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Abstract 
A parametrization of stabilizing controllers with inte- 

gral action is obtained in the the standard linear time- 
invariant, multi-input-multi-output unity-feedback sys- 
tem. These controllers guarantee asymptotic tracking of 
step reference inputs at each output channel with zero 
steady-state error. 

1. Introduction 
Stabilizing controllers that achieve robust asymptotic 

tracking of general reference signals can be designed by us- 
ing the well-known parametrization of all controllers that 
stabilize a given plant [4]. For asymptotic tracking of step 
reference signals, controllers are designed to have integral 
action (see for example [3], [l]). 

In this paper we parametrize controllers with integral 
action in the standard linear time-invariant (LTI), multi- 
input-multi-output (MIMO) unity-feedback system. The 
given plant is not necessarily stable. We show that any 
stabilizing controller with integral action (as defined here) 
is expressed as the sum of two controllers, any arbitrary 
stabilizing controller plus an 'integral controller' as stated 
in the main result (Theorem 2.1). 
Notation: Let U be the extended closed right-half-plane 
(for continuous-time systems) or the complement of the 
open unit-disk (for discrete-time systems). The set of real 
numbers, the set of proper rational functions which have 
no poles in the region of instability U ,  the sets of proper 
and strictly-proper rational functions with real coefficients 
are denoted by IR, R, R,, KSp, respectively. The set of 
matrices whose entries are in R is denoted by M ( R ) ;  
M is called stable iff M E M ( R ) ;  a stable M is called 
unimodular iff M-' E M ( R ) .  Let rankP = r ;  so E U 
is called a (transmission) U-zero of P iff rankP(s,) < r ,  
equivalently, rankN(s,) = rankfi(s,) < T ; so is called a 
blocking-zero of P iff P(so )  = 0; so E U is a blocking-zero 
of P if and only if N(s , )  = N ( s o )  = 0. 

Due to  the algebraic framework described in this no- 
tation, the results apply to continuous-time and as well 
as discrete-time systems; for the case of discrete-time sys- 
tems, all evaluations and poles at s = 0 would be inter-. 
preted at  z = 1. 
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2. Main results 
Consider the standard LTI, MIMO, unity-feedback 

system S(P,  C) (Fig. 1): S ( P ,  C) is a well-posed system, 
where P E RpnoXnz and C E RpnzXno are the transfer- 
functions of the plant and the controller; P and C have 
no hidden modes corresponding to  eigenvalues in U. 

Let H e ,  ( H y u  ) denote the input-error (input-output) 
transfer-function from U to e ( U to  y, respectively). The 
system S(P ,  C) is said to be stable iff the transfer-function 
H from ( U ,  up)  to (y, yc) is stable. The stable system 
S(P,C) is said to  have integral action in each output 
channel iff Heu(s) = I - H y u ( s )  has blocking-zeros at 
s = 0. If S(P,  C) is stable, H e u ( 0 )  = ( In ,  + PC)-l(O) = 
In, - PC(Ino + PC)-l(O) = 0 only if rankP(0) = no; 
therefore, a necessary condition for the stable system 
S(P,  C) to have integral action is that the plant P has no 
(transmission) zeros at zero. 

Let P = ND-' = 5-'6 be any right-coprime- 
factorization (RCF) and left-coprime-factorization (LCF) 
of P E RpnuxnL , where N , D , N , D  E M ( R ) ,  D ,  6 are 
biproper. The controller C is said to be a stabilizing 
controller for the plant P (or C is said to  stabilize P )  
iff C E M(R,) and the system S(P,C)  is stable. Let 
C = NcDE1 be any RCF of C. The controller C is 
said to be a stabalazang controller wzth zntegral actzon iff 
C stabilizes P and D c ( s )  has blocking-zeros at s = 0,  

is the denominator-matrix of any where DC E Rnoxn" 
RCF NcDC' of C. The controller C stabilizes P if arid 
only if ~ D c  + 6 N c  is unimodular for any RCF NcD;' 
of C (where DC is biproper) [4], [2]. All stabilizing con- 
trollers for P are given by C = (6 + DQ)(F - NQ)-' = 
(V - QG)-'(U + Q f i ) ,  where Q E Rntxno is such 
that (v - N Q )  is biproper (holds for all Q E M ( R )  
when P E M(R >). U , V , 6 , v  E M ( R )  are such that 
V D  + U N  = I,,, DV + cv = Ino, V U  = U V .  

Using the parametrization of all stabilizing controllers, 
for any stabilizing controller C ,  He,,  = (In, + PC)- l  = 

in any arbitrary RC_F of a stabilizing controller is given 
by ( N c , D c )  = ( ( U  + D Q ) R , ( V  - N Q ) R )  for some 
unimodular R E M ( R ) ,  Dc(0 )  = 0 is equivalent to 
(V-NQ)(O) = 0. Therefore, if C is astabilizing controller 
with integral action, then H,,(O) = (c-NQ)(O)D(O) = 0 
and hence, the stable system S(P,  C) has integral in each 

- -  

sp- 2 - w 

In - N ( U  + QE) = (V - N Q ) ~ .  Since ( N C , D C )  
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output channel as defined above. Although designing the 
stabilizing controllers so that Dc(0)  = 0 is a sufficient 
condition for the stable system S ( P ,  C) to have integral 
action, it is clearly not necessary. However, when P has 
no poles at s = 0, and in particular when P is stable, 
H,.(O) = 0 if and only if Dc(0)  = 0, i.e., the stable sys- 
tem S(P, C) has integral action if and only if the controller 
C is a stabilizing controller with integral action. 

2.1. Theorem (Parametr i za t ion  of controllers): 
Let P E Rpnoxnz ,  where rankP(0) = no 5 n;. Let 

P = ND- l  = Cv1$ be any RCF and LCF of P .  Let 
I<; E RnzXno be any constant controller that stabilizes 
$!. The controller C is a stabilizing controller with inte- 
gral action if and only if 

c = (V - Q ~ Z ) - ~ ( U  + Q ~ O )  + (V - Q ~ N ) - ~ %  (1) 

K ,  equivalently, C = ( ~ + D & l ) ( V - N Q l ) - l ( I , ~ + N ~ ) +  
DT for some Q1 E RncXno such that (V - &I%) is 
biproper (holds for all Q1 E M ( R )  when P E M(Rsp)). 
The corresponding H,, of the stable system S(P,C)  is 

O H,, = (In, + N % ) - I ( N ( U  + Q l O )  + N+). 
For the special case of stable plants, the parametrization 
(1) of all controllers with integral action is simplified as 
follows: Let P E Rnoxn', where rankP(0) = no 5 n;. 
Let ICi E Rn'Xno be any constant controller that stabi- 
lizes S. The controller C is a stabilizing controller with 
integral action if and only if C = (In, - &1P)-'&1 + 
(I,, - Q1P)-l% for some Q1 E Rncxno such that 
(I,, - Q I P )  is biproper (holds for all Q1 E M ( R )  
when P E M(Rsp)), The corresponding (input-output) 
transfer-function H,, of the stable system S(P,C)  is 

In Theorem 2.1, I<; is chosen as any constant con- 
N troller that  stabilizes S. Since rankN(0) = no by as- 

sumption, existence of constant controllers that stabilize 

some a E IR, a > 0, where N(0)' denotes a right-inverse 
of N ( 0 ) .  Theorem 2.1 states that  any stabilizing controller 
with integral action is expressed as the s;m of two ccn- 
trollers, any stabilizing controller ( V - Q I N ) - l ( U + Q I D )  
plus an 'integral controller' (V - QlE)-'% . The block- 
diagram of the system S(P, C) with the stabilizing con- 
troller C as in (1) is shown in Figure 2.  

The parametrization in (1) of all stabilizing con- 
trollers with integral action can also be obtained start- 
ing with a state-space representation of P as follows: 
Let (A ,  B, C, B )  be a state-space representation of P = 
C(sIn - A)-'B + 0, where ( A , B )  is stabilizable and 
(CIA) is detectable. Let K E nt"'"" and L E RnXno 
be such that AK := (sIn - A + BK)- l  E M ( R ) ,  
AL := (SI, - A + E M ( R ) .  The controller C 

Ii'i 

IC, 

P 

K; -1 Ki 
&U = (Lb + P T )  (Pa+ P s ) .  

N is guaranteed; in fact, Ki can be chosen as aN(0)' for 

is a stabilizing controller with integral action if and only 
ifC = (I,,-KA~(B-LD)-Q~(CA~(B-LD)+D))-~ x 
( I<ALL+Q~(I -CALL)+%)  for some Q1 E Rntxno such 
that det(I,, - Q ~ ( C O ) ~ ) )  # 0 (holds for all Q1 E M ( R )  
when P E M(Rsp)). This controller is shown in Figure 3. 
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Figure 1: The system S(P,  C) 
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