this equation can be found by
making use of the duality between the scalar Poisson’s equation (Equation [6.7) and one vector component

of the vector Poisson’s equation:
V2A; = —pioJ; (6.33)

where ¢ = z, y, or z. We have already obtained the general solution to the scalar Poisson’s equation
(Equation [619)), so it follows that a general solution to the vector Poisson’s equation is

A(r) = ke / |;7 Err),|dV’ (6.34)
/,

6.2 Radiation from Time-Varying Charges

We now turn our attention to electromagnetic radiation from time-varying charges and currents. For ease
of discussion, we repeat Maxwell’s equations here for the time-varying case in a vacuum:

V x E(F,1) = —Mo% (6.35)

V x H(T,t) =&, 83&;” + J(T,t) (6.36)
V.E(T, 1) = ”“(:’t) (6.37)

V- H(E ) =0 (6.38)

6.2.1 The Inhomogeneous Wave Equations

For time-varying electric fields, the electric and magnetic fields are now coupled so that the curl of the electric
field is no longer zero (Equation [635). Therefore the scalar potential, ®(7), defined in Equation is no
longer valid. However, the divergence of the magnetic field is still equal to zero and therefore we can use the
vector potential, A, defined in Equation [.29, except that now A is a time-varying quantity. Substituting
A into Faraday’s law (Equation [6.35) yields:

S 0 [1 - B QA(T,t)
ng(r,t)——uoat{NOVX.A(T,t)}——VX 5 (6.39)
Collecting all of the terms we obtain
V [S(F,t) + %] —0 (6.40)



Since we again have obtained an expression in which the curl of a vector quantity is zero, we can define a

new scalar potential

DA(T, 1)
ot

Substituting ®(7,¢) and the vector potential A(7,t) into Ampere’s law (Equation [(.36), it can be shown
that

—VO(7,t) = E(T,t) + (6.41)

2

9
\ A—,LL080W =

_ - )
—poJ +V (V A+ uoeoaa—t> (6.42)

(refer to Appendix F for details). We are free to choose the divergence of A, so for convenience we choose

V-A= —uoeo%—f (6.43)
which is known as the Lorentz gauge. Applying the Lorentz gauge, Equation reduces to
VZA - uoeog = —poJ (6.44)
ot?

which is the inhomogeneous vector wave equation.
In a similar manner, we can substitute Equation into Gauss’ law (Equation [6.37)) which yields (refer

to Appendix F for details)

?®

V2® — pioe, =
HoE o €o

(6.45)

which is the inhomogeneous scalar wave equation.

6.2.2 Solutions to the Inhomogeneous Wave Equations

If the sources p,(7,t) and J(7,t) are time-harmonic, then we can make use of phasors. We make the
following phasor transformations:

O(7,t) — &(7)
A(r,t) — A7)
T (7,t) — J(7)
pu(T,t) = pu(T)

which transform the inhomogeneous vector wave and scalar equations into the inhomogeneous Helmholtz
equations

V2A(T) + wptoc o A(T) = —poJ (T) (6.46)
V20 (T) 4 w10, ®(T) = —ipv(?) (6.47)

It can be shown that the potential created by an oscillating charge ¢(t) = g, cos(wt) located at the origin (in
free space) is
) —gkor
b =——¢7"% 6.48
dme,r ( )
(vefer to Appendix F for details). Noting the similarities to the static case (see Equations [6.17 and [6.19)), it
folllows that a time-harmonic continuous charge distribution at a location described by the position vector
7 will give rise to the harmonic dynamic scalar potential

®(7) ) skl =l gy 6.49
47(50 / |7’ -7 | ( )
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Again noting the similarity between the scalar and vector equations (see Equation [634), the harmonic
dynamic vector potential is

_ ° j 7 = =
J, |7 — 7|

6.3 Radiation from a Hertzian Dipole

A Hertzian dipole consists of two interconnected charge reservoirs that contain equal and opposite amounts
of charge. Assume that the charge reservoirs are positioned at z = +d/2 on the z-axis as shown in Figure
[6.5] where d is much less than the electromagnetic wavelength. A general rule-of-thumb is that d should not
exceed \,/50. Because d < \,, a Hertzian dipole is also called a “short” or an “infinitesimal” dipole. The
charge oscillates between the charge reservoirs at frequency w which gives rise to an oscillating current along
the length of an “infinitely thin” conductor running between the charge reservoirs.

_ Q) +4(1)
d
39 | |20
<+ » X
d
— <
2
T © —4()

Figure 6.5: A Hertzian dipole, consisting of two interconnected charge reservoirs positioned a distance d
apart on the z-axis. The charge oscillates between the reservoirs, giving rise to the oscillating current Z(t).

Because the length of the infinitely thin conductor is much less than the wavelength, we can assume that
at any instant in time the current is constant everywhere along the conductor. In this case, the time-harmonic
current flowing in a Hertzian dipole can be written as

0
I(t)= aq(t) = I, cos(wt) (6.51)
And the current density is
- I, cos (wt) . d d
=" I <<= 52
J(r,t) T 5 <2< 3 (6.52)

where A. is the cross-sectional area of the conductor. In phasor form, the current density for the Hertzian
dipole is then

J(7) =

_ I, d d
3 (6.53)

In order to use Equation [6.50) to find the vector potential, we require the distance |7 — ?’|, which is the
distance from our observation point to a small volume of integration along the conductor between the dipoles.
However, as illustrated in Figure [6.6], since we are assuming that the dipole is short, we can approximate
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|7 — ?/| ~ |T| = r everywhere along the dipole. In addition, the deferential volume element for the integration
is dV’ = A.dz. Hence,

B +d/2 /A2 ) I ) +d/2
A(T) = Z—;/ 7( of C)Ze_Jk"TAcdz = —‘Zo Oe_Jk‘”"/ dz

—d/2 r r —d/2
polod
= pHoco® —jkor (6.54)
47r
Observation Point
z e e -
r— -
’/
””
’IJJ F
dv'er”
=
X

T
Figure 6.6: Since we are assuming that the Hertzian dipole is short, the distance |7 — ?/| can be approx-
imated by 7, the distance from the observation point to the origin.

Because the dipole will radiate fields out from the origin, we convert to spherical coordinates. Using the
relationship Z = 7 cos§ — #sin 6, the vector potential becomes

_ R JLd .
A(r,0) = (fcos@ - 951119) M4—de ghor (6.55)

r

The magnetic field intensity can now be calculated using Equation [6.29

_ 1 = jholyde=ikor 1 .
H(r,0,¢) = —V x 4 = 1fotet® <1+jk T)siné)d) (6.56)

Lo 4dr

(Refer to Chapter 1 for the curl of a vector field in spherical coordinates.) We then find E(r,6, ¢) from
H(r,0,¢) using Ampere’s law (Equation [6.36) in phasor form, where J(7) = 0 for 7 # 0:

L (2 : 2cosF 4 |14+ —— 4 : sin 00 (6.57)
Jkor jkor jkor Jkor .

_ *

The complex Poynting vector S. = E x H is then found from the electric and magnetic fields

3 1 1\?
_ 2 a . 2
c = - - - ; 2 .
S 47rr { [ jk‘ " ] sin” 07 l]kor (]kor) ] sin 09} (6.58)
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The time-average power density, (S), is then

(8) = dre s} =2 (B20) ey (6.9)

The total power radiated by the dipole is calculated by integrating the average power per unit area, (S),
over the surface, S, of a sphere enclosing the dipole:

P = j{ (<3> ﬁ) ds = /W /27r l% (kii;d>zsin2 0] 72 sin Od¢dh
o Jo

S

Mo 2 TNolo€o 2
- oL,d)? = ToHoto 1 g :
5 (kolod) 15 ( ) (6.60)

Note that the total radiated power scales with the frequency squared.

Before we examine the fields of the Hertzian dipole in detail, let us examine the behavior of the 1/(k,r)"
terms that are present in the field solutions. Figure shows the behavior of 1/(k,r)™ for n = 1, 2, and
3 as the distance from the dipole, r, is increased. From the plot, we see that close to the origin the n = 3
term dominates, but as the distance from the origin is increased, the n = 1 term dominates. The transition
point occurs when k,r = 1, or where r = 1/k,. In order to simplify the expressions for the radiation, we
will look at the fields in two limiting cases:

1. The region where r < 1/k,, called the “near-field” zone. In this region, the higher powers of 1/(k,r)"
dominate.

2. The region where r > 1/k,, called the “far-field” zone. In this region, the lower powers of 1/(k,r)™
dominate, and all of the 1/(k,r)"™ terms approach zero as r — oco.

3.0+
2.5+
2,0:
1.5

1.0+

ey 1k 1)

0.0 . g R :

Figure 6.7: Behavior of the 1/(kor)" terms of the Hertzian dipole radiation. Close to the origin
the higher-power terms dominate, while far from the origin the lower-power terms dominate.

6.3.1 Near-field Characteristics

In the near field (r < 1/k,), the highest powers of 1/(k,7)™ are dominant. Therefore, we neglect all but
the highest powers of 1/(k,7)™ in the field expressions (Equations and [6.57)) to obtain approximate field
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expressions in the near-field:

_ I.d . ~
Hoye = 4;2 e IkeT sin 0 (6.61)
— jI,dn,eIFer -
Bur = —‘% (2 cos 07+ sin 69) (6.62)
Now notice that we can convert the time-varying current and charge into phasor form as follows:
dq(t
I(t)= 9a(t) =I,cos(wt) = I=jwg=1, (6.63)

ot

where [ is the phasor form of Z(¢). From this we observe that I, = jwg. Also, recall that the dipole moment
is p = qd. We then use k, = w./llo€, tO Write

Jkop

Ho€o

I,d = jwqd = jwp =

(6.64)

Finally, note that in the near-field e=#*" — 1. The electromagnetic fields in the near-field are then approx-
imated as

= ]wp . ~
Hy = 22 Sib 0] (6.65)
Eu = s (2 cos 07 + sin 99) (6.66)

Notice that, in the near-field solutions, the magnetic field is proportional to 1/r?, while the electric field is
proportional to 1/r%. This means that the electric field will be dominant in the near-field (since  is small).
Calculating the complex Poynting vector in the near-field we find

jp*w (sin 9)2 . jpPwcosfsinf ,

Sent = 6.67
enf 16721r5¢,, 8m2rde, (6.67)
The time-average power flow density in the near-field is then
— 1 —
<Snf> ~ 3Re {Sc,nf} -0 (6.68)

This indicates that there is no net power flow out of the near-field. Because the electric field dominates
and there is no net power flow, electric energy is stored in the near-field. This means that the near-field
behaves like a capacitor. Note that in the electrostatic limit (w — 0), the magnetic field is zero and the
electromagnetic field is identical to the electrostatic dipole. In this case, the fields behave like in a capacitor.

6.3.2 Far-field Characteristics

Typically, the radiators we use to generate electromagnetic waves are relatively distant from the location at
which we are receiving the waves. For example, your “local” FM station may be ten miles away or more.
For an FM radio station broadcasting at 100 MHz, 1/k, ~ 0.5 m, which means that we care much more
about the far-field characteristics of the radiator.

In the far-field (r > 1/k,), all of the 1/(k,r) terms approach zero. Therefore, set 1/(k,r) = 0 in
Equations and to obtain expressions for the magnetic and electric fields in the far-field:

_ kold .

Hy = 34%@—1’%* sin 66 (6.69)
_ ikood X
Eg = 770‘74%6—3’%’“ sin 60 (6.70)
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There are several important observations that can be made from this result. Most important is that at a

fixed radius, the electric and magnetic fields are related by H = kxE /Mo, which is exactly the relationship
between the fields in a plane wave! Therefore in the far-field the electromagnetic fields behave like plane
waves. The near-field spatial dependence of 1/r? and 1/r® ensure that, for even moderate distances away
from the radiator, the far-field approximations hold.

The complex Poynting vector in the far-field is

- S kolod\?

Sc’ﬁ =FExH = No (—> Sil’l2 or (671)
4dr

The time-average power flow density in the far-field is then

N\ L (e Ve (kld\? . o, 3P ., .
<Sff> = 57?,@ {SC’H‘} =5 <W) sin® 07 = e sin” 07 (6.72)

where P is the total power radiated by the dipole (see Equation [6.60]). Notice that this is the same expression
for (S) as was calculated previously in Equation .59 using the exact field expressions.

6.4 Radiator Gain and Radiation Resistance

An electromagnetic radiator is often characterized by its gain, G, and its radiation resistance, R,q. The
gain of a radiator is defined as the ratio of the time-average power density (W/m?) radiated in a particular
direction (6, ¢) to the time-average power density radiated by an isotropic source emitting uniformly in all
directions. For an isotropic radiating source emitting a total time-average power P, the time-average power

density must be
- P P
3 > - : - 6.73
< 50 spherical surfacearea  47r? ( )

Therefore, for the Hertzian dipole, the gain is

<3dipole> 3Psin?6/ (87r2) 3 .5
(Swy  PlOmn T2 ’ .

G(0,0) =

The radiation pattern of a radiator, p(6, ¢), is defined as the gain G(f,$) normalized such that the
maximum value is unity. Therefore, the radiation pattern of the Hertzian dipole is simply

p(0,¢) = sin 0 (6.75)

This radiation pattern is illustrated in Figure In the figure, the dipole is oriented at the origin along
the vertical axis. The radiation pattern for the dipole looks similar to a doughnut with a hole diameter
that decreases to zero at the origin. Notice that there is no radiation along the dipole axis, and that the
mazimum power is radiated perpendicular to the dipole axis.

The radiation resistance of a radiator is defined as the equivalent resistor that, given the same time-
average current, would dissipate the same power as is radiated by the radiator. Given a phasor current I
flowing through a resistor, the time-average power dissipated in that resistor is P = I2,,R = (|I|/v2)?R.
Solving for R, we find that the equivalent radiation resistance of a radiator is

P

rad

The radiation resistance is a measure of how effectively the antenna converts a current signal into radiated
power. Note that the radiation resistance is mot a measure of loss in the antenna; for example, the ideal
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Figure 6.8: Radiation pattern of a Hertzian dipole. The dipole is oriented at the origin along the z-axis,
which is the vertical axis in the figure.

Hertzian dipole is lossless but has a nonzero radiation resistance. For a Hertzian dipole, the radiation
resistance is
kolod)? /121 (dko)? 10

No(
Rr d =
& 12/2 67

d\2
~ 20 (dk,)? ~ 790 (A—) (6.77)
In a Hertzian dipole, the distance d is much smaller than the wavelength. A typical value is d/A, = 0.01,
which results in a radiation resistance of R,q =~ 0.08(2. Keeping in mind that free space has an impedance
of 1, ~ 37712, a Hertzian dipole is a poor radiator.

6.5 Radiation from Arrays of Hertzian Dipoles

As stated previously, when dealing with radiators we are most often interested in the far-field radiation
characteristics. Since superposition holds, the electric fields of individual radiators add in the far-field. Since
the electric field has both a magnitude and a phase, the radiation pattern can be modified by controlling
not only the geometric arrangement of the various radiators, but also the relative phase between them.

Let us examine the far-field electric field of Hertzian dipole in more detail so that we can gain an
appreciation for how the fields will interfere constructively or destructively when multiple dipoles are present.
We express the far-field electric field as

_ ikolod i B 5
Eﬁ‘ — noue_]k‘ﬂ' sin 06 = —Oe_jkor sin 00 (678)
4drr r

where we have defined the arbitrary constant E, = jnokolod/(4m). The time-domain electric field is then

_ — E, - A
Eq = Re {Effef“’t} = cos(wt — kor) sin 00 (6.79)
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Notice the 1/r dependence in the far-field approximation. Obviously, this approximation does not hold close

to the dipole or else Eg would approach infinity as » — 0! A plot of Eg at t = 0 and § = 90° (the x-y plane,
see Figure [6.1)) is shown below in Figure This field pattern will propagate radially as time progresses.
Note the positive and negative field values.
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Figure 6.9: Time-domain far-field electric field pattern from a Hertzian dipole at ¢ = 0 and 6 = 90° (x-y
plane, which is perpendicular to the dipole axis).

As an example of a simple antenna array consider two Hertzian dipoles positioned at = +D/2 and
x = —D/2, with the axis of both dipoles aligned with the z-axis, as shown in Figure[6.I0l Realistically, this
would correspond to a situation in which we have two dipole antennas oriented vertically with respect to
the ground (x-y plane) spaced a distance D apart. Dipole 1 has a length d; and carries a phasor current I.
Dipole 2 has a length dy and carries a phasor current /5. The currents I; and I most likely have different
amplitudes and are out-of-phase. We want to find the total electric field in the far-field for these two dipoles.

Figure illustrates the two-dipole array in the x-y plane (the view from “above” the dipoles). The
distance r; is the distance from the observation point to dipole 1, and the distance ro is the distance to
dipole 2. By superposition, we then find the total electric field of the two Hertzian dipoles in the far-field
by summing the far-field electric fields of two single Hertzian dipoles:

— ik, (dil . dol. ) R
Eg = 770‘7 ° (i sin @y e 7k 4 22 Gin HQe_Jk"”) 0 (6.80)
47 1 T

Since we are in the far field, we assume that the spacing between the dipoles is much less than the distances
r1 and ro. Therefore 1/r &~ 1/ro = 1/r, where r is the distance to the origin. Using the same argument,
0, ~ 0> ~ 6. We cannot simply approximate r; ~ ry in the exponential terms, however, because these phase
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Figure 6.10: Two Hertzian dipoles, spaced a distance D apart on the x-axis.

terms vary rapidly even with very small changes in r. In this case, we use a similar approximation technique
as we used previously for the separated static charges (see Figure [6.11]):

D
LR T+ ) cos ¢ (6.81)
and D
TR = o cos ¢ (6.82)
Using these approximations, the total electric field is written as
Eﬂ" _ nojkOdlh sin He_j]%(r-i_% cos @) 1+ d2[2 ejk"D cos ¢ é (6.83)
47y d1 I1
We now define
Al = da1y (6.84)
dily -
which yields '
Eff _ nojk:‘:dlfl sin He—jko(r—i-% cos ¢) (1 + AejaejkoD cos ¢) é (6.85)
wr

Since the far-field radiation behaves like plane waves radiating from the origin, the time-average power (S)
is proportional to Eg - Eg:

<3> = % sin? 0 (1 + Aejaejk“Dcow) (1 + Aeijaefjk“Dcow)

So .
=3 sin® 01 + A% + 2A cos(a + koD cosg)] (6.86)

where S, includes all of the constant terms. The gain of the dipole array is

6.0 <3dipoles>  (So/r?) sin® O[1 + A2 + 2A cos(a + koD coso)]
( 7¢) - <Siso> - P/ (471’7’2)
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Figure 6.11: Illustration of the two-dipole array in the x-y plane.

= Ksin® 0[1 + A® + 2A cos(a + Dk, cosg)] (6.87)

where K includes all of the constant terms. The exact value of K is not important since, to obtain the
radiation pattern, we normalize G(,$) to have a maximum value of unity. The normalized radiation
pattern is then

[1+ A%+ 2Acos(a + Dk, cosg)] sin®

p(e, (b) = (1 n A)Q

(6.88)

Using this general expression for the radiation pattern, we will look at five specific cases. Remember
that A is the magnitude of the ratio dols/di17, « is the phase difference between the two dipoles, and D is
the spacing between the two dipoles.

Casel: A=1,a=0,and D =),/2 (equal amplitude dipoles, spaced )\,/2 apart, and radiating
in-phase)

The radiation pattern is

p(0, ¢) = [1 +1+2cos (%i—ﬂ cos¢>] sin?6/ (1+1)°

o

[+ cos(r cos ¢)]sin” 0 (6.89)

The pattern is shown below in Figure [6.12] Notice the two lobes oriented perpendicular to the x-axis, i.e.
perpendicular to the axis connecting the two dipoles.
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Figure 6.12: Radiation pattern with A =1, « =0, and D = X\,/2.

Case2: A=1,a=m,and D= ),/2 (equal amplitude dipoles, spaced )\,/2 apart, and radiating
180 degrees out-of-phase)

The radiation pattern is

p(0,¢) = [1+1+2cos <7r+ %i—wcosqﬁ)] sin?6/ (1+1)°

_ [1 — cos(m 0208 $)]sin” 0 (6.90)
This is shown in Figure Notice that now the lobes are oriented along the x-axis (parallel to the axis

connecting the two dipoles).

Case 3: A =1, a =m, and D = 3),/2 (equal amplitude dipoles, spaced 3)\,/2 apart, and
radiating 180 degrees out-of-phase)

The radiation pattern is
3\ 21

5 )\—cosqb)} sin?6/ (1+1)°

p(0,9) = [1—|—1—|—2cos (77—|—

_ 1- COS(SW;JOS ¢)] sin” ¢ (6.91)

The radiation pattern now shows six distinct lobes (Figure 6.14]).
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Figure 6.13: Radiation pattern with A =1, o =7, and D = \,/2.

Case 4: A =1, a = 7/2, and D = \,/2 (equal amplitude dipoles, spaced \,/2 apart, and
radiating 90 degrees out-of-phase)

The radiation pattern is

Ao 2T

_ T Do aT . 2 2
p(0,¢) = [1—{—1—1—2005(2 + 5 cosqﬁ)] sin“0/(1+1)

_ [ —sin(x (:208 ¢)] sin® 0 (6.92)

The pattern has two main lobes and one smaller lobe (Figure [6.13])).

Case 5: A =2, a=0, and D = ), (unequal amplitude dipoles, spaced )\, apart, and radiating
in-phase)

The radiation pattern is
2 . 9 9
p(0,¢) = |1+4+4cos )\o—)\ cos¢ | |sin“0/ (1 +2)

_[5+4 008(272)008 ¢)]sin” ¢ (6.93)

The pattern is shown in Figure [6.10
KLLL L LKL > >>>>>>
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Figure 6.14: Radiation pattern with A =1, a =7, and D = 3)\,/2.

EXAMPLE 6.1:

Agsume that you are using a two-dipole antenna array to transmit a 1 MHz AM signal. Both antennas
are 6 m tall. Dipole 2 is east of dipole 1 by a distance D. The current flowing in dipole 1 is Z; (¢) = 5 cos(wt)
A, and the current in dipole 2 is Z5(t) = 5 cos(wt +90°) A. What is the minimum spacing D (in meters) so
that no signal is broadcast to the east?

Solution:

We first set up a coordinate system that corresponds to the directions north, south, east, and west. We
are concerned with radiation along the earth’s surface, so we focus on the x-y plane (§ = 90°, see Figure
[61). For convenience, we choose east to be the +x-direction (¢ = 0°) and north to be the +y-direction
(¢ = 90°), as shown in Figure The phasor currents for the two dipoles are I; = 5 A and I, = 5e7™/2
A, which yields
_doly  (6) (572) L,

— =

dih (6)(5)

Ael®

From this we see that A =1 and « = w/2. Notice that the individual lengths of the dipoles do not matter,
only the ratio. The same is true of the current amplitudes. We are interested in the antenna pattern to the
east, so we substitute § = 90° and ¢ = 0° into the antenna pattern (Equation [6.8]), which then reduces to
{1412+ 2(1) cos[r/2 + Dk, cos(0°)]} sin® (90°)

B (1+1)°

p(90°,0°)

1 1
=3 + 5 cos(m/2 + Dk,)
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Figure 6.15: Radiation pattern with A =1, a = 7/2, and D = X\, /2.

where k = 27/A. This will equal zero only if cos(n/2 + Dk,) = —1. The solution for D then proceeds as
follows:

cos(m/2+2nD/X,) = —1

w/24+27D/A, = ... — 37, —m,m,37...
1/2+2D/Ao = ...—3,-1,1,3...

7T 315

2D ===, ==, =, —...
/Ao 27 27272
7 315

D === =, =
/Ao 4" 47474

Which value do we choose? Since D cannot be negative and we want the smallest possible distance, we

choose D/)\, = 1/4. At a frequency of 1 MHz, the wavelength in free space is A\, = ¢/f = 3 x 10%/10° = 300
m. Therefore the distance D in meters is

Ao 300
D= T 1 - 75 meters
The radiation pattern for A = 1, « = n/2, and D = X,/4 is shown in Figure [6.I8 Notice that all of the
radiation is confined in the -x-direction, which is to the west in our example. This type of pattern is called
a “cardioid.”
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Figure 6.16: Radiation pattern with A =2, a =0, and D = A,.

6.6 Important Concepts

Upon the completion of this chapter, you should be able to:

e Describe the difference between the scalar and vector potential, and why these potentials are introduced
in the electromagnetic field solution.

Understand the derivation of the inhomogeneous wave equations and the solutions to these equations.

For a single Hertzian Dipole:

— Derive the electromagnetic fields that are radiated by the dipole.
— Understand the difference between the “near-field” and “far-field” regions.

— Describe the fields and power flow in the near- and far-field regions.

Understand the concepts of radiator gain and radiation resistance.

Calculate and interpret radiation patterns.

Understand the calculation of radiation patterns for arrays of two Hertzian dipoles.
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Figure 6.17: Dipole array for Example 6.1.

05—

Figure 6.18: Radiation pattern for antenna array of Example 6.1 (A =1, a =7/2, and D = \,/4).

185



186



Appendix A

Derivations for Chapter 1
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A.1 The Average of the Cross Product of Two Vectors

Following is the proof that the average of the cross product of two vectors can be directly calculated from
their phasor representations. First, separate A(t) = Re{Ae/“!} into real and imaginary parts

A(t) = Re { (ER + j;11> [cos(wt) + j sin(wt)]}

= Ap cos(wt) — Arsin(wt) (A.1)

where Ar and A; are the real and imaginary portions of the vector phasor A, respectively. Likewise,
B(t) = Bgcos(wt) — Brsin(wt). The cross product is

A(t) x B(t) = {ZR cos(wt) — Ay sin(wt)} X [BR cos(wt) — By sin(wt)}

= (AR X BR) cos? (wt) + (/_11 X BI) sin?(wt)
_ % (An x Br + 47 x Br) sin(2wt) (A.2)
We have already shown that (sin(2wt)) = 0, so the average value of the cross product is simply
(A() x B(t)) = { (Ar x Br) cos’(wt) + (A x By ) sin(wt)) (A.3)

This relationship is further simplified by noting that (cos(wt)?) = (sin(wt)?) = 1/2, and that Ag, As, Bg,
and B; are constant vectors, so the time average reduces to

— — 1 /- - _ —
(A() < B(t)) = 5 (Ar % Br+4; x By) (A.4)
Now note the following;:

5 (4xB7) = 5 (An+aar) x5 (Ba-ib)

1 /- — - — 1 /- — - —
:5(ARXBR+AIXBI)+j§(AIXBR—ARXBI> (A5)
So the real part of 1(A x B*) equals (A(t) x B(t)), and therefore
_ _ 1 _ _*
<A(t) X B(t)> ~ Re {A x B } (A.6)
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Derivations for Chapter 2
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B.1 Time-Harmonic Form of Maxwell’s Equations

To convert Maxwell’s equations into time-harmonic form, note that the time-domain fields are related to the
phasor fields as follows:

E(T,t) =Re {Eew} , B(F,t) =Re {Bew} (B.1)
Substitute these into the curl equation V x &(7,t) = —9B(T,t)/0t:
V x & (?,t) =TRe {V X Eej“’t} =Re {—ijej“’t} (B.2)
so therefore
Re { (V x E —l—ij) eth} =0 (B.3)

This equation must hold for all time, so we have Re{V x E + jwB} = 0. At time t = t,+ m/2w the equation
yields

Re {V x Eel™/2eiwto +ijej”/26j“t°}

— Re {j (v % E +ij) eiwfv} —0 (B.4)

This equation also must hold for all time (any value of ¢,). In addition, for a complex number ¢ = a + jb,
we have Re{jc} = —b = —Im{c}, so it follows that

Im {v x E +ij} =0 (B.5)
Combining the restriction on the real part and the imaginary part then it follows that
Vx E+jwB=0 (B.6)

Analogous arguments are used to convert the remaining equations.

B.2 General Solution of the Helmholtz Equation

Substituting the phasor field £ = E,& + E,§ + E.Z into the Helmholtz equation and separating the x-, y-
and z-components, we obtain
V2E, +k’E, =0
V2E, + k*E, =0 (B.7)
V2E, +k’E. =0
To solve these partial differential equations, apply the method of separation of variables. Using the x-
component as an example, assume that the electric field component can be written as a product of three
functions f(z), ¢g(y) and h(z2), i.e.
Ey = f(x)g(y)h(2) (B.8)
Substituting this field in the Helmholtz equation for the x-component gives (02 f/dz%)gh + f(8%g/0y*)h +
f9(0%h/022) + k% fgh = 0 which reduces to
0*f 1 0%g 1 0%h 1
ZJ ZJ_ - 47 - Lk2—0 B.9
022 7@) 092 gly) | 02 h(a) (9
Note that the first term will be a function of z, the second a function of y, the third term a function of z, and
the fourth term is a constant. The only way that this relationship can be satisfied is if each term is equal to

a constant, such that
0%f 1 0%g 1 8%h 1
=k, —S—=-k, ——=—k> B.10
T T Bgl) . BhG) (310
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and k2 + k‘i + k2 = k2. The solutions to these equations are as follows:

f(@) = are™ k=" 4 ggeiha®
g(y) = bre=Tkvy 4 byedkvy (B.11)
h(z) _ Clefjkzz +Cerkzz

Remember that E, = f(z)g(y)h(z), so therefore
Ey = A1e RT3 4+ AyetiF T3 (B.12)

The first term is a wave propagating in the +4 direction, and the second is propagating in the opposite
direction. Similar solutions can be obtained for the y- and z-components, which can be combined to yield

E = Zhe_jg'? + Age—i_jg.? (B13)

Another way to find the solution is to show that E,e %7 is a solution of the Helmholtz equation.
Since solutions to partial differential equations are unique, this then proves the solution. First, divide the
Helmbholtz vector equation into 3 scalar equations: one for F,, one for E, and another for .. For example,
applying the x-component E, = Fy,e 7(F=2Tkyy+k-2) and evaluating

9 0? 02 02 ke otk u ke
VE, = (ﬁ Tar T @) Eype I heathyuthsz) (B.14)
yields )
VQEI — _ (kg + k; + kﬁ) Exoe—J(kmx+kyy+kzz) _ _kQEI (B15)
which means
V2E, + k*E, =0 (B.16)

Similar proofs are used for the remaining £, and E, components.

B.3 Orthogonality of Wave Vector and Electric Field

First, rewrite V- E as V - E,e /%7 where E, = E,4 + E,§ + E.2 is the amplitude of the wave. Then, we

have
V.E= <%@ + a%@ + %z) : (Eze—ﬂ'% + Ee R 4 Eze_jE'Té) (B.17)

and recall that k - 7 = k,z + k,y + k.y. Note that now E,, E,, and E, are no longer functions of position.
Evaluating the dot product then yields:
0 - 0

.E=—F,e™/
v ox c oy

E,e kT2

= —jkoEpe FT kB e ™R T — jk B eI T

= —j (ko + kyf + k2 2) - (Exe—jwjj n Eye—jE~?g 4 Eze—jE~72)

Pl
o

= —j (B.18)

and since in free space V - E = 0 it follows that

Therefore k and E are orthogonal.
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B.4 Plane Waves in a Good Conductor

In a good conductor, o/(we) > 1 and the propagation constant k. is approximated as

ke oty [—-Z = Vo Vo () =6 - ja (B.19)

using the fact that v/—j = (1 — j)/v/2. There are some details in this derivation that need attention. The
complex number —j in polar form is '
—j=e /2 (B.20)

and its square root is
e=iT/2 = £e I = 4 (1 - j) /V2 (B.21)

Which sign should we choose in this case? In this case, we must choose the sign of the imaginary portion to
be negative such that the wave attenuates. Therefore, the positive root is chosen.

B.5 Power Flow in Plane Waves

B.5.1 In a Lossless Medium

Assuming propagation in the z-direction, the complex Poynting vector can be written as

*

S.=ExH =E,e 7% x (ﬁoe—jkz) = B e ik x (ﬁoeﬂ'kz)

—E,xH, (B.22)

In addition, we know that H = (1/n)(k x E) where k = 2 for propagation in the z-direction. However, we

can factor out e~7** from each side to obtain H, = (1/1)(2 x E,). Therefore, the complex Poynting vector
can be expressed as
B, x 2 x FE,
n

For a lossless material the wave impedance is real and n* = 7. Also, 2* = 2 so the complex Poynting vector
becomes

(B, x (2 EZ)] (B.23)

1
n*

S, = L[B, x

/~
I3

s E)] (B.24)

9|
QI'—‘
U:JI

Using the triple-product identity A x (B (A-C) - C(A- B), we can write

C
S, = ) 2)] (B.25)

zlr—k
/_\

Since the electric field must be orthogonal to the direction of propagation, E, - 2 = 0. This expression then
simplifies to

Sc = |EO|2

n

(Eo : E) 5= 2 (B.26)

I |-

The time-averaged power flow is then
RS SRS W 07 RCIR BT Rl
<S> = ERe {SC} = iRe{ , Zp = 2 z (B.27)
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B.5.2 In a Lossy Medium

In a lossy medium, the time-average is still given by (S) = (€ x H) = $Re{S.}. Assuming propagation in
the z-direction, the complex Poynting vector is:

gc = E X H* = Eoeijkuz X (Hoeijk"'z) (B28)

We can write the complex propagation constant as k. = 8 — ja, so therefore we obtain

S. (Eoe*‘“e*jﬁz) X (Eoe*aze*jﬁz)

= (Eoe*aze*jﬁz) X (I_{:e*‘“e“ﬁz)
e—202 (Eo x HO) (B.29)
In a lossy material, the electric and magnetic fields are related by H = (1/7.)(2 x E) for propagation in

the z-direction, where 7. is the complex wave impedance. But, we can factor out e~/*<* from each side to
obtain H, = (1/n.)(2 x E,). Therefore, the complex Poynting vector can be expressed as

_ _ % - 2 E' * 2z o«
S, = e20%(B, x H.) = %[, x <Z xn o> 1= ¢ —— (o x (z x EO>] (B.30)
Using the triple-product identity A x (B x C) = B(A-C) — C(A - B), we can write
- e—2az - % % )
Se= Sl (Bo-B,) ~ Eo(Eo - 2) (B.31)

Since the electric field must be orthogonal to the direction of propagation, E, - Z = 0, and the expression
simplifies to

- o ok —2az E 2
Se=— (E E) 5= wz (B.32)
Ne Tle
The time average power flow is then:
o 1 - —2az Ev 2 1
(8) = sRe {8} = =2k Eolp L 5 (B.33)
2 2 ne
Letting 7. = |n.|e*7?, this can be rewritten as
- e—2az|E |2 1 e—2az|E |2
S> = > Re { . } 2= ——"""2% Re{cos(d) + jsin(p)} 2
< 2 || e77¢ 2 |ne|
e—2az|E0|2
= ————cos(¢)} (B.34)
TR
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Appendix C

Derivations for Chapter 3
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C.1 Reflection Coefficient from a Dielectric, Normal Incidence
Applying the boundary condition for the tangential electric field yields
E,+E, = E (C.1)

while applying the boundary condition for the tangential magnetic fields gives

FE;, FE. FE
o (C.2)
Mo Mo 2

Substituting E; from Equation [C.1]into Equation yields
E; E. 1

-— 4+ —= E,+E, C.3
T T ) (C.3)

(% . 1) B - (_% - 1) E, (C.4)

Solving for the reflection coefficient yields

Rearranging, we find

o B _ (C.5)
E;, me+n

To find the transmission coefficient for the electric fields, we use Equation [C.1] to find

ST TR (C.6)

T
E; E;

Then from Equation we have

— 2
1‘+1:772 770+772+770: 2 (C.7)

M+  N2+1M0 N2 + Mo

C.2 Surface Current at the Interface of a Perfect Conductor

From the text, the total current per unit width near the surface of a good conductor is

- O'QTEi N O'QEi 2775

Jtot = — = = ] C.8
tot ke Y ke o +7lcy (C.8)
But, recall that, for a good conductor,
ke~=1/64+j/6 and n.=(1+7) /002 (C.9)
Therefore,
1t5 1+j
. .- . 2B 2%, . . By 25
Js= lim Jit = lim ——2 = lim ——>— ¢
e T
. 2E; . 2F; .
= lim ———¢ = lim .
az—>oono+1&%y o300 ), + /%%y
2E; .
= 9 (C.10)

Mo

196



C.3 TM Reflection and Transmission Coeflicients

C.3.1 Derivation of Coefficients in Terms of Electric Field

For the TM case, the electric field reflection coefficients I'ryy and 77y are related to the magnetic field
coefficients 12 and 12, in the following way. Continuing the notation we have been using in Chapter 3, the
incident, reflected, and transmitted magnetic fields are

Hl-l— = Ale_jﬁlze_jmc:l) = Hie—j[ﬁze—jmc:g (C.ll)
H,_ = BieTihzeireg — [ etibrze—inzy (C.12)
Hyy = Age IP22eminey — g, e=iP2zeiray (C.13)

The incident, reflected, and transmitted electric fields are

Ei.=A <ﬂzg — _2) e IP1z =ik
we we

— 1 ~ K n . o
Ei_ =B B & ——2 ) eTihzeine
weéq we1q

= Bl771 <_&a¢; _ ié) eJrjﬁlZe*jmﬂ (C15)

k1 k1

— K . .
By = Ay <ﬁx - —z) e IP2zeminT

we9 we9
= Aonp @ﬁ ~ L) eifazeine (C.16)
k2 ko

In deriving the above expressions, we have used the fact that k/we = w\/1,€ /we = 1), and have written the
fields such that in the final expressions, the vector in parenthesis is a unit vector pointing in the direction
of the field vector (check for yourself that the magnitude is unity). Writing the fields this way reveals that
the amplitudes of the incident, reflected, and transmitted electric fields are E; = Ayn1, E,. = Bini, and
E; = Asns, respectively. Therefore, the reflection and transmission coefficients in terms of the electric field
are:

T T = C.17
™ B, A T12 ( )
Et Agﬂg 2 ny
T™M Ei A1771 m 12 o 12 ( )



C.3.2 Alternate Derivation of Reflection/Transmission Coefficients

It is instructive to derive the expression for 'ty and 7y by starting with the electric fields:
By = [Afe M50, 4 BfetiP2q_] emine (C.19)

and
By = [ASe %4 + BgetiPerq_| emine (C.20)

where 44 is a unit vector that is perpendicular the incident wave vector, kincident= K2 + 12, and 4_ is a

unit vector perpendicular to the reflected wave vector, krefiectea= K& — B12. Now matching the tangential
electric field and magnetic fields at the interface (at z = 0) it follows that

- ) () e

This relationship can also be written as

(;) - ﬁ ( FiM FiM ) (;‘z) (C.22)
where ;
T = 5 = (C.23)
and ; 2
T = Et - ﬁ (C.24)

C.3.3 Alternate Derivation of Coefficient Relationship

The relationship between the TM electric field reflection coefficients, I'ryy and 77y, can be obtained by
matching the tangential electric fields at the interface between the two media. Representing the amplitude
of the incident field as F;, the amplitude of the reflected field as E,, and the amplitude of the transmitted
field as Fy, then matching the tangential field components at the interface yields

FE;cosb; + E, cosy = E; cos by (C.25)
Substituting F, = 'ty E; and By = Ty F; and rearranging, we find

cos 6
1+T'tm = :
cos 01

Tt (C.26)

Next, using the trigonometric identity sin? @ + cos? # = 1, Equation [(.26] can be rewritten as

1—sin?0
14 Doy = Mﬁﬁw{ (C.27)
- 1

From Snell’s law, nq sin 61 = ns sin #5, which is used to derive the final form

1—sin?6; [n? n2
1+ Trm = | ———t | = Tom = T C.28
™ 1— Sil’l2 91 ng ™ ng ™ ( )

198



C.4 Derivation of Brewster’s Angle

From the condition for Brewster’s angle we have 531 = €132 which can be rewritten in terms of the tangential

wavevector component as:

EQ\/kgEl — HQ = 61\//(3362 — Iiz

Squaring both sides and rearranging we obtain

(e3e1 — eie2) k2 = (5 — €1) K2

€3e1 —eleg €162
2 5 = ko
€5 — &7 €1+ €2
We can write the tangential component in terms of the incident angle, 6p, as

Kk = ko+\/€15in0p

Equating the right-hand sides of Equations [C.31] and [C.32] and solving for sin#p we find

Solving for x we obtain

€2
€1+ &2

sinfp =

Since sin® f 4 cos? # = 1, we can also obtain the following:

. 1S €1
cos :\/1—s1n29 =,/1— =
B B \/ €1+ €2 \/€1+€2

Using Equations [C.33] and [C.34], we find

C.5 Power Conservation at an Interface (TE Case)
Equating the time-average, z-directed power at the interface yields

B — i|Trel|* = Re {83} [ Trel?
Substituting the expressions for I'rg and 77g yields

B1— B2 261
B1 + B2 B1 + B2

Since |z|? = zz* and 8; = 31, Equation can be rewritten as

1_(51—52) (ﬁl—@):R@{@} ( 201 ) ( 201 )
B+ B2) \Br+ 63 B B+ B2) \Br+ 53
Carrying out the multiplication and simplifying yields

BY + B1B2 + BiBs + BB — (87 — 1B — B1Bs + B283) = 4B1Re {535}

which simplifies further to

2

2
B1— B ZRe{@}‘

261(B2 + B3) = 451 Re {55}
Note that 2 + 85 = 2Re{05}, so that power is conserved across the interface.

199

(C.29)

(C.30)

(C.31)

(C.32)

(C.33)

(C.34)

(C.35)

(C.36)

(C.37)

(C.38)

(C.39)

(C.40)



C.6 Power Conservation at an Interface (TM Case)

Equating the time-average, z-directed power at the interface yields

— Bltml? = Re {83} [Trm?

Substituting the expressions for I'ry; and 71y yields

2
[en  2e961
= Re{p ‘
{02} €2 €2ﬂ1 +e152
Since |z|? = z2* and 8; = (1, Equation [C.42] can be rewritten as
1 (6251 - 6152) (6251 - 51@)
€261 +€1P2) \ €261 + €155

_ Re{b} (g) ( 26201 ) ( 2226 >
B1 €2 €21 + €12 g2 + €155
Carrying out the multiplication and simplifying yields

e30% +e1e2(B1B2 + B135) + €1 P25 — [e567 — e1e2(B1B2 + B1Bs) + 15253
=4e1e91Re{ B2}

€281 — 5152
g2 + €152

B1— B

which simplifies further to

2e18201 (B2 + B3) = 4der1e261Re { B2}
Note that [2 + 05 = 2Re{02}, so that power is conserved across the interface.
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Appendix D

Derivations for Chapter 4
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D.1 Propagation Constant of a Parallel Plate Waveguide

The propagation constant of the parallel plate waveguide can be written in terms of the cutoff frequency as
follows. The propagation constant for the m'™ mode of the parallel plate waveguide is

B = /2 = 12 = \Jk2 — (m/a)? = ki/1 = (1/k)? (mr/a)?

= ki\[1 = [mre/ (@2 f e = kiy/1 — [me/ Qayer )
N (D.1)
And since f = ¢/, it follows that

2 1= (e/N2)7 (/N = N3 /A2,, (D.2)

therefore the propagation constant can be rewritten as

B = ki1 = f2,,/2 =ki\J1=X2/N\2 (D.3)

D.2 Guide Wavelength in a Parallel Plate Waveguide

Using the results from the previous section, the wavelength in the z-direction is

v — 2_7r _ 2T
) 5777, ki \/ 1- 62,'rrz/f2
27 YN 0.4

- 277\/57\/1— 2.1 ) \/1 — femlf?

D.3 Phase Velocity in a Parallel Plate Waveguide

The phase velocity can also be rewritten in terms of the cutoff frequency/wavelength as follows:

w w wc
RN TR NI NI
_aE .

V1= Ten/1?

Using the result from Equation the phase velocity can be written as

W c/\/er _ c/\Er
Y VAR ST
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D.4 TE Helmholtz Equation in a Waveguide

The Helmholtz equation for the TE case in a dielectric waveguide is derived as follows. First, substitute the
field solution E = E,(x)e~75%§ into the wave equation V2E + k?E = 0. This yields

V2 [Ey(2)e P%] + K*[Ey(z)e 9P%] =0 (D.7)

Writing out the Laplacian operator we find

(@ + 8_y2 + ﬁ) (Eye_jﬁz) + k2 (Eye_jﬁz)

2 0? ; ; ;
(— + 7) (Bye™75%) + (—iB)? (Eye™3P%) + k2 (Bye7P%) =

= Vi (Bye %) + (K = 5%) (Bye ™) (D.8)
This is written compactly as
ViIE+ (k> —B*)E=0 (D.9)

D.5 Alternative TE Field Derivation in a Planar Waveguide

The field solutions for the TE modes of a dielectric planar waveguide may be obtained in an alternative
manner by returning to the bouncing wave picture shown in Figure [D.I] In each region, the bouncing
upward and downward waves are described by the equations

E, = Ae~ire=ibz (upward wave)

- e (D.10)
Eg4 = Aeti5re=382  (downward wave)

where A is an arbitrary constant. In the upper cladding region, there is only an upward travelling wave

Figure D.1: "Bouncing wave” picture of waveguiding in a planar dielectric waveguide. The upwards and
downwards fields are indicated by the subscripts “u” and “d’, respectively.

with k9 = —j~2 which leads to a decaying exponential starting at z = a/2.
E = Bye2@=a/2)=iBz (x> a/2) (D.11)
Similarly, in the lower cladding there is only a downward wave with ko = —jv2, which leads to
E = Byetre(@ta/2)g=ifz (z < —a/2) (D.12)
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In the core, both an upward and downward traveling wave exist. Taking z = 0 as a reference point, the
difference in phase, Ay, between the upward and downward travelling waves at = 0 should be one-half of
the total round-trip accumulated phase, which is 2wv. The phase difference at x = 0 can then be written as
Ap = 2mm for even values of v, or Ap = (2m + 1)x for odd values of v, where m = 0,1,2,3.... In order to
retain the symmetry about x = 0, we apply half of the phase difference to the upward wave and half of the
phase difference to the downward wave. Therefore, for even values of v the total field in the core is

Foven = Eue_jA‘P/Q + Ede+jA<p/2

:Ae*jﬁl’efjﬁze*jﬂ'm_’_AeJijﬂEe*jﬁZeJrjﬂ'm

=+ (Ae 7" + AetIr") 7P = £2 A cos(kx)e P* (D.13)
For odd values of v the total field in the core is

Eouq = Ey e 78912 L By etite/?
= AeIrTemIBzemimmeIT/2 | potinee=ifBzetimmotin/2
. (jAe’j’”’ _ jAe”"“”) e 987 — 494 sin(/m)e*jﬁz (D.14)

These are exactly the field solutions for the core region given in the text, taking into consideration the
arbitrary normalization constant +2A.
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Appendix E

Derivations for Chapter 5
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E.1 Alternate Derivation of Group Velocity in a Plasma

An alternate method for deriving the group velocity is as follows. Begin with the propagation constant of a
wave in a plasma

kp =

w=/c?k2 + w2 (E.2)

Differentiate Equation [E.2] with respect to kj:

dw 1,455 o\ —1/2 9 021%2)
vy = d_kp =5 (c k, +wp) (2¢’ky) = ¢ 7021%2, e (E.3)

Then simplify this result by substituting &, from Equation [E] to obtain

oy \/1 ) (E4)
Vg=¢C| = =c\/1— .
’ (w? —wp) +wj w?

E.2 Group Velocity in a Parallel Plate Waveguide

1
- w? — w2 (E.1)

Solve the expression for w

We begin with the expression for the propagation constant derived in Chapter 4, and solve for w:

= NG 32, + (mm/a)? (E.5)

Assuming that &, is not a function of frequency, the group velocity of the m*™ mode is then

dw c 1 2 2 —-1/2 c Bm
Vgm = 72— = —=15 B + (m7/a) (26m) = —= (E.6)
g dﬂm Er 2 { } Er B}gﬂ + (m?T/a)2
Now we use the fact that 82, + (mm/a)? = 32, + k3 = k? to write
¢ S _ Bn ©n

v m = — =
o = e R ek
where k1 = w\/fipe. Also in Chapter 4 we found that 3, = ki1\/1— f2,,/f* (see Appendix D), so this

leads to
ckiy/1— f2,,/f? c
: (E.8)

Vg,m = \/gkl = \/5 1- fgm/fQ
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Appendix F

Derivations for Chapter 6
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F.1 Approximation of 1/R,
In order to determine an expression for the dipole moment of two charges, we must develop an approximate

expression for the distance to the charges. As an example, we consider the approximation of R, the distance
from the observation point to the positive charge.

Observation Point

zZ
Vo
d
— .".
2 e “”0
d ] ‘\.“.
" { *
= cos(B) K X

—

Figure F.1: Two static charges separated by a distance d. The separation between the charges is assumed
to be much larger than the distance to the observation point.

From Figure [F.1] we see that
d
Ry ~ (r — 5 cos 9) (F.1)

In our expressions for the scalar potential, we require the inverse of Ry, i.e.

1 d o d -
—_— - = =—|1-—= F.2
R, (r 5 COS 9) . ( 5 €08 9) (F.2)

Assuming that d < r, then 2% cosf < 1. Defining § = 2% cosf, we can use the power series expansion:
(1—=6)""=140+02+0+..~1+0 (F.3)

which yields the approximation

~
~

1
+ T

(1+06) = % (1 + %Cos@) (F.4)

A similar approach is used to determine an approximation for 1/R _.
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F.2 Inhomogeneous Vector Wave Equation
Substitution of the vector potential V x A = u,H(T,t) into Ampere’s law yields

- oE —
V x (V X A) = uoeoa + poJ (F.5)
We have previously defined

OA(T,t)

— VO(F,t) = E(F,t) + g (F.6)
We rearrange Equation [E.6] to solve for £ and substitute into Equation [F-5] to yield
_ %) A =
= Moo, | — b - — o
Vx(VxA) L€ (%( v at>+“‘7
- 0P 92A
= poJ — /J/OEOVE - HOEOW (F7)
Using the vector identity V x (V x A) = V(V - A) — V2 A, we find
_ _ ~ 0P >*A
. _— 2 f— r p— —_— —_—
v (v A) V2A = 1o (7,8) = ooV 57 = Hofo 5 (F.8)
This is then rearranged to yield
- 9?A _ - 0P
2
— loEe = —u, . oEo— F.
VA Hofo g3 uj—kV(V A—i—uaat) (F.9)
We are free to choose the divergence of A, so for convenience we choose
- 0P
V- A= _/,1/0505 (FIO)
which is known as the Lorentz gauge. Applying the Lorentz gauge, Equation reduces to
— 2 A —
V2A = piogo—o = — o (F.11)

ot?
which is the inhomogeneous vector wave equation.
F.3 Inhomogeneous Scalar Wave Equation

To derive the inhomogeneous scalar wave equation, we rearrange Equation to solve for £ and substitute
into Gauss’ law to yield

AN _ p
v - ) =22 F.12
v < v ot ) €o ( )
We can then rewrite the left-hand side as
V-(—V@—E>_—V¢—&(V-A). (F.13)
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Using the Lorentz gauge (V - A = —p,6,09/0t), we find

0 - 0%d
& (V . A) = _HOEOW (F14)
Then Equation [E.12] reduces to
V20— e, L2 P (F.15)
HofoTgz = o '

which is the inhomogeneous scalar wave equation.

F.4 Scalar Potential of an Isolated Oscillating Charge

Assume an oscillating charge ¢(t) = g, cos(wt) located at the origin (in free space). We wish to demonstrate
that the following scalar potential

o = %e_jkor (F16)

is the solution to the inhomogeneous scalar wave equation (Equation [F15) in phasor form:

V20 + w2 e, ® = - (F.17)

o
Demonstration of this will take two steps. First, we will show that Equation [F.17] is satisfied everywhere

except the origin. The charge only exists at the origin, so everywhere except the origin Equation [F.17]reduces
to

V20 + wiiioe,® = 0 (F.18)

In spherical coordinates, the Laplacian can be written as

2 2 1 2 1 2
veo 020 1O cosf 0 10 (F.19)
or2  ror  r2gin®00¢%  r2sinf b  r2 962
Evaulating the first term of Equation [E.1§] yields
0 290 q ,
v2q) _ (=2 Y 40 —jkor
(87“2 * r8r> <47r50re >
% k2 g2k, 2 2 (—jk, 1 jkor
4#50{ 7“+7“2 +r3+r r ) f°
do k'g —jkor
- _ Ro o F.20
dme, T € ( )
Equation [E.18 then becomes
do 2 2\ —jkor
o€o — k JRel = F.21
dme,r (hoe o)e 0 ( )

Which is true since kg = wQuoeo in free space.
The next step is to verify that Equation is satisfied at the origin. We integrate Equation in
the neighborhood of » = 0 over a small spherical volume of radius r centered on the origin:

28 + wlpe, __ Pv )
Z(vqwr [oo®) AV {( )dV (F.22)

€o
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In the limit where r is small, the integration of the second term on the left-hand side gives no contribution,
since

lim (w2u050<1>) dV = w2uo€o lim /<I>dV
r—0 r—0
1% 1%

goe ke " goeHe"

2 . 2 . 2
= oo 1 dv = oo 1 4 d
wuerli%/ dme,r wMEr%O 47T507“(7Tr)r
v
= wliogo 111%/ re kT dr = 0 (F.23)
i 0

Integration of the first term on the left-hand side is done using Gauss’ theorem (refer to Chapter 1) to
convert the volume integral to one enclosing a surface:

/V2<I>dV= /V-VcI)dV = 7qu>-d§ (F.24)
1% S

Since the scalar potential varies only in the 7-direction, V® = 0®/0r and the surface integration yields
simply the surface area of a sphere of radius r, and therefore

- 0P 0 q .
] - =4 2= =4 22 10 —jkor
%V ds s - (ngore )
S
qo 2 a eijkor (Io . —jkor
= E—T E T = 5‘_ (—jkor — 1) e (F25)
o o

Since the charge is located at the origin, the volume integral on the right-hand side of Equation [F.22] yields

- / (’E’—> dv = —g—:’ (F.26)
Vv

Therefore, as 1 — 0 Equation [F.22] reduces to

o (—jkor — 1) e ker = b

o 6\O

(F.27)

which is indeed satisfied for 7 = 0. We then conclude that the scalar potential given in Equation [F.16]is a
solution to the inhomogeneous scalar wave equation for an oscillating point charge at the origin.
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Appendix G

Glossary of Commonly Used Symbols
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Following is a summary of important symbols used throughout the text. Also presented in parentheses is
the chapter in which the symbol was first introduced.

a: The width of the guiding region in a parallel plate or dielectric planar waveguide, or the width in the
x-direction of a rectangular waveguide (Chapter 4).

A(F): A vector field, which is a field that has a magnitude and direction at every point in space (Chapter

1).

«: The attenuation constant of a wave, which is the imaginary portion of the propagation constant. The
attenuation constant has units of Np/m (Chapter 2).

b: The normalized propagation constant in a dielectric planar waveguide, or the width in the y-direction of
a rectangular waveguide (Chapter 4).

B(7,t), B(T): The magnetic flux density in time-domain and phasor form, respectively. The magnetic flux
has units of T (Chapter 2).

B: The z-component of the wave vector, with units of rad/m (Chapter 3).
c: The speed of light in a vacuum. ¢~ 2.998 x 10® m/s (Chapter 2).

D(7,t), D(F): The electric flux density in time-domain and phasor form, respectively. The electric flux has
units of C/m? (Chapter 2).

V: The gradient operator, defined as V = a%i‘ + 8%@ + %2 (Chapter 1).

§: The skin depth, which is the depth at which the electric field decreases to e™! of its initial value in a
lossy medium (Chapter 2).

E(T,t), E(T): The electric field intensity in time-domain and phasor form, respectively. The electric field
has units of V/m (Chapter 2).

e: The electric permittivity, with units of F/m. In free space, ¢, = 8.8542 x 107'2 F/m (Chapter 2).
er: The relative permittivity with respect to free space, defined as e, = £/e, (Chapter 2).

fei The cutoff frequency of a waveguide mode, which is the lowest frequency at which a particular mode
can propagate without loss. The cutoff frequency has units of Hz (Chapter 4).

7: The wave impedance of a medium, with units of 2. The wave impedance of free space is 1, =~ 1207 ~ 377
) (Chapter 2).

1g: The waveguide impedance of a mode, defined with respect to power flow in the z-direction. The
waveguide impedance has units of Q (Chapter 4).

I": The electric field reflection coefficient, defined as the ratio of the reflected field amplitude to the incident
field amplitude (Chapter 3).

T'yp: The electric field reflection coefficient between two dissimilar waveguide sections (Chapter 4).
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H(7,t), H(T): The magnetic field intensity in time-domain and phasor form, respectively. The magnetic
field has units of A/m (Chapter 2).

J(7,t), J(T): The electric current density in time-domain and phasor form, respectively. The electric current
density has units of A/m? (Chapter 2).

Js(7,t),Js(7): The surface current at an interface between two media in time-domain and phasor form,
respectively. The surface current has units of A/m (Chapter 3).

k: The wave vector, which points in the direction of propagation and is defined as k = kk (Chapter 2).

k: The magnitude of the wave vector, with units of rad/m. In free space, k, = w /o€, = w/c = 27/,
(Chapter 2).

k: A unit vector in the direction of wave propagation (Chapter 2).
k: The x-component of the wave vector, with units of rad/m (Chapter 3).

A: The wavelength of a wave in space, with units of m. The wavelength in free space is signified by the
symbol )\, (Chapter 2).

Ae: The cutoff wavelength of a waveguide mode, which is the largest wavelength at which a particular mode
can propagate without loss. The cutoff wavelength has units of m (Chapter 4).

m: The mode number in a parallel plate waveguide, or the mode number in the x-direction in a rectangular
metallic waveguide (Chapter 4).

w: The magnetic permeability, with units of H/m. In free space, y, = 47 x 10~7 H/m (Chapter 2).

n: The index of refraction of a medium. Defined as n = /g, (Chapter 2). Also represents the mode number
in the y-direction in a rectangular metallic waveguide (Chapter 4).

f: A unit vector that is normal to a surface of integration (used in Gauss’ Theorem) (Chapter 1).
fig1: A unit vector pointing from region 2 to region 1 at an interface between two media (Chapter 3).

neg: The effective index of a waveguide mode in a dielectric waveguide. Defined as neg = (/k, (Chapter
4).

v: The mode number in a dielectric planar waveguide (Chapter 4).

p(0,¢): The radiation pattern of an antenna, defined as the gain normalized to have a maximum value of
unity (Chapter 6).

®(7): A scalar field, which is a field that has only a magnitude at every point in space (Chapter 1).
7: The position vector. In Cartesian coordinates, T = x& + yij + 22 (Chapter 1).
R: The power reflectance, which is the ratio of reflected to incident power at an interface (Chapter 3).

r12: The reflection coefficient in the matrix formulation. It is with respect to the electric fields for the TE
case and with respect to the magnetic fields for the TM case (Chapter 3).
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ps(7,t), ps(T): The surface charge at the interface between two media in time-domain and phasor form,
respectively. The surface charge has units of C/m? (Chapter 3).

pu(7,t), puy(T): The electric charge density in time-domain and phasor form, respectively. The electric charge
density has units of C/m?® (Chapter 2).

(S): The time-average power flow per unit area, with units of W/m?. Defined as (S) = (€ x H) = $Re{S.}
(Chapter 2).

S.: The complex Poynting vector. Defined as S. = E x ITI* (Chapter 2).
o: The conductivity of a medium, with units of S/m (Chapter 2).

T: The period of a wave in time (Chapter 2). Also represents the power transmittance, which is the ratio
of transmitted to incident power at an interface (Chapter 3).

T: The electric field transmission coefficient, defined as the ratio of the transmitted field amplitude to the
incident field amplitude (Chapter 3).

t12: The transmission coefficient in the matrix formulation. It is with respect to the electric fields for the
TE case and with respect to the magnetic fields for the TM case (Chapter 3).

TE: Transverse electric polarization, which means that the electric field is perpendicular to the plane of
incidence. Also called “perpendicular polarization” (Chapter 3).

TM: Transverse magnetic polarization, which means that the magnetic field is perpendicular to the plane
of incidence. Also called “parallel polarization” (Chapter 3).

Op: Brewster’s angle. At 6p, the TM reflection coefficient is zero (Chapter 3).
0.: The critical angle. If n; > ng, then beyond 6. total internal reflection (TIR) occurs (Chapter 3).
V: The normalized frequency (or “V-number”) in a dielectric planar waveguide (Chapter 4).

vg: The group velocity, which is the velocity at which the envelope of an electromagnetic pulse travels. The
group velocity has units of m/s (Chapter 5).

vp: The phase velocity, which is the velocity at which a particular point on a wave moves. The phase
velocity has units of m/s (Chapter 5).
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