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Abstract

It is shown that a class of linear, time-invariant, multi-input—multi-output plants that all have poles at zero but do not
have other unstable poles can be simultaneously stabilized. A procedure is proposed to design a stable and strictly proper
simultaneously stabilizing controller. All simultaneously stabilizing controllers for this class are also characterized in terms
of a parameter matrix that has to satisfy a unimodularity condition. © 1999 Elsevier Science B.V. All rights reserved.
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1. Introduction

Controller design for simultaneous stabilization of a set of linear time-invariant (LTI), multi-input-multi-
output (MIMO) plants is a challenging problem. The well-known parametrization of all stabilizing controllers
in the standard unity-feedback system leads to explicit necessary and sufficient conditions for existence of
controllers that simultaneously stabilize two given plants [5]. These remarkably simple conditions require that
a pseudo-plant associated with the two given plants has the parity-interlacing property (PIP), i.e., it has an
even number of poles between consecutive pairs of real-axis zeros in the region of instability. However, there
are no known necessary and sufficient conditions for existence of simultaneously stabilizing controllers for a
class of three or more arbitrary plants. Although it is obviously necessary for all pairs of plants in the given
class to satisfy the PIP, conditions restricted to checking the real-axis pole-zero locations are not sufficient to
guarantee that a single controller can stabilize all of the plants simultaneously [1,3]. However, in the absence
of necessary and sufficient conditions applicable to a completely general class of (three or more) plants, it
may be possible to conclusively answer the question of simultaneous stabilizability for some special classes
[2,4,6,7].

As a special case, we consider the class # = {P,,Py,...,P,} of n+ 1 LTI MIMO plants that have no
other poles in the region of instability except at s = 0; furthermore, for j =0,...,n, (s"P;) have full-rank
DC-gain matrices that are symmetric positive-definite multiples of (s"P,)(0) (see Assumptions 2.1 for a
formal description of the class 2). For the case of single-input—single-output (SISO) systems, this class can
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be described more explicitly: for j =1,...,n, the plants P; all have exactly m poles at s =0 but no other
unstable poles; furthermore, since all (s”P;) have the same sign at zero, the lowest order coefficients of
the numerator and denominator polynomials of (s"P;) are of the same sign although the signs of all other
coefficients can be arbitrary. These plants are simultaneously stabilizable; in fact, there exist stable and strictly
proper simultaneously stabilizing controllers.

A particularly interesting special class of SISO plants was considered in [6] (and extended to discrete-time
systems in [7]), where the SISO plants are all minimum-phase, strictly proper have the same high-frequency
gain sign. It was shown that these plants are simultaneously stabilizable and that the simultaneously stabilizing
controller can be stable and strictly proper. The simultaneous stabilization procedure proposed in the present
paper applies to a rather different class of MIMO plants that are not necessarily minimum-phase or strictly
proper; their relative degrees (in the special SISO case) need not all be the same; however, their unstable
poles are at zero only. Although the class considered here includes finitely many MIMO plants as “centers”
and proposes simultaneously stabilizing controller design that guarantees stabilization of these centers, “small”
perturbations around these centers are also stabilized using the same controller as in standard robustness
results.

The main result of this paper (Proposition 2.2) is a simple design procedure based on calculating m positive
real constants ki,...,k, that define a stable simultaneously stabilizing controller, whose poles can be arbitrarily
pre-assigned. All simultaneously stabilizing controllers can be obtained from this central controller in terms
of a stable controller parameter that satisfies a restrictive unimodularity condition. Following the main result,
two simple examples are included to illustrate the design proposed in Proposition 2.2; the first example is for
a class of three SISO plants each with two poles at s =0, and the second example is for a class of ten 2 x 2
MIMO plants. The proof of Proposition 2.2 is provided in the appendix.

Due to the algebraic framework described in the following notation, the results apply to continuous-time as
well as discrete-time systems; for the case of discrete-time systems, all evaluations and poles at s =0 would
be interpreted at z = 1.

Notation. Let % be the extended closed right half-plane (for continuous-time systems) or the complement
of the open unit disk (for discrete-time systems). The sets of real numbers, rational functions (with real
coefficients), proper and strictly proper rational functions, proper rational functions that have no poles in the
region of instability % are denoted by R,R, R, Rs, #, respectively. The set of matrices whose entries are in #
is denoted by #(#); M is called stable iff M € .#(#) (a notation of the form M € #'*/ is used where it is
important to indicate the order of a matrix explicitly); a stable M is called Z-unimodular iff M~ € .#(R).
For M € ./(#), the norm ||-|| is defined as ||M|| =sup, c 55, G(M(s)), where G denotes the maximum singular
value and 0% denotes the boundary of %.

2. Main results

Consider the standard LTI, MIMO, unity-feedback system (P;,C) (see Fig. 1); &(P;,C) is a well-posed

system, where P; €R,’™™ and C € Ry”™"™ represent the transfer functions of the plant and the controller. It is
assumed that P; and C have no hidden modes corresponding to eigenvalues in the region of instability %.

r € Yc Y

—»?—»C P; >

Fig. 1. The system & (P;,C).
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2.1. Assumption (Assumptions on P;). The plant P; ER;',’X"” belongs to the class 2:={P,,P,...,P,}; for
Jj€{0,1,...,n}, each P; € Z satisfies the following assumptions:
(i) s™P; has no poles in %;
(ii) rank(s”P;)(0) = rank(s" P, )(0) = min{n,,n,};
(iii) if n, <n,, then (s"P;)(0)=0; (s"P,)(0), for some symmetric, positive-definite &, € R"™*"; if n,, > n,,
then (s”P;)(0) = (s"P,)(0)¥;, for some symmetric, positive-definite ¥; € R™ "

Assumption 2.1(i) implies that the only %-poles of P; are at s =0; Assumption 2.1(ii) implies that each P;
in the class Z has at least one entry that has exactly m poles at s = 0; furthermore, P; has no (transmlssmn)
zeros at s = 0.

In the special case of SISO plants, it is possible to relate Assumptions 2.1 to the assumptions in [6] using a
transformation as follows:! Let P;(s) € R, belong to the class 2:={P,,Pi,...,P,}. For j={1,...,n}, define
ISj E€R; as ISj::(Pj(l/s))*l; then the plants ﬁj in the class 97::{150,161,...,13,,} are all strictly proper and
minimum phase (i.e., have no finite zeros in the region of instability) and have the same high-frequency gain
sign. Therefore, the finite class 2 of SISO plants satisfies the assumptions in [6] whenever the class 2 of
SISO plants satisfies Assumptions 2.1.

We use the following standard stability definitions: The system %(P;,C) is said to be stable iff the
transfer-function H from (r,u) to (y,yc) is stable, i.e., H € #(#). The controller C is said to be a sta-
bilizing controller for the plant P; (or C stabilizes P;) iff C € .#(R,) and the system ¥ (P;,C) is stable. The
stabilizing controller C is said to simultaneously stabilize all P; € Z iff the system ¥ (P;,C) is stable for all
j€{0,....n}.

In Proposmon 2.2, we propose a design procedure for controllers that simultaneously stabilize all P; € 2.
In addition to finding one such controller explicitly, all controllers can also be characterized based on one of
the plants, P,, which we call the nominal plant. The choice of the nominal plant in the class £ is completely
arbitrary.

2.2. Proposition (Controllers stabilizing P; € #). Let P; ER;’)”X"" belong to the class #:={P,,Pi,...,P,}
satisfying Assumptions 2.1. For i =1,...,m, let —o; ER\ U. For j€{0,1,...,n}, define

Sm

Ny=—7——P
/ H, 1( s+ OC,)
(a) If rank(s"P,)(0) = n, <n,, let N,(0) be any right-inverse of N,(0). Let ki € R be such that

e R (1)

0<k < min }|\s—1(@j1—z\QN0(0)’)y|’l. (2)

Forv=2,...,m, let k, € R be such that
-1

0<kv<j€rmm} <I+NN(0);: Hk/> <I+NN(O)121: Hk,) . (3)

All P; € P can be simultaneously stabilized by the stable controller C, € #™*" given by

N,(0) &
C, = s &, 4
II(H%)Z H; (4)
Furthermore, all controllers C that simultaneously stabilize all P; € 2 are given by
= —ON,)"! (—Q+ ) (5)
H, 1( + o)

! This transformation relating Assumptions 2.1 to the assumptions in [6] was pointed out by an anonymous reviewer.
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where Q € ™" is such that

, -1
m l I
Dj:=I + Q(N; — N,) <1 + No(0YN; > S Hk;) (6)
i=1 " /=1
is R-unimodular, j€{1,...,n}, and (I—QON,) is biproper (which holds for all Q € M(R) when P, € M(Ry)).
(b) If rank(s"P,)(0) = n, < n,, let N,(0)- be any left-inverse of N,(0). Let ki € R be such that

0<k < min | s (¥ —N(ON) [|7L. (7)
Jj€{0,...n} ’ ’
For v=2,....m, let k, € R be such that
v—1 1 i -1 v—=2 1 i !
0<ky< min |[s7"[1+N0NY ~ ][k I+N,(00NY =T[4 : 8
jmin ( (),Z;yklf (0) ’Z;“LE/ (8)
All P; € ? can be simultaneously stabilized by the stable controller C, € R given by
) VA
Co=—=m——— > "' | ks %)
C TG+ ) ; /1:[1

Furthermore, all controllers C that simultaneously stabilize all P; € & are given by

m

S
C‘(HL@+w)

where Q € B is such that

Q+a>a—mérk (10)

m i

—1
Dj::I+QA<I+NjNO(0)LZ$ l€(> (N; —N,) (11)

i=1 /=1

is R-unimodular, j € {1,...,n}, and (I —N,Q) is biproper (which holds for all O € #(R) when P, € M(Rs)).

2.3. Comments. (a) The simultaneously stabilizing controller in (5) for the plant class £ is based on the
simple calculation of m scalar constants ki,...,k, as defined in (2) and (3). For the case of n, <n,, the block
diagram of the system ¥(P;,C), where C is given by (5), is shown in Fig. 2; a similar block diagram can
be obtained for the case of n, <n, from (10).

(b) The simultaneously stabilizing controller C, proposed in (4) is stable and strictly proper. The m real
poles of the controller C, are pre-assigned to any desired negative real-axis locations with the choice of the
real constants (positive for continuous-time case) o, ..., 0.

F
. S C
E ks
: S
' kg
1 S
! k
- Ed iUs
! ~ I——IQ S
' [T (s + @)
_ : \f/ I_] m 1
S e

Fig. 2. The stable system &(P;,C), where P; € #,n, <ny, and Q satisfies (6).
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(c) The stable controller-parameter Q in the simultaneously stabilizing controller characterization (5) must
satisfy the unimodularity condition (6). This condition is obviously satisfied for Q = 0, corresponding to the
central controller C, given in (4). Some additional possible choices for the stable controller-parameter QO
satisfying (6), other than O =0, can be obtained as follows: For convenience, define K € R™*"r as

K:=N,(0) Z Hk/ (12)
i=1 =

Since the constants ki, ...,k, satisfy (2) and (3), the matrix M; € #™ " defined by

m

le‘n:](s+ai)

is Z-unimodular, for all j € {0,...,n}. Therefore, (/ —G-KN,-)’1 =1— CoMj_lN,- is stable. A sufficient condition
to satisfy (6) is to choose Q € .#(#) ‘sufficiently small’, i.e.,

M= (I + NK) (13)

IO < min (N~ No)Z + KN~ (14)

In addition, choosing Q € .# (<) strictly proper is a sufficient condition for (/ — ON,) to be biproper; note that
the simultaneously stabilizing controller is strictly proper if and only if O € .#(2) is strictly proper. Similar
comments apply to the choice of O satisfying (11) for the case of n, < ny.

(d) Using the characterization (5) of all simultaneously stabilizing controllers for the plant class 2, we obtain
the following achievable closed-loop transfer functions for the stabilized system &(P;,C): For j€{0,...,n},
the (input—output) transfer-function H,; = P;C(I + P;C )~! from r to y and the (input-error) transfer-function
H,; =1 — H,; from r to e are achievable using the controllers in (5) if and only if H,; = N;({ + KN, +
O(N; —N,))"(Q+K)=N;(I + KN;)"'D; (Q+K), Hyj=1—H,j=(I + NI — ON,)~"(Q + K))~", where
O € A" is such that the unimodularity condition (6) on D; € #™>"« holds and (/ — ON,) is biproper. The
expressions for these transfer functions are simplified for the nominal plant P, as H,, = ({ + N,K Y"INL(O +
K), H,, = + N,K)~'(I — N,Q). Note that the stable system S (P;,C) has integral action, i.e., H;(0) =
due to the poles of P; at zero. This guarantees asymptotic tracking of step inputs applied at each channel
of r; in fact, polynom1a1 inputs of order up to m — 1 are tracked asymptotically with zero steady-state error
due to the m plant poles at zero. Additional design goals may be achievable by appropriately selecting the
controller-parameter Q in (5).

In Examples 1 and 2 below, we design simultaneously stabilizing controllers based on Proposition 2.2. Note
that any member of the class 2 can be chosen as the nominal plant P,.

Example 1. Consider the class 2 of SISO plants defined as

pdp 7120 5 Bs—T2)s+6)s+10) (252 — 495 — 140)(s + 6)(s + 10)
U 2 T 2k s 12) T s2(7s2 + 365 + 75)

The plants P,,P,P, €% satisfy Assumptions 2.1(i)—(iii), where m = 2, (s*°P,)(0) = —120, (s’P;)(0) =
—90, (s?P,)(0)=—112. In this case, O, are positive real constants since n, =n, =1; i.e., @, :% >0, O,=
% > 0. Choosing o1 =6, ap =10, N,,N;, N, € # defined in (1) are given by

—120 58 — 72 2% — 495 — 140
No=———"+ N=———, = o -
G106+ 12) (752 + 365 1 75)

(s +6)(s +10)°
With N,(0) = —2, we choose ki, k; € R satisfying (2) and (3) as
_ o\
57! (1 - 2—SN,)

ki =3 < min

-1
1
s <@,— + —N,-> H R kh=1< min
j€{0,1.2} : 2 -

j€{0,1.2}
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By (4), the stable, strictly proper simultaneously stabilizing controller C, is
c_ =3(s+1)
7 2(s +6)(s + 10)

and by (5), all simultaneously stabilizing controllers are given by

120 - $2
C= (1 +Qm) (mQ+Ca>,

where Q € Z is such that D; in (6) is #- unimodular; note that (1 — ON,) is biproper for all O € # since P,
is strictly proper in this example. [J

Example 2. Consider the class 2 ={P,, P\, P,,P3 =P,A,Py=P\A,Ps=PyA,P¢=P,+ P,P,=P, — Py, Py =
Py — Py, Py} of ten MIMO plants, where

. s—1 (s—2)(s+10) 9
s(s+3) s+8 16s(s+1)(s+12) 16
Po = ) Pl = 5 3
s—1 2(s—1) (35> +75—3)(s+10) (s +5s—4)(s+5)
L s(s+4) s(s+1) 485(s+5)(s18) 8s(s+1)2(s+20)
[ 55—7 s 1 0 —(s+10) 0
S(s+1)(s+6) (s+2) (5+2)(s+53) 5
P2 = s A= [ ‘| , Pg = ‘| .
7(s—1) 9557 S5 9—s —3(s+10) —6(s+10)
L 4s(s+10) S(s+3)(s+1)* s+9 10(s+9) 20s 5s

The plants P; € 2 satisfy Assumptions 2.1(i)—(iii), where m = 1. In this case, the symmetric, positive-definite
matrices @ are all diagonal; i.e., (sP;)(0)=0;(sP,)(0) with @;=0,, for 0; =, 0,=0.7, 03=0.1, 04 = 5,
0s = 0.07, 06 = 1, 0, = 0.3, 0g = 35, 0o = 6. Choosing oy = 10, N,(0) € R**? and its inverse N,(0)~" are
given by

T-16 0 L [-6 0
N"(O)_{IMO 1/5]’ N"(O)]_[3/4 5}'

We choose k; > 0 satisfying (2) as

. _ _ —1
ke = 0.32 <jer?01gg}]|s 0,1 — N;N,(0)™| .

By (4), the stable, strictly proper simultaneously stabilizing controller C, is

kN, ()T 1 [-192 0
T s+o; s+10| 024 —1.60

o

and all simultaneously stabilizing controllers are given by (5).

Appendix A

Proof of Proposition 2.2. (a) Let n, <n,. For j€{0,...,n}, N;(0)=O;N,(0) implies N;(0)N,(0)' =O;I and
hence, s‘l(@jl — NjN,(0)") € .4(2). Choose any positive constant k; € R satisfying (2). Define X;; and M;;
as
©,1 — N;N,(0)
Xij:=(sI + k10,)7 s + (sI + k10;) kg N;N,(0) =1 — (s] + k10;) 'kys (f—f()) ,

s
o I +RO) k
VT s ray) VT sS40

Since k; satisfies (2) and ©; is symmetric, positive definite, for j € {0,...,n}, X;; € #"*" is Z-unimodular,
equivalently, M;; € ™" is #-unimodular. If m > 1, let k, € R be a positive constant satisfying (3) for v=2.

(A1)

S
1+ N;N,(0)
+O€1 + J 0( )
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For j€{0,...,n}, ((s+oc1)_1M1;1NjNo(0)’k1 )(0)=I implies s‘l(l—(s—i—:xl)_IMI;INjNO(O)’kl)6 M(R). Define
ij and sz as

s M 'NiNo(0) ki ky ks |1 My 'NiNo(0)' ky
X = I+ =I— -7 -—
s+ ky (s+o)(s + k) (s+hk)|s S+ oy
szMFl k2 kl
=1y ([ NN 02 > ,
(s +k2)(s +on) (s +ky)s < ©
—1
NN, (0 kik
= (s+ k) . s It 1(, j ( ) 1/2 (A2)

+o) ¥ s+o (s+o)s+o)

Since by (3), k, satisfies 0 < kr < mln,e {0,..n} Hs LI+ NiN,(0Y s~ 1ky )~ 1|| ,for je{0,...,n}, Xo; € X"
is Z-unimodular, equivalently, M>; is Z-unimodular.
Continue similarly with k, satisfying (3), for v=3,...,m. For j € {0,...,n}, (Hf’gl(s+oc,-) '(I15 1M
NiN,(0) TT7" k)(0) =I. Since
e

m—1 1 m—1
k' ])
- |1- My | NiN,(0) | = =l
; (H ) _, ()E@HO e

m—1
<1+NN(0)IZ Hk/> <I+NN(O)IZ Hk/>
i=1 i=1

and since k, satisfies (3) for v =m, it can be shown as in the case of v =2 above that M, € #™*" is
Z-unimodular, where
—1

m—1 m k.
.. 3 1 M
<HIM> RO H (s +a) (A3)

By (A.1) and (A.2), since M;; and M,; are Z-unimodular, (M;M,;) is Z-unimodular, where

MijZ

2

2 2 i

K} Ky 1

M\ jMy; = I+ NiN,(0)' Y =]k
Hle(s + o) H?:l(s + o) Z § /I:II

Similarly, M;:=[]", M;; is Z-unimodular for all j € {0,...,n}, where

Sm

M; = I S NN k 1N, A
A L Y L S R A

With K and C, related as
s" s" Z H N,(0)'
m K= m No(o)l s" i k, =
[TZ (s + o) H,-zl(s-f'%') s ) (s+oc)z H

I+ N,C, from (A.4) and obtain

we write M,:=[[", M;, =

I, (+ )
LS e e s
_N . I —1 —1 = Ln,tn,- .
0 Hilzl(S‘FO‘i) M, "N, M,

By (A.5), it follows using standard arguments (see for example [5]) that the controller C stabilizes

m -1
K
Po=\=m7————I) No
(Hi_1(s+°5i) )



150 A.N. Giindes, M.G. Kabulil Systems & Control Letters 37 (1999) 143-151

if and only if

C= (1 - QNo)il

m

[T G + o)

as claimed in (5). This controller stabilizes all

(O+K)=(C,M; "+ — C,M,;'N,)Q) (M, (I — N,0)) ',

sm

Pi=(—=r
! (Hil(s + o)
in addition to P, if and only if Q € .#(Z) is such that

m

-1
1) N;e?

s
le'n:l(s + ;)
=M;M, (I — N,Q + M,M;'N;Q)
=M;M; 'l + (N; = No)I + KN))~' Q] (A.6)
is Z-unimodular, equivalently, [/ 4 (N; —N,)({ +KN ,-)*IQ] A-unimodular (since %M;l is Z-unimodular) as
claimed in (6). Note that (A.6) is unimodular for 0=0 and hence, C, given in (4) simultaneously stabilizes all
P; € 2. One last technicality is to choose the controller-parameter Q € .#(2) so that the stabilizing controllers
are proper; the controller C in (5) is proper if and only if (I — N,Q) is biproper, equivalently (I — ON,) is
biproper.
(b) The proof for the case of n, <mn, is entirely similar so we briefly outline the important steps.
For j€{0,...,n},N;(0) = N,(0)¥; implies N,(0)*N;(0) = ¥;. If ky € R satisfies (7), then M; € R is
ZR-unimodular for j € {0,...,n}, where

My (I = N, Q) + N(CoM, ™ + (1 = CoM;'N,)Q)

Mlj:: 5 ]—|—
S+ oy s+ o1

Since £, satisfies (8), Mmj € "™ is Z-unimodular for j € {0,...,n}, where

m—1 =1 m ~
. k;
<| | M,,) H( - )N (0N, (A.8)
i=1 %i

Continuing as in part (a) above, M;:=[[I_, M;; is Z-unimodular, where

Ny(0)-N;. (A7)

n s
Mmj::s +

N s

M= era T 1(s+oc,> (Z 5 Hk”>N(O) M= 1( G HEM (A9)

With K and éo related as

Sm

. N0 NS
V=L ey (ZIS’H’”)N(O) e +oc,)Z H'”

we write ]l;[(,::]_[;":1 M =s"/[TT (s + o)) + Con from (A.9) and obtain

m

Al A1 A s N
M M, C I —C,
o o s+ o) =1Ly 4n,- (A.10)
i—NoMo1 1w, e, | | =0 1 "
By (A.10), the controller C stabilizes
m —1
s
P,=N, | =——1
(Hi_](s + o) >
if and only if
s A oA A A Al g, n—1 A A A=l A
C= (O + KNI = NQ)™' = (U = ONo)M,, )" (M, Co+OU —NoM, Cy)),

le‘n:1(s+°5i)
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as claimed in (10). This controller stabilizes all P; € # in addition to P, if and only if

A Al s A1 A A A1 A
({ — ON,)M, TG+ ) + WM, Co+QOU—NM, C,))N;
i=1 i
=(I — ON, + ON;M; ' M)W, "M = [T + OWN; — Np)(I + N;K) ™I, ' 1, (A11)

is #Z-unimodular, equivalently, l5j in (11) is Z-unimodular. Since (A.11) is Z-unimodular for 0=0, C, given
in (9) simultaneously stabilizes all P; € 2. Again, the controller C in (10) is proper if and only if (/ — ON,)
is biproper. [
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