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25 . . seminorms on the summing-junction equations of the unity-feedback
interconnection.
Theorem 1:LetH; : L2 — L2 andHs : L7? — L1 be stable
2t maps with the associated bounding functignsande., respectively.
Consider the unity-feedback interconnection, where
15} _ e1 = uy — Ha(eo) (1)
A
x e €9 = U + 'Hl(el). (2)
2
1t | For a givena € RZ, let ||u1|| < oy and||uz|| < ao. Let 8 € R
// / be such that
) 2 |z < ar + p2(z2) p 9
05 Ff /‘/ _ {.[ c ]R,_;'_ 2o S oo + 9:’1(![1) C [05,«31] X [(],132] (3)
/,/ Under these assumptions,(#,,e2) € L7 x L2, then|lei|| < 5
0 . . : and||ez|| < fa. O
] 0.5 1 1.5 2 25 . . . . . .
As in the standard finite-gain small-gain setting, no assumptions
x1 of existence, uniqueness, or continuity of solutions are made in
Fig. 1. ¢1() = ¢2() = () anda = [0.5 0.5]T: below (x1, o+ Theorem 1. Although this paper emphasizes a map setting, the
@1(x1)) and above(aq + p2(x2), x2). theorem is valid for relations as well as maps.

The proof of Theorem 1 is a simple exercise using causality, the
truncation operatotlr, and the property of seminorms on (1) and
II. NOTATION AND PRELIMINARIES (): let (e, e2) € £ x L2, For anyT € T
All nonlinear maps in this paper are causal, multi-input/multi-
output, and defined over appropriate products of causal extension [[Hreill < [[Hrusl| + [[IrHz(e2)| < an + @2 (|| Ires]])
of the setL of bounded signals. The time-sgt typically denotes (7 ez|| < [ rus|] + [Tz Hi(er)|] € a2 4+ @i (|[Tzer)).
nonnegative reals or integers. Fbre 7, let Il denote the usual
truncation operator and| - || denote the associated norm used ifince (3) holds||IIre:|| < 41 and||lzes|| < B2, forall T € 7,
describing the bounded signals i The causal extension of and the conclusion follows.
is denoted byZ.. With a slight abuse of notation|-|| is also
used in describing the norm in the product set of bounded signals IV. APPLICATION
L™, For a thorough treatment of general extended spaces within the, . . . . . . .
. . A simple two-dimensional graphics environment is all that is
input—output approach to nonlinear systems, see [1]. The extended

space £, is a means of incorporating unbounded signals in threequlred in order to apply the result in Theorem 1. Optimization is

analysis; however, althoughi C L., the component£)C\L. # not required unless the least upper-bounding sought. Two graphs

H 2 ” . . v Oolaxs ), e
0, where () denctes e, complement wih respect to the ol "y Gt s SR SRRl T
of all functions on7. The nonempty intersection arises due 162 th :

discontinuities that are not jump discontinuities. Such signals th%?SSIbly disjoint sets formed by intersecting th_e_regtuﬂovy the
;frst graph andabovethe second graph. No conditions are imposed

exhibit “finite escape time” are not covered within the scope o . . . .

. . . . on the bounding functions or their compositions. In the case of
extended Spaces, therefore, domalns_ restricted to a st_rlctly prqgﬁlrne bounding functions with slopés, and k-2, as in the finite-
subset of the input extended space might be necessary in descrlblg% small-gain theorem, a bounded intersecti,on in the nonnegative
the nonlinear maps. Hencé,describes the set of bounded signals and '

L\ L denotes the set of unbounded signals (unbounded at infinit Qadég?rtelss (?r?jjlt)(ietrgnasrllzgtir?nl}[/hglt]:;\:;oE rg)’ﬁ;' aCh?(?grlir:i%; ESince
An n;-inpuths-output causal nonlinear map is considered as | T P 9 grap pprop y-

P U C L' — £, wherel{ denotes the domain. With appropriatebounded intersections may not exist for all in general (as in

domain and range matchings, the mag denotes the composition the case of Fig. 2 explamed below), the user can easily see the
. effect of exogenous signal bounds and extract a tight bound such
of two nonlinear causal maps and gG.

. . . . that the sufficient condition still holds. Theorem 1 also yields a
In an input—output approach to analysis and design of nonlinear . . . . ; .
. . ) ne-dimensional graphical interpretation using, for example, only

systems, the notions of boundedness, and stability are crucial for the . .

. L ; . o a1 < ar + g2(az + ¢1(x1)). However, this approach would not
subsequent results. Unlike the finite-dimensional linear time-invarignt ; - S
. . ave the same simple interpretation in terms of the graphs @nd
case, most of the properties depend on the particular framework used. . .
. N 2 since for eachv,, the graph of a new functiop(as + ¢1(+))
The following definition sets up the framework used here [2]. would need to be computed. The two-dimensional approach above
Definition 1: A causal mag+ : £7¢ — LZ° is said to be stable if P : pp

. . . . . yses translations of the same pair of graphs fornallThe one-
and only if there exists a continuous nondecreasing bounding functlgirrlnensional approach can be further simplified at the expense of
¢ : IR , [ < o(|Jul]]) Vi B o .

v Ti}R; b:uffﬂn Suffjhn;[::?)t”z-l(irf)||[Dgfir?it(i|(|)¢1”)1vrl:e§dLnot be strictl additional assumptions, such as subadditivitypfor .. Regardless
increasing. or o%e-to-onemor onto, or subadditive R — TR is Y of which graphical interpretation of Theorem 1 is used, when at least
. 9 L " we (it + one of the bounding functions; or - is uniformly bounded, there

said to be subadditive if and only @#(x1 4+ x2) < (1) + @(22) exists a bounded for any boundedh
for all 1, x> € Ry4). Example 1: Consider Fig. 1, where the sufficient condition of
Theorem 1 is satisfied. For this example, the finite-gain stability
. MAIN ResuLT setting of the standard small-gain theorem would have required affine
Theorem 1 states a sufficient boundedness condition extracted frioounds onp: andz, which would bring conservatism in bounding
a crucial pair of inequalities resulting from applying the property dhe intersection region.
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Fig. 2. Feasible regions for = [0.25 0.5]7 anda = [0.75 0.5]T for two identical piecewise-linear bounding functions: below , s 4+ 1 (1))
and above(a; + w2(x2), x2). Changinga; corresponds to horizontal translation @f2(x2), x2).
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Fig. 3. The feasible regions for the bounding functions in (4) and (5ifef 0.5 and& = 1.5: below (1, & 4+ ¢ (21)) and abovg & + pa2(x2), x2).

Example 2: Consider the first plot of Fig. 2, where the sufficieniNote thaty, andy. are not subadditive; furthermorg, ande- are
condition of Theorem 1 is satisfied for certain exogenous signadt one-to-one, hence their inverses constitute relations. Due to the
bounds, although the finite-gain approximation would have beéiadratic term ing», the finite-gain setting would be inapplicable
inconclusive due to the maximum slopes of the bounding functiornce an affine bound cannot be obtained on Even if these

Changing the boundy; on the exogenous input; from 0.25 to
0.75 would simply correspond to dragging the grdph(z2), z2) |
x2 € IRy} suitably to the right as seen in the second plot otp
Fig. 2. Consequently, the sufficient condition no longer holds. Such

functions are modified to be bijections by coalescing the breakpoints
atx = 1 andz = 2, their inverses will not be subadditive due to

e quadratic and cubic segments.

Let & := max{a1, a2 }. As illustrated in Fig. 3, given ang, there
exists a bounded as defined in the notation of Theorem 1. This is

a graphical interface allows the designer to visually extract tiglahe to the fact that the final segments in bounding functions will
bounds without any use of optimization or further analysis requirng\vays intersect for > 1. This is a simple visual observation, and

compositions of functions.

Example 3: Let ¢1 and ¢z be described by

z°,

pr(z) =41
14 4/@52,
; 7
x3,
pa(x) = q1,
1+ (¢ —2)?

’

x €[0,1]
xr €[1,2]
x € [2,00)
x €[0,1]
v € [1,2]
x € [2,00).

one can easily generate admissible values by simply dragging
the curves and clicking near the intersections. In fact, the least
upper-bounding’? can be derived in terms af as follows.

4)  Leté(@)=(a—1)+/(2a —1)(a—1) for & > 1. Then

3, — a+1, a €10,1]

L7201+ é(d)z), a € [1,00)
(5) P CESE & €1[0,1]

T la+1+6(a), a€lo).
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Hence the feedback interconnection of two stable subsystems wittConsider the system described by the equations
bounding functionsp1 andyp- is stable since the internal signals can &= Ar + Bu y=Cux 1
be bounded for any bounded exogenous input.
where = is the state vectoru is the control vector,y is the
V. CONCLUSION measurement vector, and, B, and C' are constant matrices. Let

. . . . E; and E;, denote the orthogonal projection matrices on teC”
A boundedness result for nonlinear unlty-feedback|nterconnect|ogl§d Ker C, respectively, i.e

with stable subsystems is introduced in Theorem 1. Each subsystem
is associated with a nondecreasing bounding function. The result re- E; =C"C, E,=I-FE (2
duces to translating two curves that denote the boundaries of feas%% the Hamiltonian matrix be defined as

regions and seeking bounded intersections. No further analysis or

A —1 —1nT
construction of functions other than the original pair of bounding H(S) = A= BTB _15 ABRB B_1 . 3)
functions is required. The application of this result has a simple Q-5 RS —(4-BR”'S5)
two-dimensional graphical interpretation. Theorem 3.1 of the paper is stated as follows.
Let E; and E, be the projection matrices defined in (2) afds)
REFERENCES the Hamiltonian matrix in (3). Then, the following statements are
[1] C. A D d M. Vid Feedback Syst Input—Out, tequwalem'
. A esoer an . Vidyasagai;eedbac stems: Input—Outpu . . . . .
Properties New York: Aca)(/jemigc Press, 1975.y P P i) System (1) is stabilizable via static output feedback. -
[2] C. A. Desoer and C. A. Lin, “Nonlinear unity feedback systems @nd ii) There exist matrices) > 0, R > 0, and L of compatible
parametrization,’Analysis and Optimization of Systeniecture Notes dimensions such that the following algebraic matrix equation:
in Control and Information Sciences, A. Bensoussan and J. L. Lions, T ) T
Eds. Berlin: Springer Verlag, vol. 62, 1984. A'P+PA-FE(PB+L )R (B'P+L)E,+Q =0 (4)
[3] D. J. Hill, “A generalization of the small-gain theorem for nonlinear . . . 1 T o
feedback systemsAutomatica vol. 27, no. 6, pp. 1043-1045, 1991. has a unique solutio® > 0 and X' = R™*(L + B* P)E;
[4] A. R. Teel, “On graphs, conic relations, and input—output stability of is stabilizing.
nonlinear feedback systemsEEE Trans. Automat. Contrvol. 41, pp. iiiy The pair (4, B) is stabilizable (by state feedback) and there

702-709, May 1996.

[5] M. VidyasagarNonlinear Systems Analysind ed. Englewood Cliffs, exist P > 0, Q >. 0, R >.0,.and a matrix in (4.) suc.:h
NJ: Prentice Hall, 1993. that the Hamiltonian matrix in (3) has no pure imaginary

eigenvalues folS = LE; — B PE,.
First, let us see a counterexample. Consider the system (1) with

) a-fl e o

A New Necessary and Sufficient Condition for Static  \yhich is not stable since its two eigenvalues are 1 add It is not

Output Feedback Stabilizability and Comments difficult to find that this system cannot be stabilized via static output
on “Stabilization via Static Output Feedback” feedback whem > 0, while it can be whem < 0. Lete = 0.5 and
Yong-Yan Cao, You-Xian Sun, and Wei-Jie Mao R=1, L=[02 1.7], Q= {—34958 _44('518}

The algebraic matrix equation (4) has a unique solution

Abstract—In this paper, a counterexample of the above-mentioned 1 17
paper! is reported. It is pointed out that one of the conditions for a P = 'SH e >0
linear system to be stabilizable via static output feedback is not correct. -17 18
A modified necessary and sufficient condition for this problem is also .
presented. y P and thenS = [-0.2 0.9]. So the output feedback gain IS = 1.6.

But the eigenvalues of the closed-loop systém BF(C are—2.362
and 0.762. Obviously, it is not stable. So the statements i) and iii) in
Theorem 3.1 of the paper are not equivalent.

Index Terms—Stabilization, static output feedback.

I. INTRODUCTION

Stabilization of linear systems by static output feedback is a
problem that is practically important and theoretically appealing. In this section, we give a new necessary and sufficient condition
Recently, Trofino-Neto and Kucera presented two necessary datthe existence of a stabilizing static output feedback gain matrix.
sufficient conditions for the existence of a stabilizing static outpdthe following lemma is well known [1], [2].
feedback gain matriX,but one of them is incorrect. Lemma 1: Let the linear time-invariant system (1) be given. Then,

Manuscript received April 26, 1996; revised September 17, 1996. Thtlrs]e following statements are equivalent.
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