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Two dual controller design methods are proposed for linear, time-invariant, multi-input
multi-output systems, where designs based on a reduced order plant robustly stabilizer higher
order plants with additional poles or zeros in the stable region. The additional poles (or zeros)
are considered as multiplicative perturbations of the reduced plant. The methods are tailored
towards closed-loop stability and performance and they yield estimates for the stability
robustness and performance of the final design. They can be considered as formalizations of
two classical heuristic model reduction techniques. One method neglects a plant-pole
sufficiently far to the left of dominant poles and the other cancels a sufficiently small stable

plant-zero with a pole at the origin.

1. Introduction

Controllers stabilizing a complex plant and achieving a
specified performance are usually at least as complex as
the plant itself (Zhou ef al. 1996). Both the computation
and the implementation of such controllers are serious
issues to be dealt with in control system design. There
are two main approaches for simplification of the design
process: (i) the first is to design the high-order controller
and then to approximate it with a low-order one within
an acceptable loss of performance; (ii) the second is to
reduce the order of the plant model with the prospect
that a low-order model will lead to a low-order
controller. The drawback of the first approach is that
the high-order controller computation problem is not
avoided. Hence, there are various efforts to reduce the
computational burden as in (Varga 2003) and the
references therein. An alternative to (i) is to seek to
minimize a closed-loop performance index by a fixed
order controller (Ly 1982, Bernstein and Hyland 1985);
however, there are many issues to be better understood
in such methods as discussed in Anderson and Liu
(1989). For the second approach, the main drawback
is the difficulty in quantifying the loss of closed-loop
performance. This is because a satisfactory approxima-
tion of the plant model requires some knowledge of the
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controller in advance, and an acceptable low-order
controller cannot be calculated unless the plant model
is specified (Enns 1984). Hence, (ii) can only be used in
an iterative scheme, where a reduced plant model is
obtained, a controller is designed, performance is
evaluated, and these steps are repeated until a satisfac-
tory closed-loop system is obtained.

This paper proposes two dual methods of controller
design for reduced order linear, time-invariant, multi-
input multi-output (MIMO), stable or unstable systems
in the general frame-work of approach (ii) above. The
first method neglects poles sufficiently far from domi-
nant poles in the stable region, and the second method
reduces the plant order by canceling a zero near the
origin with a pole at the origin. The proposed methods
come with performance bounds on the closed-loop
sensitivity and complementary sensitivity matrices and
are iterative in nature. The main idea is based on
perhaps the oldest heuristic reduction techniques
covered in classical control textbooks (Rohrs et al.
1993, Kuo 1995, Ogata 1997), where controllers are first
designed for reduced order plants with the “‘insignif-
icant” poles deleted or for reduced order plants obtained
by deleting a zero “close to the origin” together with a
pole at the origin. These two seemingly contradictory
methods were shown to be dual model reduction
methods in Ozgiiler and Giindes (2002). Here, they are
formalized as systematic control design methods with
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emphasis on closed-loop performance as well as
stability. The main results explicitly define regions
such that controllers designed for reduced order plants
are guaranteed to stabilize higher order plants with poles
(or zeros) in these regions while ensuring an acceptable
performance. The advantage is that only the lower order
model needs to be known explicitly so that stabilizing
controllers can be designed. The poles (or zeros) for the
higher order model need not be known, since the
controller designed for the lower order model guarantees
stability based on regions, not specific points.

Model reduction methods, whether they are used for
the purpose of simulation or control, are developed in
many different disciplines and are surveyed in Al-Saggaf
and Franklin (1988), Anderson and Liu (1989) and
Antoulas et al. (2001). Computationally attractive
methods such as Padé, modal, or continued-fraction
approximations or moment matching methods generally
have no guaranteed stability/performance. The balanced
realization method (Moore 1981), the Hankel norm
approximation method (Adamjan ez a/. 1971, Kung and
Lin 1981, Glover 1984), and the g-covariance equivalent
method (Yousuff ez al. 1985) are among rigorous model
reduction methods that come with some kind of a
performance criterion. The closed-loop performance of
such order reduction methods when used for the
purpose of control system design was studied recently.
For example some performance bounds for the coprime
factor controller reduction method of Anderson and Liu
(1989) are given in Enns (1984) the frequency weighted
balanced reduction method of Enns (1984) is combined
with Anderson and Liu (1989) in (Liu et al. (1990)
(see also (Varga 2003)). An interesting but heuristic
study of closed-loop balanced reduction is that of
Wortelboer et al. (1999), where an iterative procedure
for plant and controller reduction in a closed-loop
configuration is proposed.

Our main results apply to linear, time-invariant,
MIMO continuous-time systems; they apply to
discrete-time systems with minor modifications. A
narrative description of the proposed order reduction
methods and comparisons with some alternative
approaches are in §2. Section 3 contains the main
results (the dual Theorems 1 and 2) and several
illustrative examples. Concluding remarks are given in
§4. Preliminary versions of these results were presented
in Ozgiiler and Giindes (2003).

The following notation is used: S denotes stable
proper real rational functions of s (real-rational H,,
functions); M(S) denotes matrices whose entries are in
S; U € M(S) is unimodular iff U~! € M(S); R, denotes
proper and Rg denotes strictly-proper rational functions;
M(Rp) and M(R,) denote matrices whose entries are in
R, and Rg, respectively; R, C, C_ denote real, complex,
and left-half plane complex numbers. The H,,-norm of

a matrix M(s) € M(S) is denoted by M(s) (i.e., the norm
Il is defined as [[M]| = sup, g 0(M(s)), where &
denotes the maximum singular value and o/ denotes
the boundary of the extended closed right-half-plane ).
For simplicity, we drop (s) in transfer matrices such
as G(s).

2. Preliminaries

In this section, we describe the proposed methods of
designing controllers based on reduced order versions of
the plant, and provide a brief comparison with standard
robustness approaches. We consider a high-order plant
G, and a low-order version G; obtained from G, either
(a) by deleting some of its poles, or (b) by cancelling
some of its zeros by its poles at the origin (in such poles
exist). Our goal is to answer the following questions.
Let H; be a stabilizing controller for G,, Can we put
limitations on the performance of H; in the closed-loop
system (G,, H)) such that it is also a stabilizing controller
for G,? If so, can we estimate a bound on the
performance of (G;, H))?

Theorem 1 of §3 deals with case (a) above. It shows
that if H, is a stabilizing controller for C, and achieves
a sufficiently quenched complementary sensitivity func-
tion for the closed-loop (G,, H)) at high-frequencies, then
H, also stabilizes G, and achieves a complementary
sensitivity with similar high-frequency characteristics for
the closed-loop (G, H)). A lower and upper bound on
the H..-norm the sensitivity of (G, H,) is also derived in
Theorem 1. Theorem 2 deals with case (b) above. It
shows that if H; is a stabilizing controller for G, and
achieves a sufficiently quenched sensitivity function for
the closed-loop (G, H)) at low-frequencies, then H, also
stabilizes G, and achieves a sensitivity with similar low-
frequency characteristics for the closed-loop (G,, H)).
A lower and upper bound on the H,-norm of the
complementary sensitivity of (G,, H;) is also derived in
Theorem 2. In both cases, the crucial question of
whether G, admits a stabilizing controller with a good
enough closed-loop performance can be settled by
solving a standard H..-optimization problem as detailed
in Remarks 2 and 8 in §3.

In both (a) and (b), the high-order plant G, can be
regarded as a multiplicatively perturbed version of G,
since it can be expressed as G, = (1 — A)G, for a stable
transfer function A satisfying A=1. Although the
stability aspect of the order reduction problem can be
approached via the existing standard robustness results
such as those in Doyle and Stein (1981) there are two
problems  with  this  perturbation  approach.
Let T)=G,H(I+ G,H)~" be the complementary sensi-
tivity matrix associated with (G,, H;. By Doyle
and Stein (1981) (also Anderson and Liu (1989)),
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H, stabilizes G,, if ||AT;|| < 1. First, since |A] =1 is
independent of insignificant poles/zeros, writing
IAT < 1A 1Ty = 1Tl < 1 simply says that closed-
loop stability is guaranteed regardless of the candidate
insignificant poles/zeros if ||7}|| < 1. This path does not
lead to identifying insignificant regions for stability. The
second problem is a technical one: A main assumption in
Doyle and Stein (1981) is that G, and G}, have identical
residues at the imaginary-axis poles. This assumption is
not being made in this paper when we consider case (b)
(the multiplicity of the pole at the origin is different in G,
than in Gy,) so that results from perturbation approach
are not directly applicable to case (b). Therefore, to use
a perturbation approach even for assessing closed-loop
stability, some modification of the standard robustness
results would be needed.

3. Main results

This section is organized as follows: We first define
various quantities that are used in the statements of the
main results. In §3.1, Lemma 1 gives a controller
synthesis procedure based on significant poles focusing
on closed-loop stability only. In Theorem 1, this
procedure is extended to cover both closed-loop
stability and performance. Lemma 2 and Theorem 2
in §3.2 state dual results for insignificant zeros. The
case of complex conjugate pairs of polex/zeros is
significantly more involves than the real poles/zeros.
Corollary 1 in §3.1 shows that constraining the
candidate insignificant poles to the real-axis results in
considerable simplifications.

Let —¢; € C_ and define

a;:=Re(l/€) <0, b; = [Im(1/€)| = 0,
m; = |1/e;] = (a? + b))V, (1)

Let Ag:=0. Fori=1,...,p, define A; € S by

1
I—A,' = ,
€s+1

1
a (G[S + 1)(E_[S + 1)’

EjGR,

I—Al’: Ei¢[R~ (2)

Consider p; real numbers ¢ € R, and pr=p—p;
complex-conjugate pairs ¢€;, €; ¢ R. Let

€;

2al/m12

/Lu d
G. Y
H o i

Figure 1. Unity-feedback control system.

It is assumed that the indices {1,...,p) of ¢, € C are
ordered such that r; > r; ;. Define

M; =max{a;, b}, q;i:= |1 — Aill = (M;/a; + a;/M;)/2.

“4)
Obviously, when ¢; € R, ;=0 implies M;=a;, ¢;=1;
otherwise, ¢;=1 when a@;>b; and ¢, = (a?+b?)/
2a;b; > 1 when b;>a;, For ke{0,...,0—1}, and
k+1<i<p, define Ry; as

il
Ri=ripi+ > 15 [] a- )
j=k+2  l=k+1

Now let Al-(s) = Af(1/s) so that Ag=0 and for
i=1,...,p, A;is defined by

1—Aizl—Ai(l/S):e/s_Fl:i, El'ER,
~ 1
I=ai=1 _Ai(l/s):(e,'/s+1)(El-/s+1) ©)
S2
“Gracte

If ¢, € R, then 1 — Ay s) has a pole at —1/¢;, Under
the transformation s— s~', the dual term
I/[1 —A(l/s)]=1+4¢;/s has a zero at —e¢;. It is easy to
see that with r;, ¢; as in (3) and (4),

- A; -
lsBil =[] =re M-Al=11-Ad=g. @

3.1 Insignificant poles

Consider the unity-feedback system shown in figure 1.
Let G e M(R,) be the plant’s transfer matrix,
H e M(R,) be the controller’s transfer matrix. Let
G=ND"' be a right-coprime-factorization (RCF),
H = D_'N, be a left-coprime-factorization (LCF) over
S. Let A; be defined as in (2). For i=1,...,p,
suppose that IT°_, (1 — A;)I is a multiplicative perturba-
tion on the plant G. Define Gy:= (1 — A¢)G =G,

GiER,

g¢ R, m?<4dd(V2-1), 3)

\/2[m,-(mf + 8(1%)1/2 —(m? +2a?) € ¢ R, ml2 > 4a,2(\/§ —1).
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Ny :=(1 — Ag)N = N, and G;, N; as

i
G[ = (1 — A,‘)Gl‘_l = Gl_[(l - A_/)a
j=1

Nii=(1—=A)Niy =N - Ay, ®)
Jj=1

where, for k=0,...,0—1, k+1<i<p,

i i j—1
I1 (l—Ae)zl—[Ak+1+ o1 (1—Az):|

{=k+1 J=k+2 (=k+1
— 11—, 9)

Clearly, G;=N;D~" is an RCF of G,. For i=1,...,p,
with G; as the plant in the unity-feedback system, the
sensitivity ~ function S; (i.e., the input-to-error
transfer-function) and the complementary sensitivity
function 7;=1—S; (i.e., the input-to-output transfer-
function) are

Si=(I+GH)™,

We start formal statement of the results with Lemma 1,
which in its simplest form states that if H stabilizes a
plant G and if —1/e < —||sGH(1 + GH)™"|, then H also
stabilizes the higher order plant G/(es+1). In other
words, if the plant to be stabilized is G/(es + 1), then the
controller H designed to stabilize the lower order plant
G also works for the original plant. The insignificant
pole at s= — 1/e need not be known explicitly; any pole
satisfying the norm bound can be in the higher order
model. A similar conclusion was stated in Smith and
Sondergeld (1986) but only for scalar plants with stable
controllers; it was also independently used in Giindes
and Kabuli (2001) to establish a simultancous stabiliza-
tion result. This lemma can also be proved as a corollary
to the result in Doyle and Stein (1981). In Lemma 1,
it is assumed that G, H is strictly-proper, equivalently
T = GH(I+ G H)™' € M(Ry), Si(oo) = I. For k>1,
1 — Ar € Ry implies G H = (1 — Ap)Gr_1H € M(Ry);
hence this assumption is automatically satisfied. For
k=0, GH € M(Ry) if G € M(Ry) or H € M(Ry). Any
controller H = D;'N, stabilizing G=ND"' can be
modified easily to make it strictly-proper using

T;=GH(I+GH)™".  (10)

H =[(I+ BN.N)D.]"'(I — BD.D)N.,, (11)

where B := (D.D)(c0)”'. Therefore, there is no loss
of generality in assuming GiH € M(Rg), with the
controller chosen strictly-proper as necessary.

Lemma 1: Suppose that H is a stabilizing controller for
the plant Gy for some k€ {0,...,p—1}, where
G H € M(Ry). If

ri < |IsTio ™', fori>k+1, (12)

then the same H stqbilizes the higher order plants
Gi=1-2A)Gi1 =Tj_; (1 = A)Gy.

Lemma 1 justifies and generalizes to the MIMO case
methods in which a stabilizing controller is determined
by neglecting the insignificant poles in a loop-gain
transfer function and performing the design on the lower
order approximation G. The terms that are discarded are
such that the low-frequency gains G(0) and G.(0) in (8)
are the same. Based on condition (12), a real pole at
— 1/¢; of (8) is insignificant if —1/¢; < —||sT;_]|, i.e., if it
is sufficiently far from the origin in the left-half complex
plane. A complex-conjugate pair of poles ¢;, €; that has
— 1/r; to the left of the line at |s7;_;||, would be
guaranteed as insignificant. The condition (12) (as well
as the condition (13) in Theorem 1 below) requires a
“high-frequency performance” from H (see Remark 1
below). This is reasonable to expect since if a controller
is highly robust at high frequencies, then it can also
tolerate as high a ““disturbance” as the introduction of
an extra pole at those frequencies to the plant. The
definition of an insignificant pole obviously depends on
the controller choice due to dependence of ||sT;_|’s on
the controller H. Theorem 1 incorporates closed-loop
performance to Lemma 1.

Theorem 1: Let H be a stabilizing controller for the
plant G, for some ke{0,...,p—1}, where
GiH € M(Ry). For k+1<i=<p, let Ry; be as in (5) and
;= IsTicll. If Ry < IsTill ™", e, if

IsTyll = (Rip +8)~" (13)

for some § > 0, then for k+ 1 <i< p, the same controller

H also stabilizes G; = (1 — A)Gi—| = H;Zkﬂ(l — Ay)Gy.
Furthermore, ||sT;|| satisfies

. —1
IsTil| < (R,-p+a I qz‘) , (14)

l=k+1

and the following sensitivity and complementary sensitiv-
ity bounds are achieved:

(1 + ) ISl < 1Sil < (1= rie) ™ 1Sl
(1 + Regoge ) ISkl < IS0l < (1 = Ryerry 1) 1Sk,
(15)

(14 r) (1T | = i) < |1 Till < (1 — riay) ™"
x minf{ (|| Ty—1 [l + riet) gil Ti—1 I}
(1 + Rejoe1) " (1Tl — Ryiog1) < 1Tl < (1 — Ryjrgesr) ™
scmind | Tell + Ry 1, I Tl T get-
O=k+1

(16)
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Condition (13) simplifies considerably when all candi-
date insignificant poles are real.

Corollary 1:  Suppose that all €; € R for k+1<i<p.
Under the assumptions of Theorem 1, if there exists a real
8 > 0 such that

-1
P
IsTxll = ( > ej+6) : (17)

J=k+1

then the same controller H also stabilizes G, k+1<i<p,

and satisfies ||sT;| < (Zf:[+1 6+8)".

Remark 1: Condition (13) is a high-frequency perfor-
mance requirement on the plant Gy. In the scalar case,
this  condition is equivalent to  sup,.q || x
| Ti(o)l < 3+ Ri,)™',  which  implies  |Ti(jo)| <
(a)(<3—+-Rkp))_1 for all w>0. This means in particular
that |Ti(jw)| <1 for all @ > R;,. By Theorem 1, a
similar performance holds true for each plant G,
i € [k+1,p] stabilized by the same controller. If G;
has a pole in the open-right-half plane and its associated
complementary sensitivity function 7; has small magni-
tude over some frequency range, then its H,,-norm must
necessarily get large (Francis and Zames 1984, § V). The
bounds in (16) show that |7, nevertheless remains
bounded by a multiple of ||7%| and |sTx| (similar
comments apply to ||S;]])). In the MIMO case, (13)
implies o(Tx(jw)) < (w(8 + Rkp))_1 for all w=>0.

Remark 2: The high-frequency requirement (13) can be
represented in terms of the plant G, and any nominal
stabilizing controller H, for G,. For any LCF
H,=D.'N,, H, stabilizes G, if and only if
Uy = DeoD + N, Ni is unimodular. Let Gy = D;'N;
be any LCF of G,. All stabilizing controllers for Gy
are expressed as (D, — Q]Vk)*l(Nc,, — Qﬁk), where
Q0 € M(S). Suppose that for some §>0,
ming |sNy Ui '(Ney — ODy)| = (84 Ri,)™';  the  mini-
mum is taken over all Q€ M(S) such that
Ny U (Neo — QDy) is strictly-proper. If Q, denotes the
argument minimum of ||sNy U,:I(N(,o — Qﬁk)||, then the
controller D' N, := (Do — QNi) " (Noo — Q.Dy) satis-
fies D.D + NNy = Uy and [sN U 'N.|| = (8 —I—Rkp)_l.
Thus (13) holds if and only if ming ||sN:U;!
(N — ODY)| < Ri), which is a  well-known
H_-problem (Francis 1987, Doyle et al. 1989).

Remark 3: Using the consequence (14) of (13), we have
oz,~§(5+Rkp)*l for i€ [l,p]. Conditions (14) hence
remain valid when «; is replaced by (§+ Rkp)_1 every-
where it occurs. This gives sensitivity and complemen-
tary sensitivity bounds in terms of insignificant poles
and the positive constant §. The resulting bounds,
however, are looser than the bounds in terms of «;.

Remark 4: Theorem 1 provides an iterative reduction
procedure, which normally starts out without any of the
left-half plane poles {—1/e; i=1,..., p} and checks if
(13) can be satisfied by a stabilizing controller for G. If
not, then the pole(s) — 1/¢; are appended to G, staring
with the one “closest” to the imaginary-axis. In the case
of real poles, if €; < ¢; for some 7,/ € [1, p], then the pole
— 1/¢;is closer to the imaginary-axis, i.e., — 1/¢; > — 1/e;.
When all candidate insignificant poles are real (and
hence ¢, = 1), we can easily explain why it is reasonable
to start the reduction algorithm by appending the
right-most real pole to increase the order: Consider
two possibilities, GY{ = (1 — AHG, G = (1 — AIG,
with ek > €. Since G+el+30,m " <
G+er+37, r;)”", the upper-bound in (13) on ||sT%||
is larger than the one on |s77'|| (for a controller that
achieves similar values for these norms); i.e., for G| and
G'" having similar high frequency performances, (13) is
easier to satisfy with G{ than with G7". Although this
simple justification explains why we increase the order
by including the right-most real pole, we cannot state a
similar easy rule in the case of complex-conjugate pairs
of condidate insignificant poles since ¢, > 1 and the
imaginary parts also affect (13).

Remark 5: Based on (17), a real pole at — 1/¢; to the
left of the line at —||s7}|| can be considered insignificant
for order reduction. As |sT}| gets smaller, this line at
— a1 moves closer to the imaginary-axis, enlarging the
region for insignificant poles.

Example 1: Consider the single-input single-output
plant

B gls+2) B 1 G
T (as+ D(eas+D(s—p) (es+Deas+1) °

G

with g,z,p € R, z > 0. Let ¢ € R be such that ¢ > —p.
A coprime-factorization of G=G, is G=ND"'=
@G +2/(s+p+N(s+p)/(s+p+¢)~". Then H=
(c/g(s +z)) is a stabilizing controller for G, and GH
is strictly-proper. From (10), To=(c/(s+p+¢)),
So=1—Ty=D, and «; := ||sTy|| = ¢. By Theorem 1,
there exists § > 0 satisfying (13) for k=0 if and only if
c< R;pl. Obviously, it is possible to choose ¢ € R to
satisfy this constraint for any set of insignificant poles
provided —p < Ry

(a) First consider two real candidate insignificant poles
at —1/e; < —1/€1, €, =15, e2=1. Suppose —p < 1/6.
If we choose ¢=1/8 < 1/(¢; +¢5), then by (13),
8=2. By Theorem 1, the controller H=(0.125/
g(s+z) that was designed to stabilize the lower
order system G = G, also stabilizes the higher order
plant G, =G,/(5s+1)) and the original plant
Go=Gi/(s+1).
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(b) Instead of two real poles, now consider a
complex-conjugate pair of insignificant poles at
—1/e;, —1/€;. First let 1/e;=0.2+/0.15, i.e.,
€,=32—,24, =64, ¢gy=1, as in (3) and (4). If
we choose ¢=1/8 < 1/ry, then §=1.6. By (13), the
same controller H also stabilizes the original higher
order plant G, = G/(16s> + 6.4s + 1). For a different
choice, let 1/e;=0.16+/1, i.e., €, =0.156+,0.975,
ry=3.2775, q; =3.205. If we choose ¢=1/8 < 1/r,
then § =4.7225. By (13), the same controller H also
stabilizes the original higher order plant
Gy = G,/(0.975s* +0.3125 + 1).

We now verify the bounds in (14)—(16) by tabulating
the norms of the sensitivity function in (18)—(19). For
this purpose we used the two different values p =0 and
p=0.1 for the plant pole at s=p

Example 2: Consider a single-input single-output,

also explore two other full-order observer-based
controllers and the corresponding guaranteed region
for insignificant poles: A state-space representation
(4, B, C, D) for G, is given by

0.25 —3.375 0.84375
A= 1 0 0 ,
0 1 0

B=[1 0 0], Cc=[1 0 05625], D=0,

We place the eigenvalues of (4 — BF) at {—0.6, —0.7,

— 0.8} and the eigenvalues of (4 —LC) at {—1, —0.8,
+50.2}  using F=[2.35 —1915 1.1797] and
LT=2963 0.3391 —0.2009]. For the third-order
stable controller

€6 =5 e=1
p=0 p=—0.1
IsToll, I Toll, IS0l e, 1,1 ¢,5.4 (18)
IsTill, W70, 1St ¢, 1.0193, 1.3247 0.25,5, 4.1798

20, T2l 1Sz

0.1407, 1.0862, 1.4813

0.332, 5.594, 5.2107

€ =32—j2.4 €1 = 0.156 — j0.975
p=0 p=-1/10 p=0 p=-0.1
IsToll, 1 7ol 1ol o1, ¢, 5.4 e 1,1 ¢, 5,4
IsTil, Wil 1St 0.196,1.302, 1.8888 0.4676,6.377,6.3398 0.6652, 1,1.6609 0.6674,5,4
(19)

unstable, non-minimum phase, strictly-proper plant

2218 & 1 Lo
Gi= (4s — )82 + 27)11.;[(6,-s +1) Go Il:ll(eis +1)

where G =G, has poles on the imaginary-axis. Clearly,
G, is stabilized by any constant controller H; > 1.5. If
we choose H;=3.37, then o =]|sTy| =3.37, with
closed-loop poles at {—0.5199, — 1.300 £ 0.5777}. By
Theorem 1, (13) is holds for k=0 if and only if Ry, < 1/
a;=0.2967. For example, a single pole at
—1/e; < —3.37 is guaranteed to be insignificant; if
€;=0.25, then the controller H,=3.37 also stabilizes
the higher order plant G; =G,/(0.255 + 1) (equivalently,
the controller 4H, stabilizes G,/(s +4)), with closed-loop
poles at {—0.4528 £;0.3460, — 1.4222 4+;3.3063}. We

Hy:=Fsl— A+ BF+ LC)"'L
 6.0767s% — 8.1404s + 3.5927
T 53+ 4.9552 4098585 + 2.1243°

we obtain ) = ||sTy|| = 1.8406. Any single real pole to the
left of —a;=—1.8406 is guaranteed to be insignificant.
For example, the higher order plant G;=G,/(0.5s+ 1)
is also stabilized using H,, with closed-loop poles at
{=5.5303, —0.3756+,2.2365, —0.1671+£,0.7150,
—0.0422 £0.1674}. Obviously, any number of insignif-
icant poles can be added to G, provided that
Ry, < 1/a; =0.5433. Alternatively, if we design the full-
order observer-based controller using the following LQR
design, we obtain a similar region of guaranteed
insignificant poles: Using Q=0.1/, R=1, we find
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F3=1[0.8833 0.1193 1.7448]; using Q =50BB”, R=1, we
find LI =[7.0860 0.0624 0.4635]. For the third-order
stable controller

Hy:= F3(sI— A— BFs + L;C) 'L
_7.07535> 4+ 0.9096s + 15.1593
T 53 47.9852 4 3.05895 + 5.7641°

we obtain a = ||sTy|| =2.0138, with closed-loop poles at
{—6.6589, —0.2653, —0.1840+,1.8338, —0.2189+
j0.7501}. Using H;, any number of insignificant poles
can be added to G provided that Ry, < 1/a; =0.4966.

Example 3:

(a) Consider an MIMO plant represented by its
transfer-function
Consider the lower order system G, in (20). An
RCF of

s+ D(s+6)(s—4)
(55 + 8)(s2 + 40)
—(s+ D(s+6)(s—4)

3
1
Gz =
’ g(eierl)

for k=0 if and only if oy < Ryy. With € =0.03,

€=0.02, =001, we have S=oa7'—

Z;zl €, =0.0061 > 0. Therefore, the controller H
also  stabilizes the higher order plants
Gi=Gi_1/(es+1), ie., G;=G,/(0.03s+1) and
G,=G1/(0.025+1)=G,/(0.0354+1)(0.02s+1) and
the original plant G5 in (20).

(b) Now consider the MIMO plant

B 2125 o
T (52 + 70s + 2125)(0.0255 + 1)

Gy

where G, is the same as in (20). The candidate
insignificant poles are at — 1/e; = — (35+30), —1 /¢,
and —1/e; = —40. With a; > by, ¢ =1, r; =0.0329,
r=0.025<r, we have S§=a;'—Rpy=a;' -
(r1 +r2q1) =0.0082 > 0. By Theorem 1, the

controller H in (21) stabilizes the higher order

plants G = G/(es+ D(Es+ 1) = (2125/(s* +
s(s + 6) S(S — 1)
2s+3)(s—3) 2s+3)(s—3)
s(s+ 1)(s+6) s(s> = 1)

(5+2)5s +8)(2+40) (s+2)2s+3)5—23) (5+2)2s+3)(s—3)

1
= (0,035 + 10.02s F DO.0Ls + 1) 0"

G=G, is G=ND!

(s—4) s
(5s+38) 2s+3)
- —(s—4) s(s+ 1)
(s+2)5s+8) (s+2)(2s+3)
5% 440 0 -
G646
X 0 s—=3 —(s—1)
s+6 s+6
0 0 1
A stabilizing controller for G, is
56+ 1) -
S5s+8 0 0
H=D]'N, = 2(s—3) 2(s—3)(s—1)
2s+3 (254 3)(s+06)

0 0 1
38(s+ 1) -38
s+2)(s+6) s+6

X 27 27 . (21
s+2)(s+6) s+6
0 0

From (10), To=NN,., and o:=|sTy| =15.1266.
By Theorem 1, there exists § > 0 satisfying (13)

(20)

70s 4+ 2125))G, and the original plant G,=
G1/(0.025s+1).
(c) Now consider the MIMO plant

B 2125 o
= (2 + 60s + 2125)(0.0255 + 1) °

G

where G, is the same as in (20). This time
— 1/612—(30+]35), with a) < bl~ Then
¢1=1.0119, r=0.0308, r,=0.025<r, 4=
Otl_l — Rp3 =0.01 > 0. Again, by Theorem I,
the controller H in (21) stabilizes the higher
order plants G =G/(ers+ )es+ 1) =
(2125/(s*> + 60s + 2125))G, and the original plant

3.2 Insignificant zeros

Consider the unity-feedback system again. Let
P e M(Rp) be the plant’s transfer matrix, He M(Rp)
be the controller’s transfer matrix. Let P = D~'N be an
LCF, H = N.D;!' be and RCF over S. Let P be full
row-rank and have no transmission-zeros at s=0,
equivalently, let N(0) be full row-rank.

Let A, be defined as in (6). For i=1,..., p, suppose
that H}zl(l — A,-)_ll is a multiplicative perturbation
on the plant P. Define Py:=(1—Ay) 'P=P,
Dy :=(1— A¢g)D = D, and P;, D; as
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Pi:=(1—A)"'P=P[J0-A)7",
j=1
Di:=(1—-A)Diy =D[](1- A, (22)
j=1
where, for k=0,...,p

1_[ (I—Az)—1—|:A/&+1+ Z 1_[ (I—Az)i|
¢Sk S e

=1-a,. (23)

1L k+1<i<p,

Clearly, P, = D;'N; is an LCF of P, For i=1,...,p,
with P; as the plant in the unity-feedback control system,
the sensitivity function S; and the complementary
sensitivity function 7;=171—S; are given by (10), with
P, H replacing G;, H.

In §3.1, 1 — As) has a pole at — 1/¢; (or a complex-
conjugate pair of poles at —1/¢, —1/¢); here,
1—A(l)s)=1-— Ai(s) has a zero at —¢; (or a complex-
conjugate pair of zeros at — ¢;, —¢;). Therefore, P can be
considered as a reduced order plant obtained from the
higher order plant P, = 1'[_1’7:1(1 - A_/)_IP by canceling
zeros in the stable region with poles at the origin. The
order of P, is p;+2p, more than the of P; the
additional p; (negative) real zeros at —¢; and the
p>=p— p; pairs of complex-conjugate zeros at —e¢;, €;
of P, are called candidate insignificant zeros; P, has p
additional poles at s=0. It is clear that the insignificant
poles represented by the perturbation 1 — A s) in §3.1
and the insignificant zeros represented by the perturba-
tion (1 —Af1/s))~" in this section are dual concepts.
The equality of the norms |[A;/s||=|sA(1/s)]| and
IT=Ai&)|I=11—A«(1/s)]] as stated in (7) help to
establish similar results for insignificant zeros through
the transformation s — s~ .

In §3.1, where 1 — Ag(oo) =0, it was assumed that
G.H is strictly-proper, equivalently 7}(oc0)=0,
Si(co)=1. In the dual results of this section, where
1 — Ax(0) =0, it is assumed that Si(0)=0=1— T}(0),
which implies P;H has poles at s=0. We say that the
transfer matrix P H is of (type-1 or greater) iff Si(0) = 0.
For k>1, PkI:I automatically has poles at s=0 since
Di(0) = (1 — Ak(O))Dk 1(0). For k=0, this assumption
is satlsfled if P=D"'N is such that D(0)=0 or if
H=N, D is such that D.(0) = 0, in which case we say
that the stablhzmg controller has integral-action. Any
controller H = N,D ' stabilizing P = D~'N can be one
with integral action using a simple modification as

1:1 = N(?(1+ bﬁ(é)[éc(l_ NN('E)]ila (24)

where B = (N](Q)(O)_l. Therefore, there is no loss of
generality in assuming S;(0)=0, with the controller

chosen to have integral action as necessary. We now
present a dual of Lemma 1.

Lemma 2:  Suppose that Hisa stabilizing controller for
the plant Py for some k € {0,...,p— 1}, where PyH is
of type-1 or greater. If

re< Is7'Sill™t, fori=k+1, (25)

then the same H stabilizes the higher order plants
Pii=(1—-A)"'"Py=Ti_, (1 - A) ' P

Lemma 2 justifies methods of stabilizing controller
design where a loop-gain transfer function is approxi-
mated by a function which is of type-1 or greater. The
terms that are discarded are such that the high-
frequency gain of P and that of P, in (22) are the
same, i.e., each insignificant zero is cancelled with
exactly one pole at the origin. A real zero —e¢; is
insignificant, or can be discarded together with a pole
at the origin, if —¢; is in the interval (—1/8;, 0), where
Bi = lls~'Si_1|l, i.e., it is sufficiently close to the origin.
Based on condition (25), a complex-conjugate pair of
zeros are cancellable with two poles at the origin if the
associated r; < 1/8;,, We now present a dual of
Theorem 1. If for some k < p, we can determine a
stabilizing controller that achieves a certain closed-loop
performance as measured by ||s~'S,|| for Py, then the
same controller stabilizes every P; for i >k and has, to
some degree, a guaranteed closed-loop performance.

Theorem 2: Let H be a stabilizing controller for the
plant Py for some k € {0,. .., p — 1}, where S;(0) =0. For
k+1<i<p, let Ry; be as in (5) and B; = |s~'S;i_1||. If
Rkp < S_IS/C_I, i.e., lf

s~ Skll = (Rep +8) ™ (26)

for some (§~> 0, then for k+1<i<p, y the same
controller  H also stabilizes P; = (1 — A,«)_lPi_l =
Hézkﬂ(l — A[)_lpk. Furthermore, ||s~'S;|| satisfies

. —1
1
s~ Si] < (Rip+5 [1a 1) , (27)
=k+1

and the following sensitivity and complementary sensitiv-
ity bounds are achieved:

A+rB)  USicll —riB) < ISl < (1 —riB) !
x min{(|Si1 | +7:8:). gill Si—1 11}
(14 Reis B+ 1)~ Skl = RiBres1) < I1Sill < (1 = Reier1) ™!

xmin{nskn+Rk,ﬂk+1,||sk|| [T 41 (28)
l=k+1
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A +rB) N < 1T < (4 = riB) NN Tiza s
(14 RiiBis) I Tl < 1Tl < (1 — RiaBrs) ™ I Tl
(29)

Remark 6: Condition (26) is a low-frequency perfor-
mance requirement on the plant Pk In the scalar case
it is equivalent to sup, lw] 7! |Sk(]a))| < (5+Rkp)_
which implies |S;(jw)| < |a)|(8+Rkp)_ for all @>0.
This means in particular that [Si(jw)| < 1 for all w < Ry,,.
By Theorem 2, a similar performance holds true for each
plant Py, i € [k + 1, p], stabilized by the same controller.
Again by Francis and Zames (1984), if P, has a strict
right-half plane zero and its associated sensitivity
function gets small in magnitude in a frequency range,
then its H.,-norm necessarily gets large. The bounds in
(28) show that |.S;]| nevertheless remain bounded by a
multiple of ||S|l and [ls~ Skl

Remark 7: As a dual of Corollary 1, Theorem 2 is
easily simplified when all insignificant zeros are real: Let
all € € R for k+1<i<p. If there exists a real § > 0
such that [s~'Sk| = €+38)", then H also
stabilizes P; and satisfies |s~'S;|| < (Z, l+1fj+3)_
A real zero at —¢; is cancellable if €; < [|s~' Sk ™! , it
lies in a region between the imaginary-axis and the
line at — 1/B;. As Ils~' Skl gets smaller, this region gets
larger.

Remark 8: The low-frequency requirement (26) can be
represented in terms of the plant P, and nominal
stabilizing_ controller H, for P, For any RCF
H, = NU,D* H, stabilizes P, if and only if
Vi = DiD,, + NN,, is unimodular. Let P = Nka be

Example 4: Consider the single-input single-output
plant

(s+10)(s+6) g (S+€1)(Y+€2)
52 (s—p) 52

Py =

0

with g,p € R. A coprime- factorlzatlon of P=P, is
P=D"'"N=((s—p)/(s+ ) '(g/(s+¢) where ¢ > 0.
Clearly, H=(c+ p)/g is a stabilizing controller, and
if we modify it to have integral action as in (24), then
H=(Q2c+p)s+c?)/gs. From (10), Sy=(s(s—p)/
(s+¢?), To=I-Sy=(s/(s+c)*)H, and B =
[ls~'Soll < max{1/c,|p|/c*}. By Theorem 2, (26) holds
for k=0if and only if 8| < R;,. Obviously, it is possible
to choose ¢ > |p| in order to satisfy this constraint for
any set of insignificant zeros. Suppose p =8.

(a) First consider two real candidate insignificant zeros
at —e; < —¢€,, where ¢, =10, ¢, =06. If we choose
¢=20 > € +¢€, then B;=0.0273, and by (26),
8=20.675. The controller H = ((48s + 400)/s) also
stabilizes the higher order plant P, =((s+ 10)/s) P,,
and the original higher order plant P>=(s-+ 10)/
s)Py, and the original higher order plant
Py =((s+6)/5)P1.

(b) Instead of these two real zeros, now consider a
complex-conjugate pair of insignificant zeros at
—¢€, —€;, with ¢,=—10+/5, 1/¢;=0.08 +,0.04,
r1 =20, gy =1. With ¢=20, § = 16.675 by (26); the
same controller H also stabilizes the original higher
order plant P> = ((s> +20s + 125)/s*)P.

The bounds in (27)—(29) are easily verified from (30)
for the real and complex-conjugate zeros considered

€ =06,6,=10 e =104+5
Is=ESoll, 110l I1Soll 0.0273, 1.3196, 1 0.0273, 1.3196, 1 (30)
Is~VSqlL Tl 1St 0.0299, 1.5492, 1.0135 0.0372, 1.9433, 1.2757
Is~LSall, 1721, 12l 0.0337, 1.7622, 1.1266

any RCF of P,. All stablhzmg controllers for P, are
expressed  as (Nw + DkQ)(Dw — NkQ) ' where
Q € M(S). Suppose that for some §>0,
ming ||s~'(Dep — ﬁkQ)V,jlﬁkll = (8 + Ry,)""; the mini-
mum is taken over all Q€ M(S) such that
[(D., — DrO) Vi 'D](0) = 0. If O, denotes the argument
minimum  of ||v‘1(Dc(, - DkQ) V‘leH, then the
controller N.D;' := (N, + DkQ*)(Dm — NkQ )~ ! stabi-
lizes P, and satisfies DD, +NN.=V;, and
s~ Skl = (8+Rk )~!. Thus (26) holds if and only if
me ls~ l(Dw —DAQ)V, 1Dk|| < Rk , which in turn is
again a well-known H.-problem.

4. Conclusions

In Theorem 1 and 2, we provided dual methods of
controller design for MIMO systems based on reduced
order models from the viewpoint of closed-loop stability
and performance. The iterative design algorithm hinge
on the existence of a controller having a certain
performance as quantified by conditions (13) and (26).
The most important merit of the methods presented is
that they directly focus on closed-loop performance and
provide estimates in terms of eliminated poles or zeros
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for achievable performance and stability robustness. The
design methods provide an MIMO generalization of
the scalar design approximation methods. It should be
noted that the candidate insignificant poles (or zeros)
are “blocking” poles (or zeros) in the sense that they
appear in every entry of the transfer matrix. These
methods do not restrict the approximated plant to be
stable or minimum-phase; the only requirement is that
the discarded poles (or zeros) are in the open left-half
plane. Unlike most other reduction methods, these do
not require any additive decomposition of the plant into
stable and anti-stable parts.
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Appendix

Proof of Lemma 1: Let G=ND"' be an RCF and let
H=D_'N, be an LCF. For k>0, the controller H
stabilizes G, if and only if Ug:=D.D+ N.N, is
unimodular. By assumption, for some k>0, U, is
unimodular since H stabilizes G,. We show that H
also stabilizes G; by induction. Suppose that U;_; is
unimodular, which is already given for i=k+ 1. Then
N;=(1—A,N,_; implies

Ui=D.D+ N.N; =U;_| — NcN;i_1 + N.N;
= U1 — Aj{N:.N;_1. (31)

By (31), U; is wunimodular if and only if
U \Ui=1-U! lA ;N.Ni_i is unimodular, equivalently,
Up:=I1—AN_ U N, =1—A;Ti_y is unimodular.
Since GyH € M(Ry) implies G;_ 1 H = H k+1(1 Ay) x
Gi.H € M(Ry), we have T;_; € M(Ry) for i>k+1, and
consequently, s7;_; € M(S). By (2) (A;/s) € S. By (3),

if condition (12) holds, then [[(A;/s)sTi—1| <
AN STl = rllsTi1ll < 1. Therefore, U= I—
(A;)8)sT;- is  unimodular,  equivalently, H
stabilizes G.. O

Proof of Theorem 1: For k+ 1 <i<p, H stabilizes G; if
and only if U; in (31) is unimodular, where U;=
DD+ NNi= U —[1 = Ty_; (1 — A)INNy, ie.,

Ui = Ui — ®;N.N. (32)

By (32), U; is unimodular if and only if Uk U=
11— Uk NNy is unimodular, equivalently, U; =1—
O;N U 'N.= I—& T is unimodular. Since
G.H € M(Ry;) implies T, € M(Rs), we have
sT, € M(S). By (2) and (9) s7'A; € S implies s~ ®; =
ST A 4 Y ST AT, ,+1(1 Ay eS. By (5),

s~ @il < [ls™ Agqa + Z, aa 15714 HJ@ i1 (=40
< Fry1 + Z/ k+2l,l_[£ k+1qe = R < R/(p If (13) holds,
then 1P Ticll = (Pi/s)sTill < 1Pi/sll lsTkll < R/
(6 + Rip) < 1 implies U; = I— s7'®;sT} is unimodular,
equivalently, H also stabilizes G;. To show (14)—(16),
use (31) to write T; = N;U;'N. = N;U7' U, U\ N, =
N;U7'(Ui+ AiNeNiwy) UZ\Ne = (1 — A)Nim U\ N+
AN;U7' < NN UZ\Ng; use (32) to write
T, = NiU'UyU'Ne = N;U7H (Ui + @iN NYU N, =

)_,. (1 = Ap) NyU'Ne + @;N;U7' NN U ' Ne.. Then
Ti=(0-A)Ti o+ AT T = — )Ty + O, T;Ty.

(33)

Multiplying by s |IsTyll = T, 11— ApsTy +

o, STSTk” < (I_y.19¢ + ReillsT;1l) IsTkll = (6 +

Rkp) (Hz ir19¢ + RiillsTi|)  implies (8 + Ry, — Rii)

”STHIS H( k+19¢- By (5) Rkp Ry = Z —k42 X

Hz_k+1‘1€ Z /&+2’/He k+11 qe = ZJ i+1 1T k+1‘1€
He ep19qelriv +Z/ i+2 Tl 19l = HLMMERW The

bound on ||s7;|| follows from (6§ + Rk, — Ri)lIsTill =

O+ My 1 qeRpISTill < Ty 190 By (33), T3]l <
(L= ADTia Il + I T3l Is™' AisTiill. - But (1 — Ay
Tioall < min{|[1 = Adl 1Tl I Tt 4+ 5™ AusTia I},

and ||s"'AsT,_,|| <rwo; give the upper-bound on |7}
relative to ||7;_;||. The lower-bound follows from (33),
with Ty = T; + A Tioy — AT Ti—y implying || Ti— || <
T3l 4+ A+ 17D~ Al IsTit )l = (1 + rep | Till+ ric;.
Similarly from (33), Tl < |I(1 — )Tkl +
I T3]l Ils~' ®;sTy | implies the bounds on || T} relative to
%]l by replacing A;, r;, o, Ti—y with @, Ry, oy, Ty
For the bounds on S;, from (33), I—S;=1—S;_| —
AT+ A= S)Tioy = 1= S — @, T + &,(1 — ST
implies S; =S;,_1 + A;S;T;i-1 = Sk + ©;S;T;. Finally,
(15)  follows  from  [[Si—ill — ric||lSill < ISi]l <
ISi—1ll + ricl1Sill - and Skl = Reictrer |1Sill < [1Sill <
1Skl + Ryictr 1S ]]- U

Proof of Lemma 2: Let P = D~'N be an LCF and let
H= ND " be an RCF. For k>0, the controller H
stabilizes Pk if and only if Vj := DiD, + NN, is unim-
odular. By assumption, for some k > 0, V; is unimodular.
We show that H also stabilizes P; by induction: Suppose
that ¥V,_; is unimodular, which is already given for
i=k+1. Then D; := (1 - Ai)la,-,l implies

Vi= DNiDNC + NNL - DNiDNC + Vi — lsilec
= Vi1 = AiDi D.. (34)

By (34) Vi is_unimodular if and only if V. LV:=
I— VLA, D, 1D is  unimodular,  equivalently,
Vii=1-A;D, V D y =1—A;S_, is unimodular.
Since P(H is typel or greater, we have S;_1(0)=0
for i>k+1, and consequently, (s7'Si_;) € M(S).
By (6),~SA,-€S. By (3), if condition (25) holds,
then [sAw™"'Siotll < IIsAl s~ Sicill = rills™ S ll < L.
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Therefore, V;=1—sA;s7'S;| is unimodular, equiva-
lently, H stabilizes P;.

Proof of Theorem 2: The proof uses entirely similar
steps as the proof of Theorem 1 and follows from the
transformation s — s—': For k+ 1 < i < p, H stabilizes
P; if and only if Vi= Dﬁ + NN, =
Vi—[1—T_, (1 = A)IDDe = Vi — & DkD< in (34)
is ummodular if and only if Vk Vi=I— &, VA Dy.D.
is unimodular, equivalently, Vi=1-—
&)[D~6Vk Dy =1—®;S; is unimodular. Since PH
is type-1 or greater, i.e., Sip(0)=0, we have
(s7'Sk) € M(S). By (6) and (23), sA; €S implies
$®; = sAgy1 —1—2 i S H[ k+1(1 A) €S. By (5),

Is@ill < llsApsr || + Z, j IISAGTE, k+1 (1-Ay =
Tk+1 + Z, k42 I]HZ /(Jrlq( = Rii < Ryp. If (26) holds,
then @Skl = lls@is™ Skl < ls®ill lls~ Skl <

(Rki/(8 + Ryp)) < 1 implies I>,- = [ — ®;S}, is unimodular,
equivalently, H also stabilizes P,. To show (27)-(29),
write  S;=D.V;'D; =DV \ Vi, Vi'D; = D.V7|
(Vi+ AD:D)V;'D; =D.V:\D;+ AD.V:\Di_ D,
VoD, S;i=DV'ViVi'D = DL.Vk WV, + ®D D)V
B, = B.V{\By+ D,V BBV Dy, ic.,

Si=(1—A)Sii +ASi_1S; = (1 — ®)Sy + DS,S;.
(35)

Multiplying by s, [Is7'Sil = (1 — ®)s 'S +
s®s™ ks~ 1S I < (TMy_py 1 qe + lel?_lS ) s~ Skl =
6+ Rkp) qurs ip19e + Riills™'Sill) implies (8 + R, —

Ri)lls™ 1S < Ty 1 qe- The bound on ||s~ lS|| follows
from (8 + Rip — Ri)lls™' Sill = (8 4+ T qeRip) s~ Sill
< T4y e By (35, IISill = (1 = A)Si—il +
I1Sill IsA;s~'S;_1||. The upper- -bound on |[|S;]| relative
to ||S;—_i|| follows from [(1 — A; DSi—1] < m1n{||1 — Al
ISt 1l 1Si=tll + llsAss~" Si—y 1}, and [|sAzs™! Si—1ll = ripi.
The lower-bound follows from S; ;= S;+ A;iSi | —
AiSiSioy implying  [Si—i | < ISill+ (1 + 1SiDIs Al
Is~'Sicill = (1 +7iB) ISill + rif;. Similarly by (35),
ISill < (1 — @)Sell + 1Sill  [ls®ss™' Skl implies  the
bounds on ||.S;]| relative to ||Sk|| follow by replacing A;,
ro B Sioi with @ R P, Sk By (39)
I-Ti=1-Ti1 —ASia+ASi(I=T) =1-Ti—
(D Sk + d) Sk(] T) 1mphes T,‘ = 1] =+ A,‘S,;] T, =
Ti + ;S T;. Finally, (29) follows from | T;_i| — riB:
17 < ITill < W Tiall+ riBill Till and || Tkl — ReiBrsr X
I < T3l < 1Tkl + Rii B I T3] 0
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