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Abstract

A parametrization of stabilizing controllers with type-
m integral action is obtained in the standard lin-
ear time-invariant, multi-input multi-output unity-
feedback system.

1 Introduction
We consider the design of stabilizing controllers
with integral action in  the standard linear time-
invariant (LTI), multi-input multi-output (MIMO)
unity-feedback system. We extend the parametrization
of controllers with (type-1) integral action given in [1]
to a similar simple parametrization for type-m integral
action for any positive integer m. We also consider
decoupling with integral action and parametrize con-
trollers with integral action that also achieve diagonal
input-output transfer-function matrices.
Due to the algebraic framework, the results apply
to continuous-time and discrete-time systems; for
discrete-time systems, all evaluations and poles at s =
0 would be interpreted at z = 1. Notation: Let U
be the extended closed right-half-plane (for continuous-
time systems) or the complement of the open unit-disk
(for discrete-time systems). The sets of real numbers,
of rational functions, of proper and strictly-proper ra-
tional functions, of proper rational functions that have
no poles in U with real coefficients are denoted by
R, R, Ry, Rs, R, respectively. The set of matrices
with entries in R is denoted by M(R); M € M(R)
is called stable; M € M(R) is called unimodular iff
M~' € M(R). A right-coprime-factorization (RCF),
a left-coprime-factorization (LCF) of P € M(R,) are
denoted by P = ND-! = D-'N; N,D,N,D € M(R),
D, D are biproper. Let rankP = r; s, € U is a zero
(blocking-zero) of P iff rankN(s,) < r (P(s,) =0 =
N(so)). For M € M(R), the norm || - || is defined
as || M ||= sup,c gy 7(M(s)); & denotes the maximum
singular value, U4 denotes the boundary of U.

2 Main Results
Consider the LTI, MIMO system S(P,C) in Fig. 1:
P € Ry™*™ and C € Rp"**"" represent the transfer-
functions of the plant and the controller. It is assumed
that (P, C) is a well-posed system, and P and C have
no hidden modes corresponding to eigenvalues in I4.
Let Hy, (Heu) denote the input-output (input-error)
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transfer-function from u to y (u to e, respectively). The
system S(P,C) is said to be stable if H € M(R),
where H is the transfer-function from (u, up) to (y, yc).
The stable system S(P, ) is said to have integral ac-
tion in each output channel iff H,,(s) has blocking-
zeros at s = 0 [3]). If H,, has (at least) m blocking-
zeros at zero, i.e., (s™(™"1DH,,)(0) = 0, then S(P,C)
is said to have type—m integral action, where m > 1
is an integer. The controller C is said to be a stabi-
lizing controller for P (or C is said to stabilize P) iff
C € M(Rp) and S(P,C) is stable; C is said to be a
stabilizing controller with integral action iff C stabilizes
P and Dc(s) has blocking-zeros at s = 0; C is said to
be a stabilizing controller with type-m integral action
iff C stabilizes P and D¢ (s) has (at least) m blocking-
zeros at s = 0, where C = NcDE.1 is any RCF of C,
Dc € R™*"™. Let P = ND~! = D~!N ¢ Rp"v*™
be any RCF, LCF. All stabilizing controllers for P
are parametrized as C = (U + DQ)(V — N Q)'
(V—-QN)"Y(U+QD); @ € R™**" satisfies (V' - NQ)
biproper (holds for all @ € M(R) when P € M(Rs));
U,v,U, V € M(R) such that VD + UN = I,
DV + NU = IL,, VU == UV [4]. For any stablhzmg
controller, Hey = (I, +PC)y = I, — N(U+QD)
(V~NQ)D. If S(P,C) is stable, Heu(0) = In, —~
PC(In, + PC)"Y(0) = I,, - N(O)(U + QD)(0) = 0
only if rankN(0) = ny < n,. Therefore, a necessary
condition for integral action in the stable S(P,C) is
rankP = ny < n, and P has no zeros at s = 0.

Since any RCF of a stabilizing C is (N¢, Dc) = (U +
DQ)R,(V — NQ)R) for some e unimodular R € M(R),
Dc¢(0) = 0 is equivalent to (V N@)(0) = 0. There-
fore, if C is a stabilizing controller with integral action,
then Heu(0) = (V- N Q)(O)D(O) = 0; hence, the sta-
ble (P, C) has integral action in each output channel
based on the definitions above. Designing the stabi-
lizing controllers so that D¢ (0) = 0 is sufficient (but
not necessary) for the stable S(P,C) to have integral
action. When P has no poles at s = 0, in particular
when P € M(R), Heu(0) = 0 if and only if Dc(0) = 0,
i.e., the stable S(P, C) has integral action if and only if
C is a stabilizing controller with integral action. If D¢
has m blocking-zeros at zero, i.e., (s~ (™" Dc)(0) = 0,
then Hey has m blocking-zeros at zero; this is again suf-
ficient for type-m integral action in the stable S(P, C).
2.1. Theorem: Let P = ND™! = D~1N € R,"v*"
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be any RCF, LCF; rankN(0) = ny, < n,. Let K; €
IR™**"¥ gtabilize s~!N. Then C), is a stabilizing con-
troller with type-m integral action if and only if

m-—1
Cp = (V“Qmﬁ)_l(U"’Qmﬁ"'%L (In,, N&)t
£=0

Qm € R™*™ satisfies (V — Qm N) is biproper (which
holds for all @n, € M(R) when P € M(Rs)). o
In Theorem 2.1, K; € IR®**™¥ is any constant con-
troller that stabilizes s~!N. Since rankN(0) = n, by
assumnption, constant controllers that stabilize s™'N
exist. Let N(0)! € IR***™ denote any right-inverse of
N(0) € R"¥*"*; K, can be chosen as K1 = aN(0)/ for
any « € IR such that 0 < a <|| s"H(NN(0)' = 1,,) || ~*.
When C,, is a stabilizing controller with type-m in-
tegral action as in Theorem 2.1, the corresponding
achievable (input-output) transfer-function of the sta-
ble 8(P,C) is Hyu =PC(I,,+ PC) ' =1I,, — (Iny +
sTINKy Y o (Iny+s‘1NK1)l) Yy - NQm)D and
Heu = In Hyu = (Iny + s lNKlz (Iny +
s“NKl)‘) Y(V = NQm)D. The parametrlzatlon in
Theorem 2.1 is simplified for stable plants: Let P €
R*¥*%s: rankP(0) = ny < n,. Let Ky € IR™*"v
be any constant controller that stabilizes s~ P. Then
Cyn 1s a stabilizing controller with type-m integral
action if and only if Cm = (In, — Q@mP) " H(Qm
TR Yt (Iny-!-s"lPKl)‘) for some @, € 'R"“x"”
such that (I,, — QmP) is biproper (bolds for all
Qm € M(R) when P € M(Rs)). The corresponding
achievable Hyu = In, — (In, + s"'PK1 3 pog (In, +
sTYPK1)Y " I, — PQm).
By Theorem 2.1, any stabilizing controller with type-m
integral action is obtained by adding ‘integral terms’ to
any stabilizing controller. As an example, Fig. 2 shows
the block-diagram of Cy with type-2 integral action.
We now parametrize stabilizing controllers with type-m
integral action such that the (input-output) transfer-
function Hyy of the stable system S(P,C) is diagonal
and nonsingular. We assume that P has no zeros at
zero since this is a necessary condition for integral ac-
tion; a necessary condition to achieve decoupling is that
rankP = ny. A sufficient condition to achieve decou-
pling is that the full row-rank P has no pole-zero coinci-
dences in 4. Here we assume that there exist stabilizing

controllers that achieve decoupling for the given plant
(see [2] for necessary and sufficient conditions to achieve

decoupling). Let P = ND~1 = DN € R,"v*™ be
any RCF, LCF; rankP = ny < ny, rankN(0) = ny.
Let Cy = ﬁdi}d_l = Vd'lUd be any stabilizing con-
troller such that Hy, is diagonal and nonsingular;
VaD + UgN = I, 1317,1 + ]Vl:jd = L,y, Vdﬁd = Udvd.
Let 61; € R be any greatest-common-divisor of all en-
tries in the j-th row of N € R™ ™ j = 1,...,ny;
define Ay := diag [6r1-6rn,], ALN = N. Let
NI & R"»X"v denote any right-inverse of N. Write the

ij-thentryofNIasa,:jbi_-l,iz1,...,nu,j= 1,...,ny
(a;j,b,-j ER, b #0, (a,-j,b,-j) coprime). Let br; ER
be any least-common-multiple of (by;,...,bs,;) in the
j-th column of NI; define Ap := diag [631 ---6Rny].
Let ¢gr; € R be any greatest-common-divisor of all
entries in the j-th column of D, J=1,...,ny; de
fine &g = diag [¢R1 d)Rny], D®gp = D Write
the 4j- th entry of D=1 € R™*™, i j = 1,...,ny,
as cijd;t (cij,dij € R, dij # 0, (cij,dij) co-
prime). Let ¢r; € R be any least-common-multiple of
(dij,...,dn,5) in the j-th row of b“l; define ®; :=
diag [¢L1"'¢Lny]- Let K4 € IR®**™ be any di-
agonal constant controller that stabilizes s~ 'ArAR
(note rankN(0) ny implies rank(ArAg)(0)
ny). Then Cy, is a stabilizing controller with type-
m integral action with Hyu diagonal and nonsin-
gular if and only if Cp, (Vi — QmN ) YUq +
Qmﬁ + 5_1NIARK(12£=0 (Iny -+ S_IALARKd) ),
Qm = NTARQu®.D™', Q4 € R"™*"v diagonal,
nonsingular, Qu(o0) # (VaD(ALAr®LBR)1)(c0).
The corresponding achievable Hyy = I, (I,,y +
"IALARKdZ (Iny + s IALARKd)l) l(VdD —
ALARQPLDR) i 1s diagonal.
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Figure 1: The system S(P,C)
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Figure 2: Any stabilizing controller C2 with type-2
integral action



