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Abstract
Reliable decentralized stabilizing controller design with
integral-action is considered for linear time-invariant,
multi-input multi-output systems with stable plants.
The proposed design methods achieve closed-loop sta-
bility with integral-action in each output channel and
guarantee stability with integral-action in the active
channels when all controllers are operational and when
any of the controllers is set equal to zero.
1 Introduction
Reliable controller design with integral-action (I-A) is
considered for linear time-invariant (LTI), multi-input
multi-output (MIMOQO) decentralized systems with sta-
ble plants. The goal is to achieve closed-loop stability
with I-A at each output so that step-input references
applied at each input are tracked asymptotically, and
to maintain stability with I-A when any of the con-
trollers fail. Reliable stabilization was studied using
full-feedback and decentralized controllers [5, 4, 3, 1, 2].
This paper presents conditions for existence of reliable
decentralized I-A controllers and proposes explicit de-
sign approaches. The results are explored in detail for
two, three and four-channel decentralized systems with
MIMO channels; simplifications are given for single-
output channels. The design can be extended to more
than four channels. The results apply to continuous-
time and discrete-time systems. A continuous-time set-
ting was assumed here; discussions involving poles and
zeros at s = 0 should be interpreted at z = 1 in the
discrete-time case. Notation: The region of instability
U is the extended closed right-half-plane (continuous-
time systems) or the complement of the open unit-
disk (discrete-time systems). The sets of real num-
bers, proper rational functions with no U/-poles, proper
and strictly-proper rational functions with real coeffi-
cients, matrices with entries in R are IR, R, R;, Rq,
M(R); M is stable if M €¢ M(R); M € M(R) is
unimodular iff M~! € M(R). For M € M(R), the
norm |} - || is ||M]] := sup,¢ gy 7(M(s)); & is the max-
imum singular value, 8/ is the boundary of U. Let
P € M(R), rankP = p; s, € U is called a U-zero of P
iff rankP(s,) < p; s, is called a blocking-zero of P iff
P(s,) = 0. Abbreviations: I-A (integral-action), SPD
(symmetric, positive-definite), RI (right-inverse).
2 Main Results

Consider the LTI, MIMO, w-channel decentralized feed-
back system S(P,Cp) in Figure 1: S(P,Cp) is well-
posed; P = R"™*"* Cp = diag[Cy,...,Cy] €
Rp™**"v represent the transfer-functions of the plant
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and the decentralized controller; P is partitioned so
that P;; € R"”‘x""“, F; € Rn"‘xn“j, C; e an...-xn,,;’
Li=1,...,w,ny = E:”:1nyi’ Ny = E:.‘;l ny;; P and
Cp have no hidden modes corresponding to eigenval-
ues in . Although P € M(R), the decentralized con-
troller Cp is unstable (due to poles at zero for the I-
A requirement and other possible U-poles). Let H.,
denote the (input-error) transfer-function from r to e;
re=[rf - - rT]T, u,e, vy, y. are defined similarly. A con-
troller that fails is set equal to zero; the failure is rec-
ognized and the corresponding controller is taken out
of service. When w = 2, the failures are due to one
controller failure. When w = 3, the failures are due to
one or two controller failure. When w = 4, the fail-
ures are due to one, two or t_hree controller failure. For
i=1,...,w, S(P,C;) is the system with only the i-th

controller active. For j = 2,...,w, i = 1,...,i -1,
S(P,C;,Cj) is the system with only the i-th and j-th
controllers active. For k =3,...,w,j =2,...,k -1,

i=1,...,j-1,8(P,C;, C;,Cx) is the systemn with only
i-th, j-th and k-th controllers active. The outputs of
the inactive channels (for £ = 1,...,w, Yer, £ # @ of
S(P,Ci), Yo, £ # 4, £ # jof S(P,Ci,Cj), yer, L # 4,
£# j, L # k of S(P,C;, Cj, Cy) ) are not observed.

2.1 Definitions: a) The system S(P,Cp) is stable
iff the transfer-function from (r,u) to (y,y.) is sta-
ble. The stable S(P,Cp) has I-A iff H,.(0) = 0. For
i=1,...,w, S(P,C;) is stable iff the transfer-function
from (73, u).to (y, y.i) is stable. The stable S(P, C;) has
I-A iff the transfer-function from r; to e; has blocking-
zeros at zero. For j = 2,...,w, ¢ = 1,...,5 — 1,
S(P,C;,C;) is stable iff the transfer-function from
(ri,rj,u) to (Y,Yei,Yej) is stable; it has I-A iff the
transfer-function from (r;, ;) to (e;, e;) has blocking-
zeros at zero. For k =3,...,w,j=2,...,k—-1,1{=
1,...,5 -1, 8(P,C;,Cj,Cy) is stable iff the transfer-
function from (r;, rj, v, u) to (Y, Yei, Yej, Yek) is stable;
it has I-A iff the transfer-function from (r;,7;,7z) to
(ei, €5, ex) has blocking-zeros at zero. b) Cp is a sta-
bilizing controller for P (or Cp stabilizes P) iff Cp €
M(R;) and S(P,Cp) is stable. c¢) Cp is a reliable
decentralized I-A controller iff S(P,Cp) is stable with
I-A when all controllers are active and when any sub-
set of the controllers are set to zero; i.e., when w = 2,
S(P,Cp), 8(P,C;), i = 1,2, are stable with I-A, when
w =3, S(P,Cp), 8(P,Ci), i = 1,2,3, S(P,Ci, Cj),
j=23,¢t=1,...,5 — 1, are stable with I-A, when
w=4, S(P,Cp), 8(P,C;),i=1,...,4, S(P,C;,Cj),
i=2..,4i=1,...,i—1,8P,Ci,C;,Cr), k=34,
j=2...k—=1,i=1,...,j~1, are stable with [-A. O
Lemma 2.2 states conditions for existence of w-channel



reliable decentralized I-A controllers for w = 2,3,4.
Proposition 2.3 gives a reliable decentralized I-A con-
troller design approach. Let C; = N.-(;qs:—aDg)‘l €
Rp™**"¥ be a right-coprime-factorization (N;, D; €
M(R), det D;(c0) # 0, —a€R \ U), PL(O)ER™*"vs
be a RI' of P;(0)ER™ >+ N;(0) := PL(0), i
L,...,w; Xy := Pjj — PulN;Pij, Wy; = I + (X;;
P + S_lijjIj(O)X.'j)_le, i=2...,w 1

1,...,j—1 I w>3 Yt = Pum — PuNiPim,
E=1,...,w-2 ¢m = k+1,...,w, £ # m;
Z8, = Xy = Y&No(I = PogNy Py Np)"1Y8 = Xgo —
YuquT(I + (XW‘ - P"")NT) 1Yrqu’ Wi = I+ (Zﬂ,, -
P'W)(I"" s_lk Pvu(o)zrqv 1QV» v = 3 W, g9 =
1,.. -2,r=q+1,...,v-1 Ifw=4G =

Z34— (Y43 =Y Na(I~ P21N1P12N2) 1Y23)N3(I+(Z23
Ps3)N3)~ (Ys4 - Y32N2(I P21N1P12N2) i), G(O)
= Z24(0) (Y43 Y42P22(X12P22) 1Y}5) Pis(Z3sPds) ™!

(Yay - Y32P22(X12P22) 'Y34)(0), Wy = I+ (G -
Pag)(I + 7 kaP{4(0)G) ™} Qq.

2.2 Lemma: Let PER™ ™. Let PL(0)eR"+*"v
denote a RI of P;;(0)eR™*"* i=1,...,w. a) Neces-
sary conditions: If there exist reliable decentralized I-A
controllers, then: i) rankP(0) = ny, rankP;;(0) = ny;,

i=1,...,w, i) det(X;;(0)P(0)) # 0, j = 2,...,w,
i=1,...,j— 1, for some RI P(0), Pf;(0) of P;(0),
P;;(0), iii) if w > 3, det(Z4,(0)PL,(0)) # 0, v =
3,...,w, g =1,...,v—=2,r = ¢g+1,...,v -1,

for some RI PW(O), P (0) of Pyy(0), Pr,(O), i) if
w = 4, det(G(0)P{,(0)) # 0. b) Necessary and suffi-
cient conditions: i) There exist reliable decentralized
I-A controllers if 1) the conditions in (a) hold, 2) for
i=2,..,wi=1,...,j-1,det(X;;(0)P;(0)) > 0 for
some RI P%(0), P%;(0) of Pii(0), P;;(0), 8) if w > 3,
det(Z¢ u(O)P,,’,,(O)) > 0,v=3,...,w,g=1,...,v-2,
r = g+1,...,v—1, for some RI P,{,,(O), PL(0) of P,,(0),
P+ (0), 4) it w 4, det(G(0)P{,(0)) > 0. ii) When
Fij,or P, j Lw,t=1,...,5—1, or when
any w — 1 of the w controllers Cy,...,Cy are strictly-
proper, or when these have blocking U-zeros, conditions
(12)-(14) become necessary: there exist reliable decen-
tralized I-A controllers if and only if conditions (i1)-(i4)
hold. ¢) Sufficient conditions: There exist reliable de-
centralized I-A controllers if 1) the conditions in (a)
hold, 2) X;;(0)P, ](0) 1—2 LLw,i=1,...,5—1,is
SPD for some RI P%(0), P, (0) of P;(0), P;;(0), 3)if
w > 3, Z4,(0)P),(0), v = 3 wg = 1,02,
r=g+1,...,v—1,is SPD for some RI PW(O), ! (0)
of Pyy(0), P,,(O) 4) if w = 4, G(0)P},(0) is SPD. O
In some cases, the conditions of Lemma 2.2-(¢c) and (b)
are equivalent (e.g., when ny; = 1for j =2,...,w, or
Pij(0)=0o0r Pj;(0)=0,j=2,...,w,4=1,...,j-1).
2.3 Proposition: Let PE’R”"""“ rankP(O) = ny <

Ny, rankP.,(O) =nyi <nyi, i =1,...,w, Xij(0)P; (0),
j = 2,. ,z—l 1—1 beSPDforsome
m P’(O), 1(0) of P.,(O), P;i;(0). ¥ w > 3, let

z3,(0)P] (O) v =3,...,w,¢g=1,...,v—-2, r =
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¢+1,...,v—1, be SPD for some RI P/, (0), P
of Pyu(0), Prr(0). If w = 4, let G(0)P4,(0) be SPD. For
i=1,...,w,N; := (I+s'1k;P,-I,-(O)P;;)‘l(s'lkiP'-Ii(O)-i-
Qi)ER"**"¥i Then Cp is a reliable decentralized I-A
controller with C; = (I — Qi Py)~ (s~ ki PE(0) + Q:),
det(I — Qi Pi)(c0) # 0; k; € IR, k; > 0, QR > v
are as follows: k1 < ||s~'(Pii(s)PL(0) — I)||™Y; fix
Q1; k2 < min{||s=1(Pys(s)PJ5(0) — D72, [Is~1 (X1 -
X12(0))PL(0)||~1}, W12 unimodular. If w > 3, fix
Q2; ks < min{||s™*(Ps3(s)P5(0) — ||, ||ls~}(Xis -
Xia(0)) POl s~ (Zks ~ Zis(0)PEO)I-, i =

v (0)

,2, Wis, W43 unimodular. If w = 4, fix Qs;
ks < min{|ls=!(Psa(s)PL(0) — DII7*, lls~1(Xia —
Xa(O)PLOI™Y,  s™X(2% -  ZI(0)PLOI,

s=3(G — GO)PLO)I'}, i = 1,2,8, g = 1,2, r =

g+1,...,3, Wig, W, W, unimodular.

2.4 Corollary: Let PER™ ™ n,=1,i=2,...,w.

There e Is{ts a re ea le decentralized I-A controller
TS I '1_§w— ’ KielR'n“xnw i = 1'- y W,

1f and only if: 1)rankP(0) = ny, rankP;;(0) = ny,

2) X;;(0)P; (0)>0 J=2,...,w,i=1,...,5-1, for
some RI P,I,(O), P}(0) of P,,(O), P;;(0), 3)if w > 3,
28, (0)PL(0) > 0, v = 3,...,w, ¢ = 1,...,v = 2,

r=gq+1,...,v~1, for some RI P/, (0), PZ.(0) of P,,(0),
P.+(0), 4)if w = 4, G(0)P{,(0) > 0. Furthermore, K;
can be chosen as k;P5(0) (k; as in Proposition 2.3). O
In Proposition 2.3, C; = s~ 1k; P£(0) if Q; = 0; the uni-
modularity conditions hold if @; = 0; Wi, is unimodu-
lar if ||Q2|| < [|(X12 = Pa2)(I + s~ k2P15(0)X12) M=%
Wia, Wi, are unimodular if ||Qs]] < min{||(Xia —
Pa3)(I + s™'kaP33(0)Xia) "M%, [|(Z3s — Pas)(I +
s~V ks PL3(0)232) |7 1}; Wia, WY, W, are unimodular
if [|Qall < min{[|(Xia— Paa)(I+57 ks PL,(0)X1a)~ |72,
(274 = Paa)(I+5~ ks P4(0)Z],) M|, [|(G = Paa)(I +
s~ k4 PL(0)G)Y||"*}. When P;; € M(R,), det(I —
QiP;i)(00) # 0 for all Q; € M(R); C; € M(Rs) if and
only if @; € M(R) N M(R,).
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Figure 1: The decentralized system S(P,Cp).



