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Abstract

It is shown that a class of linear, time-invariant, multi-input multi-output plants can be simultaneously stabilized. This class of
plants all have the same number of zeros at infinity, at zero, or both, but no other zeros in the unstable region. If they have zeros at
zero or infinity, then their gain matrices at zero and infinity also satisfy a positive-definiteness condition. There is no restriction on the
poles of the plants considered in this class. An explicit design procedure is proposed to achieve simultaneously stabilizing controllers.
All simultaneously stabilizing controllers for this class of plants are also characterized in terms of a parameter matrix that satisfies
a unimodularity condition. © 2001 Elsevier Science Ltd. All rights reserved.
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1. Introduction

Simultaneous stabilization of a set of linear time-
invariant (LTI), single-input single-output (SISO) or
multi-input multi-output (MIMO) plants is a challenging
control problem. Controller design for a number of dif-
ferent plants is encountered in many applications, such as
when considering a class of systems generated by a given
nominal plant in different modes of operation, or when
the actual plant is only known to belong to a finite set of
plants, or when partial failures of sensors or actuators
change the original plant description so drastically that
the resulting systems cannot be described as small per-
turbations of the nominal plant.

In the case of two plants, the well-known parametriz-
ation of all stabilizing controllers leads to explicit
necessary and sufficient conditions for existence of simul-
taneously stabilizing controllers (Vidyasagar, 1985).
These simple conditions require that a pseudo-plant as-
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sociated with the two given plants has the parity-interlac-
ing-property (PIP), i.e., it has an even number of poles
between consecutive pairs of real-axis zeros in the region
of instability. However, there are no known necessary
and sufficient conditions to check for existence of simul-
taneously stabilizing controllers for a completely general
class of three or more plants. Although it is necessary for
the plants to satisfy the PIP pairwise, this is not sufficient
in the case of three or more plants. In fact, conditions
restricted to checking the real-axis pole/zero locations
are not sufficient to guarantee that a single controller
can stabilize all of the plants simultaneously (Blondel,
Gevers, Mortini, & Rupp, 1994) and the simultancous
stabilization problem for three or more plants is in gen-
eral rationally undecidable (Blondel, 1994). Since neces-
sary and sufficient conditions applicable to a completely
general class of three or more different plants are not
available, it is important to identify classes for which
simultaneous stabilization is possible to achieve. Identi-
fying such classes has proven to be a very difficult prob-
lem even in the SISO case. Some important sufficient
conditions for simultanecous stabilizability have been
considered in the literature. For example, a special class
of uncertain SISO plants was considered in Barmish
and Wei (1986), where it was shown that a class of
SISO minimum-phase, strictly proper plants that have
the same high-frequency gain sign are simultancously
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stabilizable by a stable and strictly proper controller.
This result was extended to discrete-time systems in Wei
and Barmish (1988), and modified for MIMO systems in
Wei (1993). Various special cases of sufficient conditions
presented in the literature for the simultaneous stabiliz-
ation of SISO plants were generalized in Bredemann
(1995) (see also the references therein), where the simulta-
neous stabilizability conditions for two plants were for-
mulated in terms of the difference of the plants, and
conditions for simultaneous stabilizability were derived
for SISO plants with zeros either at zero or at infinity
(but not both). A sufficient condition for strong simulta-
neous stabilization of SISO systems that have the same
relative degree and the same unstable zeros was present-
ed in Abdallah, Dorato, and Bredemann (1997). It was
shown in Gilindes and Kabuli (1999) that a class of
MIMO plants that have no other unstable poles except
at zero are simultaneously stabilizable and that the con-
troller can be chosen stable and strictly proper. While
conditions guaranteeing simultaneous stabilizability
have been studied extensively, most of the previous re-
sults are applicable to SISO systems. Furthermore, most
of these results derive existence conditions and do not
tackle explicit controller design, which is a difficult prob-
lem even in the case of two plants.

In this paper, we consider the class £ =
{Po,Py,...,P,} of n+1 LTI, MIMO plants that have
no other zeros in the region of instability except at
infinity and/or zero. These plants all have w blocking-
zeros at infinity and m blocking-zeros at zero, where
w and m are non-negative integers. In addition, when
w # 0, or m # 0, the high frequency gains or the low
frequency gains of the plants in this class are related by
positive-definite matrices (see Assumptions 2.1 for a com-
plete description of the class). There are no restrictions on
the poles of the plants considered here. In the special case
of SISO plants (n = 1), Assumption 2.1(iii) is equivalent
to (Po/P;)(o0) > 0; Assumption 2.1(iv) is equivalent to
(Po/P;)0) > 0, for all je {0, 1, ...,n}. Note that more re-
stricted classes of plants with zeros either at zero or at
infinity (but not both) were considered in previous litera-
ture and controller design for these classes has proven to
be a challenging task even in the SISO case. Although the
class considered here includes finitely many MIMO
plants as “centers”, and proposes simultaneously stabiliz-
ing controller design that guarantees stabilization of
these centers, “small” perturbations around these centers
are also stabilized using the same controller as in stan-
dard robustness results. However, the finitely many
plants in the class are not related to one another by any
small-gain restrictions.

The main result of this paper (Proposition 2.3) gives
a simple design procedure of constructing a simulta-
neously stabilizing controller C,, called the nominal con-
troller. This nominal controller C, is biproper; in fact,
it has a stable inverse. All simultancously stabilizing

controllers are obtained from this nominal controller in
terms of a stable controller-parameter that satisfies an
additional unimodularity condition. Following the main
result, we apply the design method of Proposition 2.3 to
a class of MIMO plants in Example 2.5. We provide
a proof of Proposition 2.3 in the appendix.

Due to the algebraic framework described in the fol-
lowing notation, the results apply to continuous-time as
well as discrete-time systems. A continuous-time setting
was assumed throughout for simplicity; in the discrete-
time case, all evaluations and discussions involving poles
and zeros at s = 0 should be interpreted at z = 1.

Notation. Let % be the extended closed right-half-plane
(for continuous-time systems) or the complement of the
open unit-disk (for discrete-time systems). The sets of real
numbers, rational functions (with real coefficients),
proper and strictly proper rational functions, proper ra-
tional functions that have no poles in the region of
instability % are denoted by R,R,R,, R;,%. The set of
matrices whose entries are in Z is denoted by .#(#); M is
called stable iff M e #(Z); a square M € .#(ZA) is called
unimodular iff M~ 'e.#(#). For M e .%(#), the norm
[|-]| is defined as ||M|| = supsss G(M(s)); ¢ denotes the
maximum singular value and 0% denotes the boundary
of . The product notation used with matrices
M; € 4 () assumes an ascending order in the index, i.e.,
m M, =M,M,-M,,

2. Main results

Consider the standard LTI, MIMO, unity-feedback
system &(P;,C), where P;:eptoy, Cie>yc, e =1 — ),
ep = yc + u; P;e R} and CeR}*" represent the trans-
fer-functions of the plant and the controller, respectively.
It is assumed that P; and C have no hidden modes
corresponding to eigenvalues in the region of instability 7.

2.1. Assumptions

The plant P;eR}*" belongs to the class

= {Py,P,,...,P,}. For je{0,1,...,n}, P; €2 satisfies
the following assumptions: (i) (normal) rank P; = ;
(ii) let w and m be non-negative integers; P; has w
blocking-zeros at oo and m blocking-zeros at zero
(ie, s*7'Pj(00)=0, s"Pj(o0)#0,s " YP,0)=
s~ "P;(0) # 0) but it has no other transmission-zeros in
U (iil) when w # 0, (s"P;)(00)4; = (s"Po)( ), for some
symmetric positive-definite matrix 4;e€R"*"; (iv) when
m#0, (s""P;)0)@; = (s "Py)(0), for some symmetric
positive-definite matrix @; € R"*".

In the special case of SISO plants (3 =1), As—
sumption 2.1(iii) is equivalent to (Po/P;)(c0) >
Assumptlon 2.1(iv) is equivalent to (Po/P;)(0) > 0, for
all je{0,1,...,n}.
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By Assumption 2.1, each P; R} " in the class 2 has
a left-coprime-factorization (LCF) P; = D; 'N given by

m

s
1
als o) [Tl + i)

where D;e#"*", detD;(o0)#0, —o, eR\% for i=
1,...,w, —B;eR\% fori=1,...,m(ie., for continuous-
time systems, o; > 0, ff; > 0). Note that (1) the numerator
(matrix) N is the same for every plant P; e # since the
plants P; all have the same blocking-zeros and no other
transmission-zeros in %; (2) P; = ND; ! is a right-cop-
rime-factorization (RCF) since N commutes with D; '; (3)
if m # 0, then det D;(0) # 0, i.e., since P; has blocking-
zeros at s =0, it does not have any poles at s =0.
Furthermore, by (1), the assumption (s"P;)(o0)4; =
(s"Po)(o0) is equivalent to D;( o0 )Dg '( 0 ) = 4;, and the
assumption (s~ "P;)(0)@; = (s"™"P,)(0) is equivalent to
D;(0)D, '(0) = ©;.

P;=D;'N=:D;"

(1)

2.2. Definitions

The system % (P;, C) is said to be stable iff the transfer-
function from (r,u) to (y, y¢) is stable. The controller C is
said to be a stabilizing controller for the plant P; (or
C stabilizes P;) iff Ce .#(R,) and the system ¥ (P;, C) is
stable; C is said to simultaneously stabilize all P; e Z iff
the system (P;,C) is stable for all P;eZ.

Let P=D"'N be any LCF of Pe.#(R,)
(D, Ne.#(#), det D( o) # 0). It is well-known that the
controller Ce.#(R,) stabilizes the plant Pe.#(R,) if
and only if (DD, + NN,) is unimodular for any
RCF C = N.D;! (with D, N.e . #(®), detD.(0) # 0)
(Vidyasagar, 1985). In the problem studied here, for the
particular RCF P; = D 'N given in (1), the controller
C = N.D; ! simultaneously stabilizes all P;e2 if and
only if

D;D. 4+ NN, is unimodular (2)

for all je{0,1,...,n}. Let one of the plants
Py =Dy 'Ne? be called the nominal plant. For the
left-coprime pair (Do, N), there exist V,U e .#(%#) such
that DoV + NU =1. All stabilizing controllers for
P, are C = (U + DoQ)V — NQ) ™!, where Qe.#(%) is
such that det(V — NQ)(o0) # 0 (this condition guaran-
tees that C is proper and it holds for all Q € .#(%) when
w #0, ie, Pje.#(R,)). In the case of two plants, ie.,
P = {P,y, P}, by (2), there exists a controller that simul-
taneously stabilizes P, and P, if and only if there exists
a Qe.#(#) such that D,(V — NQ)+ N(U + D,Q) =
I+ (D; — Do)V + (Do — D{)NQ is unimodular. From
the parity-interlacing-property (PIP), such Qe .Z(%)
exists if and only if det[I + (D; — Do)V (so)] has the
same sign at all blocking-zeros s, e% of (Dy — D)N.
In the case of three or more plants, ie, % =
{Po,Py,...,P,}, n> 1, PIP between any pairs of plants

is a necessary condition for existence of controllers that
simultaneously stabilize all P;eZ; however, it is not
sufficient. We now verify that P, and P; for any P;e 2
actually satisfy the PIP under Assumptions 2.1:
For soe% such that (Do — D;)(so) =0, we have
det[I + (D; — Do)V(so)] =1 > 0. For s, e such that
N(so) =0 (ie, so = o0 or so =0), we have (DoV +
NU)so) = I = Do(s0)V(so) implies det[I + (D; — Do)V (so)]
= det(D;V)(so) = det D;(so)Dq '(so). By Assumption 2.1,
since 4; and ©; are positive-definite, det D;( 00 )Dq '( 00)
=det4; >0, det D;(0)D, '(0) = det @; > 0, and hence,
PIP holds.

Checking that the PIP holds pairwise for the plants
P; € # only confirms that the necessary condition is satis-
fied. It does not guarantee existence of simultaneously
stabilizing controllers. Furthermore, this check is still
a long way from explicit construction of simultaneously
stabilizing controllers. In Proposition 2.3, an explicit
design procedure is given that achieves a simultaneously
stabilizing controller for the class 2. In addition to defin-
ing one such controller explicitly, all controllers can also
be characterized based on the nominal plant P,. The
selection of the nominal plant P, € Z is completely arbit-
rary. Four possible cases are considered in Proposition
2.3: (a) P; has blocking-zeros at infinity and zero
(w >0, m > 0), (b) P; has blocking-zeros only at infinity
(w>0, m=0), (c) P; has blocking-zeros only at zero
(w=0, m>0), (d) P; has no blocking-zeros at infinity
and at zero (w =0, m = 0). Since these plants have no
other transmission-zeros in the region of instability %,
the last case corresponds to the class of minimum-phase
plants. Existence of simultaneously stabilizing controllers
for case (d) is rather obvious and is included here only for
completeness.

2.3. Proposition

Let P;eRV" P;e? satisfy Assumptions 2.1,
jel{0,1,....,n}, ie, Pj =D 'N as in (1).

(@ If w>0,m>0, let ky eR satisfy (3); if w>1,
let k, eR satisfy (4); if w>2, let k,eR, v=3,...,w,
satisfy (5):

ki > max ||s(4; — D;Dy '(0)), )
Jje{o,....n}
st
ky > max ||s| I +D;Dg"(o0)— ) (4)
Je(0, ... .n} ky
v—1 i1 -1
k, > max S<I +D;Do (o)) s ] )
jelo,...,n} i=1 /=1 k/
v—2 . i 1
{1+ D;Dg'(c0)Y s T — |l (5)
=1 =1k
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Define KeR"*" as

w

il

ll /=1

Let f; eR, fi > O satisfy (7); ifm>1,let fLeR, f, >0
satisfy (8); if m>2, let f,eR,f,>0,v=3,...,m
satisfy (9):

[ f[ ¢~ U+ D;K) D05 0)
1

L »

fr < min sl[I + Di(K + Do Y(0)s™ ' £y
N R
fi< min s-l[z + Dj<K +Dg ; Sl H
]f[ ﬂ [ +D<K+D01(0_ZSl
U f[ )” | 9)

A controller Cg eR}’,X" that simultaneously stabilizes all
Pie?is

m

S

Co = (Hl V(s + o) Ty s+ﬂ)
+7( +[3)D0 0)121 E[ f/lﬂl —> . (10

Furthermore, all simultaneously stabilizing controllers
C are

C:<C5 B 1(i+oc)]_[

e ﬁ)Q> (I + QDo)
(11)

for je{l,...,n}, Qe #" " is such that G; is unimodular:
Gj =] + (DO — D])

y (I n Cngjnzwﬂ(S + )| [t (s + ﬁi)) 71Q.

m

S
(12)

b)Y Ifw>0,m=0, let k,, v=1,...,w, satisfy (3), (4),
(5). A controller Cy € R}*" that simultaneously stabilizes
all P;e? is

(o))

= Do(oo)<i st ﬁ k%) i ]_W[ (5 + o). (13)

Furthermore, all simultancously stabilizing controllers
C are

C=<C61————L——Q>_(I+QDM, (14)
(s + o)

=

i=1

for je {1,...,n}, Qe #" " is such that G; is unimodular:

w -1
Gj:=1+(D0—Dj)<I+C51D 1‘[ s+oc> 0. (15

(c) If w=0,m>0, choose Xe#Z"*" such that
det X(o0) # 0. Let f; e R, f; > 0 satisfy (16); if m > 1, let
fLeR, f, >0 satisfy (17); if m> 2, let f,eR, f, >0,
v=73,...,m, satisfy (18):

fi < min || s7'[@; — D;D, '(0)] — D; Dy (0)X] ",
jelo,....n}
1 (16)
fo < min |ls”'[I + D;Dg '(O)I + sX)s™ ' fi]7 M7,
Jjelo, ... .n}
(17)
v—1 1 i -1
f, < min Sl|:1 +DjD51(0)(I + SX)Z = l_[ f/:|
je{o, ....n} i=1 S /=1
- 1 i -1
X[I+DjD0 (I—I—SXZS—]_[ ” .
i=1 /=
(18)

A controller C, € R},™" that simultaneously stabilizes all
P;e?is

™ m i -1
CO = (7;"_1(9 n ﬂi)DO 1+ SX ; l:[ > .

(19)
Furthermore, all simultaneously stabilizing controllers
C are

m -1
C=G5“‘vq2+ﬁﬁ> (I + QD). (20)

Qe#"*" is such that det(f1 Do (0)X — Q)(0) # 0 and
for je{1,...,n}, G; is unimodular:

i+ B\ !
Sm

Gj:: I+ (DO —DJ)<I + Cngj Q

(21

(d If m=0 and w=0, let Ae#"*" be such that
|| 4]l < minje{ow_’,,}||Dj||’1 and det A( o0 ) # 0. A control-
ler Co e R%*" that simultaneously stabilizes all P;e 2 is
Co = A™'. Furthermore, all simultaneously stabilizing
controllers are C = (4 — Q) (I + QD,); Q € #"*" satis-
fies det(A — Q)(c0) # 0 and I + (Do — D;)I + AD;)"'Q
is unimodular for je {1,...,n}.
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2.4. Comments

(i) In Proposition 2.3, the choices of — o; e R\% for
i=1,...,w,and — f;eR\% for i=1,...,m, are com-
pletely arbitrary (in the continuous-time case, o; > 0 and
B; > 0). However, these choices will determine some of
the zeros of the designed controllers: Whenw > 0, m > 0,
Cy has zeros at —o; and — f;; whenw >0, m =0, C,
has zeros at — a;; when w=0, m >0, C, has zeros
at — ;.

(i1) In all of the four cases considered in Proposition
2.3, the explicitly defined nominal controller C, has
a stable inverse although C, itself is not necessarily
stable. The nominal controller is biproper since C, is
proper and Cg ! is stable. In case (d), the controller C,,
is stable if and only if Ae.#(#) satisfying
|A|| < min;||D;||~" is chosen unimodular. In case (b),
where the plants have w > 0 blocking-zeros at infinity
but no zeros at zero, Cy has a pole at s = 0 (and possibly
other %-poles depending on the constants k,...,k,).
In particular, when w=1,Cy =k{Dy(o0)+
(o1 kq/s)Dg(00) is in the form of a proportional-plus-
integral controller. This design with a pole at s =0 in
case (b) provides integral-action in the closed-loop
system. In case (c), where the plants have m >0
blocking-zeros at zero but no zeros at infinity, C, may
have %-poles depending on the choice of X € #(%) and
the constants fi,...,f,. When w=1, if X is chosen
constant nonsingular, where the eigenvalues of X!
have positive real parts, then the corresponding
Co=f1 s+ B1)sI + X H71X 71Dy (0) is stable.

(iii) The choice of Q =0 obviously satisfies the
unimodularity conditions on (12), (15), (21) and
I+ (Do —D;)I + AD;)"'Q in Proposition 2.3(a)~(d).
With Q = 0, the controller C becomes the nominal con-
troller Cy. Other simple choices satisfying these unim-
odularity conditions include choices for Q € .#(2) based
on the small-gain approach as follows: A sufficient condi-
tion for G; in (12), G~j in (15), Gj in (15) unimodular is if
Q € M (R) satisfies

91l <

(Do — Dy)

<I n Cng]l—L*”:l(s + O‘i)rln—[;nzl(s + ﬂi)) !

S

-1

>

or

w -1|] -1
QI < ||(Do — Dj)<I +Co 'D;[] (s + Ofi)>

i=1
or

m . -1 -1
ol < H(Do - D»(I + cme) ,
respectively. A sufficient condition for I 4 (Do — D;)
(I + AD;)™'Q unimodular is if Qe.#(#) satisfies
10l < [I(Do — D)I + ADj)~ "I~

(iv) In Proposition 2.3(c), X € .#(Z) is chosen biproper
in order to guarantee that the designed nominal control-
ler Cy in (19) is proper. The additional condition
det(f; Do H(0)X — Q)(0) # 0 on Qe./(#) ensures that
the controller C in (20) is proper. A sufficient condition to
satisfy this constraint is to choose Qe .#(Z) strictly
proper.

2.5. Example

Consider the class 2 = {Py,P,,PoH,P,F,FP;} of
five 2 x 2 plants:

s —s?
Py s? + 64 (52—1)(5—3),
S S
(s—2)(s +10) (s + 1)s—2)
(s + 4)s + 16) s
e s+ 16 (s + 1)(s +4)
B 0 40(s — 1)(s — 3) [
(40s — 5)(s — 6)
13s — (s +4)
P, — (s—2)(s—28) (s> —4)(s —8)
L s(17s + 7) s(5s + 16) ’
((s +2)* + 1)(s + 1) s+ Dis—=2)(s+5)
o |3s—2) 3s+ 14
F-d1ag|:s_3, s+7}

Forje{0,1,... .4}, each P; € 2 satisfies Assumptions 2.1,
with rank P; = 2, w = 1, m = 1. The symmetric positive-

definite matrices A4; = P; (o0)Py(0)eR**?, 0; =
P;1(0) Po(0)e R**? are:
AO 219
1 3 -2
A =7 5
! 41[_2 15 }
1
4, =1, A3=§Al, A, =43, O =1,
9 11 2
' 3602 13
1 1
@2 ZZI’ @3 =§@1’ @4 = @3.

Choosing o; =5, f; = 10, write each P; in the form of
(1); then N = s/(s + 5)s + 10). Since w=1,m=1, we
only need to compute the constants k; and f; satisfying (3)
and (7). Compute maxj.o, 4 lls(4; — D;Dg '(o0))| =
31.4075; then choose k; = 70 satisfying (3). Compute
minjeo, a4ll s~ 1(@;5/70 — (I + D;Dg *(00)s/70)" 'D;Dy
(0)(s + 5)/70)||"* = 0.374301; then choose f; = 0.37
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satisfying (7). By (10), the nominal controller is
C C
CO _ |: 11 12:|
C21 C22
5 h
=|l—— Dy}
e e TR e

where

-1
P )> ,
co 70(s + 5)(s + 10)(s> — 9.25s — 46.25)
T 06— 9.8859s3 — 52.1035s% — 26.7823s — 66.8457°

70(s + 5)(s + 10)s?

C,, =
127 06* —9.885953 — 52.1035s% — 26.7823s — 66.8457°
c —70(s + 5)(s + 10)(s> — 0.925s — 4.625)
217 26% —9.8859s% — 52.1035s% — 26.7823s — 66.8457°
B 70(s + 5)(s + 10)(s> + 0.2891s + 1.4453)
227 05* —9.885953 — 52.1035s — 26.7823s — 66.8457

Since Co'e.#(#), an RCF of Cq is Co =I(Co )™ !
Using (2), it can be shown that C, simultaneously stabil-
izes all Pje# since D;Cy ' + N =:¥; is unimodular for
je{0,1,...,4}. By (11), all simultaneously stabilizing con-
trollers are

(s + 5)s + 10)
S

C =

0.37(s +5)
1 S —
<70D o (o) +==5;

where Q € #*? satisfies G;.

-1
D, (0) - Q> (I'+ QDo)

037(s +5) -t

is unimodular, je {1, ... 4}.

3. Conclusions

We considered simultaneous stabilization of a class of
LTI, square MIMO plants that all have the same number
of blocking-zeros at infinity and/or at zero; these plants
have no other zeros in the region of instability, and
satisfy positive-definiteness assumptions on the high fre-
quency and the low frequency gain matrices as described
in Assumptions 2.1. We proved that this class of plants
are simultaneously stabilizable and proposed an explicit
design method to find a nominal controller. We charac-
terized all simultaneously stabilizing controllers based on
this nominal controller by choosing a controller-param-
eter satisfying additional unimodularity conditions. The
design method was illustrated by an example of a class of

2 x2 MIMO plants that all have one blocking-zero at
infinity and one blocking-zero at zero. As these results
show, although necessary and sufficient conditions are
not available to check simultaneous stabilizability of
a completely general class of more than two plants, it
may be possible to identify classes of three or more plants
for which simultaneously stabilizing controllers exist and
to design controllers explicitly for such classes.

Appendix

Proof of Proposition 2.3. By assumption, P; = D 'N is
an RCF of P;, where

Sm

1.
[T=1Gs + o) [ 1(s + Bi)

Furthermore, D;( 50)Dg '( c0) = 4;,and D;(0)Dg '(0) = ©;.
(a) Choose any k; € R satisfying (3). Define

N:=

s
= I+ D;Dy
1 (s+oc1) + (OO)(s—i-ocl)
_ _(sA;+ kqI)
= (kI + D;Dg '(c0)s)(s4; + ki 1) lﬁ
_ (4 + ki)
= [I —s(4;— D;Dg (0))(s4; + k1) l]ﬁ’
(22)
for je{0,...,n}, W, ;€. #(#) is unimodular since k,

satisfies (3), o; >0, 4; is symmetric, positive definite
and Dj(o0)Dg '(o0) = 4; implies s(4; — D;Dg '(o0))e
M(R). If w> 1, choose any k, e R satisfying (4), i.e.,
for je{0,...,n}, let ky >max;||s(I — W{;'D;Dg (o0)s/
(s + o))l (note that by (22), [I— W;'D;Dg"(c0)s/
(s + o))l = Wi [Wy; — D;Dg '(0)s/(s + ay)] = Wij'ky
/(s + o) = [I + D;Dg '(0)s/ky1~"). Define

ks s S

W,yi=———1+ WiD;D -
= gy TP ()
| r—st—wiD, Dy (o) — )L
B 1o (s + 1) (s + k)
(s + k»)
P 23
o+ ) )
for je{0,....n}, Wy;€e/(#) is unimodular since

k, satisfies (4), o, > 0, and [W{;'D;Dg '(00)s(s + o)~ "]
(o0)=1 implies s[I— W;'D;Dg'(0)s(s + ;) ']e
M(R). If w > 2, continue similarly for v = 3,...,w with
k, satisfying (5), i.e, when v = w, for je {0, ..., n}, k,, satisfies
ky > manHS(I + D;Dg H(oo)) s [h=1 1/k/)_1

D5 (o)X 2 T 1kl = malls(l — ([T

D;Dq ( ) wo 21l (s 4 o) Y| = max; ||W(w 1)ka 1
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s(s + o, 1)~ !||. Define
k 1 4 w
wj: (S n % < n W”> DJDO (OO)Swilz—Il
(s + oci)*1
w—1 -1
:|:I_S<I—<1_[ WU> DJD(;l(OO)SW71
i=1
w—1
N s+ k)
+ o)t s + k)Tt [, 24
i]:[I (s + o) >(S ) ](s—}-ocw) (24)
for je{0,....n}, W,,e M(R) is unimodular since
k, satisfies (5, o, >0, and [([[i='Wi) !
D;Dg ( o0)s” T i 1(s—i—oc) (o) =1 1mphes s[I —

l_[ WU “ip. DO Yoo)s™™ 1
Slnce Wi, W, are unlmodular

[kikal 4+ D;Dg '(c0)(sky + s*)](s + o) " '(s + )" s
unimodular. Similarly, W ; is unimodular for j€ {0, ..., n}:

s 4 o) e (R).
(WIJWZJ)

w

=

sz

W= ) ki
1 v ! i=1(5+ai).

(25)

i

For simplicity, define o := 1_[ o;/k;. If m > 0, choose any
f1 € R satisfying (7). Define

Ji
(s + B1)

M= +S/3 1+ WSD,060)
1
(SI + OC‘fl @J)

— I+ W7 D,D3 Ol + 11 05 S

= [I—Sil(a @J — WJTIDJ'D(;I(O

(sI +of10;)
(s+p1)

forje{0,...,n}, M,; € .#(#)is unimodular since f; satis-
fies (7), ;1 > 0, ©; is symmetric, positive definite, and
D;(0)Dg '(0) = ©; implies s~ '(©;o — W; 'D;Dg '(0) e
M(R). If m > 1, choose any f, € R satisfying (8), i.e., for

NSf1s(sI 4o f10;5) 1

(26)

je{o,...,n}, let fz <minj||s_1|:l—Ml_jle_leDo_l
©)fi(s + B1)” "Il = min;||[M ;' (s + 1) |l Define
Wi f2
M= I+M 1W 1DD Lo :
2 S+ﬁ2 Y o ) + 1) (s + )
=[k—f%r—Mng*mzm%mﬁu+ﬁn*)
fas :|(S + f2)
27
G+ ) Jo+ fa) 27
forje{0,...,n}, M,; € 4(#) is unimodular since f, satisfies

(8), 2 >0, and [M;'W;'D;Do '(0) fi(s + f1)”'1(0) =
I implies s™'[1 — M{;'W;'D;Dg(0) fi(s + B1)~ ' Je
M(R). If m > 2, continue similarly for v = 3, ..., m, with

1, satisfying (9). Define

Mo <“Mu>

m

x Wi'D;Dg (0

T

x Wi'D;Dg (0 ()m_1 /i )

o,

i=1 ( ﬂ )
Sus (s + So) -
G5+ ) Jis + B 29
for je{0,...,n}, M, je.#(#) is unimodular since f,

satisfies (9), B, >0, and [(J[1'M,;)”'W; 'D;Dg '(0)
[T ﬁS+ﬁ)1])—Immme*U (I vy
Wi 11) iDo MOV [ [7: fi(s + Bi) ™ He s (R). Since My,
sz are unlmodular (MIJMZJ) (s*I + W;'D;Dg (0)
(fis + f1f2))(s + B1) " '(s + B2)~ "' is unimodular. Sim-
ilarly, M; is unimodular for j€ {0,...,n}:

i=1

Ms

i

L 1 s"
:<I+W,~ D;Dg '( 1S—]:[ >HI” N
(29)
1/1—[1 1

Define CO as in (10); Cale%(j since

(s +ou)dr s'e?# and s"™Y ™, 1/s'e#. Note that an
RCF CO —N(()D(O and an LCF CO = cOlNcO are
No =N, =1 D, =Co' =D, since Co'e.U(R).

Since W;,M; are unimodular, and k; #0,i=1,...,w
the product (W;M;) and ¥;,%; are also unimodular:

m

S w
W;M; = (I + D;K)
M= 1+ DK) LT gLl k
Sm w i
4+ =" DDy
et a0 5 U
=(D;Co ' + N[ ki =¥, [] ki, (30)
i=1 i=1
¥;:=D;Co' + N, ¥;:=C;'D; +N. (31)

Note that Co'¥W; ' = ¥;'Co!, W;'Dy = DoP; ' By
(31), we have the following important identity:

Co' I D' —o!
R [
In (32), Po=(N¥o")DoPo") ' =(—Co'¥'Do)
(¥;'Dy)~ ! is another RCF of P, = NDg '. By (32), the
controller C stabilizes P, if and only if C is given by (11),

where Q € 4 (#); C becomes C, given in (10) when Q = 0.
An RCF for C can also be obtained from (32) as
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C=N.D; "' =(P5'(I+DoQ)¥s'(Co' —NQ)~". The
controller C is proper if and only if
det(Cy ' — ON)(0) =det Cy *(0) # 0, which follows
by  construction since  det Cy(o0) = det Dy( o0)

" ik; #0. The controller C stabilizes all
P; = D; 'Ne2 in addition to Py, = Dg 'N if and only
if Qe.#(#) is such that D;D.+ NN.=1+
(Dj —Do)D. =1+ (D; — Do)[Co 'Wo ! — NP, 'Q] is
unimodular. But since N is diagonal, N¥; ! = ¥, !N;
since Co 'Wol=%,1Cot, DoPo'=W,'D,y, using
the definitions of ¥, ¥, 7,, ‘f’j given by (31), it
follows that this last unimodularity is equivalent to
I+(D; — Do)[P5 (Co ' — NOYT = ¥,%5 [ + Do —

Y7 'D;Q]  =¥;%,'[I+Do(I—Co'D;¥; 10 —
ND;¥;'Q]=¥,;%;'[I + (Do — D)NF; 'Q] = ¥; ¥, !
G; is unimodular, equivalently, G; in (12) is unimodular.

(b) If w>0 but m=0, then N =(J[{~:(s + o) 'L
The proof is as in (a) above, with M; = I.

(¢) If w=0 and m >0, then N =s"([] (s + ;)"
i=1
Choose any biproper X € .#(#) and choose any f; e R
satisfying (7). Define

. fi
M,;:= (s+ﬁ1)I+D Do (0)(I+SX)(s+ﬂ1)
=l —(S_l[@j - DjD(;l(O)] - Dngl(O)X)
(SI (sI +/10))
fis(sI + f10;,)7! ( A (33)

for je{0,...,n}, M,;€.#(#) is unimodular since f;
satisfies (16), f; > 0, ©; is symmetric, positive definite,
and s™'( ©; — D;Dg (O))e,/%( ). If m > 1, choose any
[reR satlsfymg (17), ie., for je{0,...,n}, let
fo <minjl|s~ [T — M7,'D,D5 {O)( + sX)fu(s + B2)~ 1Tl
= min;||M1;'(s + 1)~ "||. Define

S 12
(s + B+ B2)

M,;:= (HMHMUlD Do Y(0)(I+ sX)

= [1 — s I — My;'D;Dg "O)(I + sX)fi(s + B1)™ 1Y)

fas (s +/2)
34
e +fz)}(s R} 4
forje{0,...,n}, M,; € # (%) is unimodular since f, satis-

fies (17, B2 >0, and [M7;'D5'(0)(I + sX)
fils + )71 =1 implies s '[ I — My;'D;Dg '(0)
(I + sX)fi(s + B1) e #(R). If m > 2, continue sim-
ilarly for v = 3, ..., m, with f, satisfying (9). Define

S

Mo =i 5!

+ <m}‘[1 M,-,-> 71D,-D0’1(0)(I

i=1

3

_ [1 _ 51<1 _ <mﬂl M,,) D03 0) (I + 5X)

fus } (s +4) 55)

U(s+ﬁ >S+fm) 1 By

for je{0,...,
satisfies (18)

n}, M,,;€.4(#) is unimodular since f,

ﬁm >0, and [([t5'M;) 'D;Dy '(0)
I+ sX)[[1 fils + [5) ©0)=1 implies s '[I—
([T M) DD 0) (7 + sX)[ TP fils + B 11 e
M(R). Since My;, M,; are unimodular, (Mlezj)z
[s*I + D;Dg 'O (I + sX)f1s +f1 /)]s + B1) (s + o)
is ummodular Slmllarly, M;:=]]~ lM ij = [I +
D;Dg 0N (I + sX)X2 (1] Lo 15" 171 (5 + Bo)
D;C;' + N is ummodular for]e{O ). Deﬁne CO as
in (19) Coled(R) since ’”/]_[ (s + BN
XDy Le. Since M; is unimodular, M = N +
Co 'D; is also ummodular Writing an identity similar to
(32), the rest of the proof follows similar steps as in part
(a) where ¥ and ¥; are replaced by M; and M;, In
this case, the controller C is proper if and only if
det(Co ' — Q)(c0) = det(f, Dy '(0) X( 0 ) — Q(0)) # 0.

(d) If m=0,w=0, then N =1, P; =D;'. Choose
any Ae./(#) such that |4 <min;||D;||”" and
det A(o0) #0; then ¥;:=1+ D;4 and ¥;:=1+ AD;
are unimodular for je€ {0, ...,n}. Define Co:= A~ %; then
C, is proper. The proof then follows from an identity
similar to (32). O
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