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Abstract

Twa dual metheds of plant order reduction for con-
troller design are proposed for linear, time-invariant,
multi-input multi-output systems. The model reduc-
tion methods are tailored towards closed-loop stability
and performance and they yield estimates for the sta-
bility robustness and performance of the final design.
They can be considered as formalizations of two classi-
cal heuristic model reduction techniques: One method
neglects a plant-pole sufficiently far to the left of dom-
inant poles and the other cancels a sufficiently small
stable plant-zero with a pole at the origin.

1 Iniroduciion

In spite of numerous simplifying assumptions and ap-
proximations already performed at the modelling stage,
an acceptable controller design for a linear plant may
necessitate further simplifications. Since the number of
plant poles and zeros directly influence the complexity
of design, the simplification required is almost always in
the form of “order reduction”, both of the plant model
and of the controller (to be) designed. Hence, many ap-
proximation methods of order reduction were proposed
for linear time-invariant (LTI} systems.

Some old and simple methods of order reduction such
as those surveyed in [2] remain obscure either because
they offer no guaranteed performance or because they
do not provide closed-form solutions. Among rigorous
model reduction methods that come with some kind
of a performance criterion, three are notabie and best
known: The balanced realization method [13), the Han-
kel norm approximation method [1, 11, 9], and the g-
covariance equivalent method [20]. Irrespective of vari-
ous extensions that have resulted in frequency weighted
approximations and a more detailed analysis of error
bounds, all three methods essentially apply to stable
plants. In the case of an unsiable plant, the reduction
is performed only on the stable part after writing the
plant as the sum of a stable and an anti-stable plant.

The closed-loop performance of reduced order models
when used for the purpose of control system design is
not sufficiently investigated. An exception is [3), where
a fractional representation based controller reduction
method is proposed and the methods are examined
from the viewpoint of controller reduction and the as-
sociated loss of performance. The main difficulty with
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closed-loop performance assessment is that a satisfac-
tory model reduction for control system design requires
knowledge of the coentroller in advance and vice verse
[3]. This brings a logical circularity into the whole pro-
cess. The situation is similar in model identification,
where the end-use of the model to be identified makes
a huge difference in the identification procedure.

Since the difference between the plant model and its ap-
proximation can be considered as a perturbation on the
plant, stability and performance of approximate models
in a closed-loop system can be studied by the existing
robust controller design tools (e.g., [5, 3]). While it is
possible to obtain order reduction based design meth-
ods by using such results, these usually cannot yield
explicit error bounds for stability and performance.

The motivation for this paper comes from perhaps the
oldest simple reduction techniques covered in classical
control textbooks such as [12, 17). The first heuristic
riethod relies on identifying dominant versus insignifi-
cant poles. The basic rule is that, poles having at least
5 times as large real parts as poles which are near-
est the jw-axis are considered insignificant [12], pro-
vided there are no zeros nearby [14). Such poles can be
deleted from a transfer function making sure the low-
frequency gain is unchanged and design can be carried
out on the reduced order plant, in hopes of resulting
in an acceptable controller for the original plant. The
dominant pole based approximation is widely used on
a closed-loop transfer function for analysis purposes.
Occasionally, such approximations are also used on the
open-loop transfer functions ([12], p. 416). The sec-
ond heuristic method is part of a specific proportional-
integral-derivative (PTD) controller design. The PI
part of a PID controller is usually employed to im-
prove the steady-state (low-frequency) performance of
a system since it increases the open-loop system type.
If there are additional transient performance specifica-
tions, then a controlier zero is placed much closer to the
origin than any other stable plant pole and the require-
ment is satisfied as if the controller is a proportional
one. In other words, the cascade of the PI controller
and the plant transfer functions is approximated by the
original plant and any further design proceeds with a
proportional controller ({12], p. 695). Since PID con-
trollers can be designed by cascading consecutive PI
and PD design stages, this method simplifies the sec-
ond stage. These two seemingly contradictory heuristic
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methods were justified and shown to be dual model re-
duction methods in [15}. The purpose of this paper is
to further justify these approximation techniques from
the viewpoint of performance and formalize them as
systematic design methods.

The approximation-based design results here apply to
multi-input multi-output {(MIMO) systems. Theorem
1 shows that, if a stabilizing controller achieving a suf-
ficiently quenched complementary sensitivity function
at high-frequencies can be determined for the reduced
plant obtained by deleting candidate insignificant left-
half plane poles from a given plant, then the same
controiler stabilizes the original plant and achieves a
complementary sensitivity with similar high-frequency
characteristics. Theorem 2 shows that, if a stabiliz-
ing controller achieving a sufficiently quenched sensi-
tivity function at low-frequencies can be determined
for the reduced plant obtained by cancelling candidate
insignificant left-half plane zeros with poles at zero,
then the same controller stabilizes the original plant
and achieves a sensitivity with similar low-frequency
characteristics. An iterative application of each result
starting with the left-most pole or the right-most zero
yields a model reduction based design algorithm, en-
suring a certain degree of stability robustness and per-
formance for the closed-loop system at each stage.

The set of stable proper real rational functions of s
(real-rational Ho, functions) is denoted by S; matri-
ces whose entries are in S is denoted by M(S). The
H-norm of a matrix M({s) € M(8) is denoted by
[|M(s)|] (ie., for M € M(S), the norm || - || is de-
fined as || M|| = sup,cow 7{M(s)), where & denctes the
maximum singular value and 39U denotes the bound-
ary of the extended closed right-half-plane /). We also
denote the real, complex, and left-half plane complex
numbers by R, C, and C_. For simplicity, we drop (s)
in transfer matrices such as G(s).

2 Main Results
Aset F:={¢ € C,1=1,..q} is called conjugate
symmetric if for every ¢; ¢ IR in the set E, the complex-
conjugate €; is also in the set E. We assume ¢; and g;
are assigned consecutive indices for each ¢; ¢ IR.

2.1 Insignificant Poles

Consider the unity-feedback system shown in Figure 1.
Let ¢ be the plant’s transfer matrix, C' be the con-
troller’s transfer matrix. Let G = ND™! be a right-
coprime-factorization (RCF), C = D 1N, be a left-
coprime-factorization (LCF) over §. For k > 1, define

Gy G
Go: =G, G = = , 1
e YRS A VN TR TR
Ng—1 N
No:=N, Ny = 2
0 T las+ 1) [JGTE @

Then Gy, = Ny D! is an RCF of G, . With Gy as the
plant in the unity-feedback control system, let the sen-
sitivity function Sy and the complementary sensitivity

90

function Ty = I — S; be given by
Se=(I+GO)Y, T =GCUI +GxC)™' . (3)

The input-to-error and the input-to-output transfer-
functions are Hep = Sk, Hyp = I - Ho =Ty = I — 5;.
The following lemma roughly states that if C is a sta-
bilizing controller for a plant G, then we can add any
number of poles in the stable region to G and it is still
stabilized by the same controller as long as these poles
are “sufficiently far from the imaginary axis”. This was
stated in [18] for scalar plants with stable controllers; it
has also been independently used in [10] to establish a
simultaneous stabilization result. This lemma can also
be proved as a corollary of the result in [5].

In Lemma 1, it is assumed that GC is strictly-proper,
equivalently Ty = GC(I + GC)™! is strictly-proper,
So(o0) = I. This assumption is automatically satisfied
if & or C is strictly-proper. Any stabilizing controlier
C = DN, can be modified to be strictly-proper, for
example as C' = ((I + BN.N)D.)"Y(I - BD,D)N,
where B := (D.D)}(oc)™!. Therefore, there is no loss
of generality in assuming GC is strictly-proper, with
the controller chosen as strictly-proper as necessary.

Lemma 1. Let a plant G be stabilized by a controller
C, where GC is strictly-proper. a) Fore, € R, e > 0,

if
er < [[sT-]I 7, (4)
then the same C also stabilizes the higher-order plant

G = -(:i+:1—). b) Forey ¢ R, - €C_, !Bt€k+1 = &

and define ry 1= ﬁm; if

2ry, < |\8Tk—1] 72, {5)
then the samGe C also stabilizes the higher-order plant
Grpr = f“—a-ﬁ-’)‘(‘?l-—m-)— ¢} For any conjugate symmet-
ric set {—e; € C_, i = 1,...,q}, where e; € R satisfies
(4) and ¢; ¢ IR satisfies (5), the controller C dalso sta-

bilizes the higher-order plant G, = H_W

Proof. Let G = ND ! bean RCF andlet C = D;!N,
be an LCF. For k > 0, define Uy := D,D 4+ N_.N;.
The controller C stabilizes Gy, if and only if U is uni-
modular, ie., U;! € M(S). By assumption, U =
D.D + NN is unimodular since C stabilizes G. We
show that C also stabilizes G, by induction: For & > 1,
Uy =Up—1 ~ o ,HNCN;; 1- If C stabilizes Gx—1, then
Uk—1 is unimodular. Since G’C’ is strictly proper, so is
T = GC{ +GC’)‘l = NU;'N,; hence, for k > 1,
sTk—1 = (8Ny—1U; ' No) € M(S). a) Define —— mH—l
zr. For ¢ € IR, Uk_lUk =7I- ew+1Uk 1N Ny_1 is
unimodular if and only if I — ekzk(st_lUk_lNc) =
I — €;745T,—1 is unimodular. By (4), ||zx|| = 1 im-
plies “Ek-'L'kSTk—l“ < HEkQ’:kHHSTk_]_H = kaSTk—IH < 1.
Therefore, Uk__llUjpc is unimodular, equivalently, U/ is
unimodular, and hence, C' stabilizes G. b) For ¢, ¢
IR, define a + jb:= (1/¢;), where a,b € IR, a > 0 since

—¢; € €_, and without loss of generality, b > 0 since
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€41 = €. We find an upper-bound on ||2=Z&s(| =
I[wwﬂf‘;m;fl! € 8 as follows: Consider w > 0. Let
d? = la® + ¥ - w? + 2aejw]? = (B - w?)? +a* +
2a%(b* 4 w?)); then d > |b* — w?|. Consider two cases:
(i) If @ < b, then |2a + jw| < \/4b2 +4w? < 2(b+ w).

Therefore, lz—ﬂidj—“’i < (2,] bf:) = |b < 2/b < 2[a. (i)

If o > b, then [2a + jw| £ +/ cl‘7’-+~4w2 < 2@ + w).
Also, {4a® — 26%) > 0 implies &® = ((&® — w?)® +
b+ 26202 + (4a? — 26%)w?)) > (a? ~ w?)%  There-

fore, '2“"'1”' < (i(z":;)) =@ 20” < 2/a. We conclude
that H'—?‘&H < i = W = 2r, . With g4 = &,

U,c_flUkH =I-(1 —a:ka’:k)U,:_llNcNk_l is unimodular
if and only if I - gi;i"lsTk_l is unimodular. By (5},
(=Bl o | < || 2= 5Tk ]| < 2raflsTia | <
1. Therefore, Uk—_l] U1 is unimoedular, equivalently,
Uiy1 is unimodular; hence, ¢ stabilizes Gryy. €) It
follows by induction from (a) and (b) that the plant
Gy for k = g is also stabilized by the same C. .

Lemma 1 justifies and generalizes to the MIMO case
methods in which a stabilizing controller is determined
by neglecting the insignificant poles in a loop-gain
transfer function and performing the design on the
lower order approximation (7. The terms that are dis-
carded arc such that the low-frequency gain G(0) of
G and of (1) are the same. A real pole —L of (1} is
insignificant if — X < —a;, where o; := ||sTi_1]|, i.e.,
if it is suﬂicmntly far on the left-half plane. Based on
condition (3}, a complex-conjugate pair of insignificant
poles lies to the left of a line at —2¢; .

The definition of «;’s obviously depends on the con-
troller choice, making the definition of an insignificant
pole circular. Thecorem 1 removes this circalarity by an
iterative procedure resulting in a design algorithm.
Theorem 1. Let C be a stabilizing controller for the
plant Gy for some k € {0,...,9 — 1}, where {—¢; €
C_,i = 1,...,k} is a conjugate symmetric set. Let C
be such that GC is strictly-proper. Fork+1< i<y,
let o; := ||sTi_1||. Suppose that {—e; € C_, j =k +
1,...,i, k+1<i <q} is a conjugate symmetric set and
that there exists a real § > 0 such that

IsTel < 5+ D> r)™t.

i=k+1

(6)

Under these assumptions: a) When ¢; € R, the same
controller C also stabilizes G, = Furthermore,

il
eist1°

7

sl <6+ D ;)7

J=i+1

(7

and the following sensitivity and complementary sensi-
tivity bounds are achieved:

;Jm MSi-afl < 1Sl < s=2ar f.a.llSi i, ()
e Tl - 825 < Tl < =L 1Tl
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b) When ¢; ¢ R, i1 = & (where a; + jb; = (1/61'),
ai,b; € R, a;,b; > 0), the same controller C' also sta-

bilizes Giy1 = (T?—l%(c_srl_) Furthermore,

a} + b? Z _
S 3 n),
s j=it2

and the following sensitivity end complementary sensi-
tivity bounds are achieved: )

[[sTies]) <

(9)

15i-1l] < NSeiall € 1= 1Sl

1— 21"‘{“ Il

L+2r.a Irens
1+2r Py | i- 1“ m < ”TH'IH . (10)
e
S 1*21‘.’0{; ”Ti—lll + l—gr,-m )
Proof. Tor a proof by induction, suppose G;—;

is stabilized by C and that (6) holds for (T — 1},

e, &+ Xiri < sTial™'. a) Let & €
R. By Lemma 1, ¢ = r; < |sTi 7! im-
plies G; is also stabilized by €. With z; :=

. T = NUT'N, = NUDWULUZAN: =
NUTHU; + €28 NN YUY Ne = & [No UL N +
€:N;UiNesN; U4 N.] implies

Ti=xi (T +eTisTimy ). (11)

By (11), [IsTill = |lz(sTimy + €sTisTia)l|l <
| (L+elisTull} sTizll - < (I +ellsTif) (@ +
—:75) 7" Therefore, [1 — (8 + 325_; ;) lIsTil| <

(8 + }:q_l r;)~! implies that (7) holds The bounds in

(8) follow from (AD; YTt < (1Tl + el TiljisTizadl
implies (1 — €;04){|T5|| < [{Ti-1||, which establishes the
upper-bound on ||T;|[; T: = (1—€;zi8) i1+ ez Tis Ty
implies T;_y = (1 — e;z;8T;-1)T; + €;2;8T;—;; there-
fore ||Tical] € (1 + ga)||T:|l + e;ou establishes the
lower- bound on ||Ti||. The bounds on ||Si|| follow
by writing (11) as T — 8§ = (1 - gzis)Tic +
eixi(I — 5)sT;_1 = I — 8;—1 — €;x;5;8T;_; therefore,
ISical] ~ el S:ll (1Sl < [1Si-1l] + €3] Sil|. b) Let
€; ¢ R. Since ;4.1 = € implies 7, = ryy1, (6) implies
§ 4+ 2 + i iyemi < lIsTiali™'. By Lemma 1,
Git1 is also stabilized by C since 2r; < [|sTi—||™!
By Tipy = i+1Ui111Nc= Ni+1Ui:-11Ul IU‘IN =

1~HU1+1( itr + (1 - mti'l)N Ni—l)Uz._lN =
T Ty N 1U lN +N,,+1U!+1N(1 Zﬂg‘xi) - Uz—lNCr

-3
T =280 + (—:m—)ﬂ+15Ti—1 . (12)
al+b? )

$2+2aistar oy
For a; < b, [|lmZi|l = (a? + b2)/2a:b;; for ai > by,
[lz:Z:|| = 1. But (a; —bi)2 > 0 implies (a?+ %) /2a;b; >
1; hence, ||z:%:|| < (af + b?)/2a:b;. Therefore, (12) im-

'2 ‘2

plies (|sZis1 | < SomilsTioall + 2rills T ||[|sTimn)|l <
(B2 4 2nlsTuaall) (6 + S,r)™ condition (9
follows from (1 —2r (8 +2r; + 325, o ) " WsTinali <

E*—i’ﬁ'-(é‘ +25-;r5)7". The bounds in (10} follow from
(120} [T | < Wi all 21+ o D)l Ts | irmplies

(1- 2rla,)|JTl+1!| < [1Ti-1|| + 2riexi, which establishes
Procesdings of the American Control Conference
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the upper-bound on |[Ti1|l; Ti—1 = Teg1 + LLm—':':“l(l

Tiy1)sT;_; implies || Ti—1|| < (1 + 2ric;)||Tigr || + 2rs0,
which establishes the lower-bound on ||Tiy]|. The
bounds on ||.S;11{| follow by writing (12) as J — S,.H
I=-8i1— (1= 2T+ (1 —2:%:) (I = Si1 ) Timy, L,
Sip1 = Simy + ETHEBIG 5Ty y; therefore, |[Siil| -
2r0i|Sia || < [Sigalt < NSiall + 2| S|l .
Remarks: 1) Condition (6) is a high-frequency perfor-
mance requirement on the plant Gx. In the scalar case,
this condition is equwalent to sup,, o |w| [Tk (jw)| <
(6 + k41 7i) 7", which implies

q
ITh(w) < (w@+ D )™, Y w20

F=k+1
This means in particular that |T(jw)j < 1 for all w >
(33—g+173)". By Theorem 1, a similar performance
holds true for each plant Gy, i € [k+1, g], stabilized by
the same controller. If G; has a pole in the open-right-
half plane and its associated complementary sensitivity
function T; has small magnitude over some frequency
range, then its Hoo-norm must necessarily get large ([8],
section V). The bounds in (8) show that the ||T;||'s
(and || S;||’s) nevertheless remain bounded by a multiple
of ||Tell (||Skl, repectively). In the MIMO case, (6)
implies

q
F(Tu(uw)) < (w@+ Y 7)), Vw20

F=k+1 A
2) The high-frequency requirement (6) can be repre-
gented in terms of the plant &4 and a nominal stabiliz-
ing controller C, for Gi. Let C, = D, le be an LCF
such that Uy = DD+ N N, =1. All stab111z1ng con-
trollers for Gy are expressed as (D, — QN YN, +
QDy), where G = D™'N, is any LCF of Gy, and
@ € M(S). Suppose that for some § > 0,

¢
min [[sNk(Neo + QD) S (64 > )7

¢ j=k+1
the minimum is taken over all @ € AM(S) such that
Ni(Ng + QDy) is strictly-proper. If Q. denotes the
argument minimum of the left hand side, then the con-
troller DIIN, = (Do — QuNi) " H{(Neo + @uk) sat-
isfies DD 4+ NNy = I = Uy and [|sNpUp ' Ne|| =
s Ni(Neo + QDi)|l € (64 X044 1)1, 50 (6) holds.
Checking if (13) holds requires the solution of a well-
known Hoo-problem [7, 4], with weights Uy, = I. A
3) Using the consequence (7) of {6}, a; < (& +
4_ir;)7 for i € [1,4]. Conditions (8) hence remain
valid when (4 + >2%_; ;)" replaces o everywhere it
occurs. This gives sensitivity and complementary sen-
sitivity bounds in terms of insignificant poles and the
positive constant §. The resulting bounds, however,
. are looser than the bounds in terms of a; . FaY

{13)

4) Theorem 1 provides an iterative reduction proce-
dure, which normally starts out without any of the left-
half plane poles {—~1/e;,i = 1,...,¢} and checks if (6)
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can be satisfied by a stabilizing controller for G. 1f not,
then the pole(s) —1/e; are appended one at a time to G,
starting with the one “closest” to the imaginary axis.
In the case of real poles, if ¢; < ¢; for some i, € [1,4],
then the pole ~1/¢; is closer to the imaginary axis, i.e.,
—1/e; > —1/e;. To see why it is reasonable to start the
reduction algorithm by appending the right-most real
pole to increase the order, consider two possibilities,

Gt = ?T-;—TG Gt = o w7G, with ¢ > €. Since
(6+€1+EJ 2Ti )~ 1< S+ef+ i .75 )71, the

upper-bound given in (6) on }|sTf|} is larger than the
one on [[sI7"|| (for a controller which achieves close
values for these norms); ie., for G{ and G having
similar high frequency performances, the inequality (6)
is easier to satisfy with G¢ than with GF*. Although
this simple reasoning justifies increasing the order by
including the right-most real pole, a similar easy rule
cannot be stated in the case of complex-conjugate pairs
of candidate insignificant poles, A

The following single-step order reduction in Corollary 1
states an easier interpretation of condition (6):

Corollary 1. Under the assumptions of Theorem 1,
with 1 := k + 1, if there exists a real 8 > 0 such that

(Ei + 6)-11
(27‘,‘ + 5)_1

€ € R,

Is7i < { SN (14)

€41 = §

then a) when ¢; € R, C stabilizes G; and satisfies
T3l < -(lg; b) when ¢; ¢ R, €41 = &, C stabilizes
a? + b?
2!’1,‘}),‘5 ’
Based on (14), a real pole —1/¢; that lies to the left
of —a; = —|{sT;—1|| can be considered insignificant for
order reduction. For —1/¢; ¢ IR to be insignificant,
—r; = =Re(l/e;) < ~2a;, i.e., the complex-conjugate
pair of poles —1/e;, —1/€; should lie to the left of the
line at —2a;. As ||sT;_,|| gets smaller, this line moves
closer to the imaginary axis, enlarging the region for
insignificant poles.

Gy and satisfies [jsTip1]] <

A

2.2 Insignificant Zeros

Consider the unity-feedback system, with P and & as
the plant’s and the controller’s transfer matrix. Let
P = D'N be an LCF, ¢ = N.D;? be an RCF over
S . Let P be full row-rank and have no transmission-
zeros at s = 0, equivalently, let N(0) be full row-rank.
For k > 1, define

Po = P, Pk = Pk:—l

(s+2) vy (8+2)
. _PH—S—a,(IS)

i=1
Dk_ls =~ d 8
=D ——. (16
(s -+ z1) E(s—kzd (16)

Then P, = D' N is an LCF of Py . With P, as the
plant in the unity-feedback control system (replacing

Gy in Section 2.1}, let the sensitivity function Sy and
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the complementary sensitivity function Ty be S = (I+
P.OY Y, Ty = BCT + P.C)~ ! asin (3).

We now give a dual of Lemma 1, where it was as-
sumed that GC(oc) = 0, equivalently, Tp(oo) = 0 =
I — 5p(00). In the dual Lemma 2, we assume Sp(0) =
0 = I — Tp(0), which implies PC(D) has poles at s = 0.
A transfer matrix PC is said to be of type-1 or greater
if Sp(0) = 0. This assumption is automatically sat-
isfied if D(0) = 0:in P = D' or if D.(0) = 0 in
€' = N.D7?, in which case the stabilizing controller has
mtegral-actwn. Any stabilizing controller C = N. D}
can be modified to-be one with integral action, for ex-
ample as &' = N.(I+ DD .B)(D.(I-NN.B)) ! where
B = (NN_)(0)~!. Therefore, there is no loss of gener-
ality in assuming PC is of type-1 or greater, with the
controller chosen to have integral action as necessary.

Lemma 2. Let o plant P be stabilized by a controller
C, where PC is of type-1 or greater. a) For z; € R,
Zg > 0; if

2 < s Skl (17
then the same C' also stabilizes the higher-order plant
P, = P, E—“—"l. b) For z; ¢ R, —z, € €., let
Zpy1 = Z cmd define ty, 1= R_e(bm" if

2re < “S_lsk.,l“__l, (18)

then the same C' also stabilizes the higher-order plant
Pip1 = Py LS'I"—Z%M ¢) For any conjugate sym-
metric set {—2z; € C_, 1 =1,...,q}, where z; € R satis-
fies (17) and z; ¢ IR satisfies (18), the controller € also
stabilizes the higher-order plant P, = PT]1. Qiz—-l.

Proof. Let P = DN be an LCF and let € = N, D1
be an RCF. For k > 0, define V; = DiD, + NNC

The controller € stabilizes Py if and only if V} is uni-
modular, ie., V"' € M(S). By assumption, Vy =
DD, + Nﬂfc is unimodular since € stabilizes P, We
show that C also stabilizes P, by induction: For k > 1,
Ve = Vi1 — MHD;CDC If C stabilizes Py, then
Vi1 is unimodular. Since PC is of type-1 or greater,
5718y = s DV, 'D € M(S). Note that M(s) €
M(8) if and only if M := M(1/s) € M(S); ie., sta-
bility is preserved under the transformation s — s~%.
Let Sk_1 = Sk—1(1/s); then since s~154—, € AM(S)
for & > 1, it follows that 881 € M(S). Now for
k> 1, ka_lle =1~ Sﬂ Prnd P le 1D, is unimod-
ular if and only if My = I — s+z,.DCVk—1Dk—1 =
I— 22-(s718;,) is unimodular. Applying the trans-
fgrmation s — s7, M, is unimodular if and only if
My = Mp(1fs) = I - ;fﬁg(ss'k_ﬂ is unimodular.
Therefore, we now have the problem cast in the setting
of Lemma 1, replacing (sTx_1) by (s8x_;); hence, the
proof follows as in the proof of Lemma 1, by finally
using the transformation 57 — s. -

Lemma 2 justifies methods of design where a loop-gain
transfer function (15) is approximated by a function of
type-1 or greater, in designing a stabilizing controller.
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The terms that are discarded are such that the high-
frequency gain.of P and that of P are the same, iLe,
each insignificant zero is cancelled with exactly one pole
at the origin. A real zero —z; is insignificent, or, can-
cellable with o pole at the origin, if —2; is in the interval
(=1/8:,0), where 8B; := |[s71 ;1) i.e., it is sufficiently
close to the origin. Based on condition (18), a complex-
conjugate pair of cancellable zeros lies inside the circle
of radius (44;)~! centered at —(44;)7!.

The proof given for Lemma 2, based on the trans-
formation s — s7%, clarifies the relationship between
the two design methods: An insignificant denominator-
term (es + 1) under the transformation s — s~! gives
a PI controlier "{‘;—‘ having an insignificant zero.

We now give a dual of Theorem 1: If for some k < ¢, we
can determine a stabilizing controller, which achieves a
certain amount of closed-loop performance for B}, , then
the same controller stabilizes every P; for i > k and has,
to some degree, a guaranteed closed-loop performance.

Theorem 2. Let C be o stabilizing controller for the
plant Py, for some k € {0,...,q — 1}, where {—z; €
C_,i=1,..,k} is a conjugate symmetric set. Let C be
such that PC is of type-1 or greater. Fork+1 <i <qy,
let B = ||s71Si—1l). Suppese thot {~z; € C_, j =
k+1,..,1, E+1 <1< q} is a confugate symmetric sel
and that there exists g real § > 0 such that

q
lsT'Sell < (6+ > )7
d=k+1
Under these assumptions: a) When z; € R, the same

controller & also stabilizes P, = Pi_y if—':il Further-
™TOTE,

{19)

q
ls Sl < (84 3 7))
F=i+l
and the following sensitivity and complementary sensi-
tivity bounds are achieved:

(20)

= ISl - 28 < HS < =g 1Sialls
1+z 1¥z:8: “Tt 1” S IIITH = b.z'.gi HTl 1“
(21)
b) When 2; € R, 241 = % (where a; + 7b; == (1/z),

ai,b; € R, ai,b; > 0), the same controller C also sta-
bilizes Py = Gy Qﬂ‘sgfil Furthermore,

a? + b2 _
@D (50 3 ),
J=i+2

and the following sensitivity and complementary sensi-
tivity bounds are achieved:

5™ Sipali < (22)

1+217'.’ﬁ,' “Si_:l” 1-;-%% < “SI-HH
S o 2r 2 15 —1” + f}r?,ﬂ—‘— {23)

a1 Ti-1ll STl € g 1Timal

Proof. The result can be obtained from Theorem 1

by the transformation s —» s~! and by appropriate
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changes in the notation. Alternately, it can be proved
directly using Lemma 2 following similar steps as in the
proof of Theorem 1. .

Remarks: 5) Condition (19) is a low-frequency
performance requirement on the plant F. In the
scalar case, it is equivalent to sup,sq jw| ™! |Se(jw)| €
(6 + X9 s,y 7)1, which implies 1Sk (G| < |w| (8 +
2 i=k4173)"' Yw 2 0. This means in particular
that |Sx(jw)| < 1 for all w < 3%, ,;7;. By Theo-
rem 2, a similar performance holds true for each plant
P, i € [k +1,q], stabilized by the same controiler.
Again by 8], if P, has a strict right-half plane zero and
its associated sensitivity function gets small in magni-
tude in a frequency range, then its Ho-norm necessar-
ily gets large. The bounds in (21) show that the ||S¢||’s
nevertheless remain bounded by a multiple of ||Sk||. &
6) As a counterpart for Corollary 1, a single step order
reduction condition can easily be written from Theo-
rem 2. A real zero —z; is cancellable if z; < 1/6;. A
complex-conjugate pair {—z;, —Z;} € € is cancellable
if the zeros lie strictly in the circle of diameter 1/28;.
As ||s71S;_1(s)|| gets smaller, this region gets larger.

3 Conclusions

In Theorems 1 and 2, we provided dual model reduc-
tion methods from the viewpoint of closed-loop stabil-
ity and performance. The iterative design algorithms
hinge on the existence of a controller having a certain
performance as quantified by conditions (6) and (19).
The most important merit of the methods presented
is that they directly focus on closed-loop performance
and provide estimates in terms of eliminated poles or
zeros for achievable performance and stability robust-
ness. The design methods provide an MIMO general-
1zatlon of the scalar design approximation methods. it
should be noted that the candidate insignificant poles
and zeros are “blocking” poles and zeros in the sense
that they appear in every entry of the transfer matrix.
These methods do not restrict the approximated plant
to be stable or minimum-phase; the only requirement
is that the discarded poles and zeros are in the open
left-half plane. Unlike most other reduction methods,
these do not require any additive decomposition of the
plant into stable and anti-stable parts.

r € Cé ,Lu GkP é}j y
_i k

Figure 1: Unity-Feedback Control System
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