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Abstract

Necessary and sufficient conditions are obtained for
stabilizability of a given linear, time-invariant, multi-input
multi-output plant under unknown sensor failures of a pre-
specified channel. This problem is equivalent to simulta-
neous stabilization of a nominal plant and a multiplica-
tively perturbed plant, where the multiplicative pertur-
bation is unknown but stable. A class of simultaneously
stabilizing controllers are proposed for the nominal plant
under such unknown perturbations.

1. Introduction

In the standard linear, time-invariant (LTT), multi-
input multi-output (MIMO) unity-feedback system, the
well-known parametrization of all stabilizing controllers
has lead to necessary and sufficient conditions for simul-
taneous stabilization of two given plants [4]. For the case
of three or more plants, necessary and sufficient condi-
tions to check simultaneous stabilizability are not avail-
able [1]. Although simultaneous stabilizability of three
or more plants cannot be determined in the most general
case, it may be possible to obtain conditions and develop
design methods for special classes of plants [2].

We consider simultaneous stabilization of a given nom-
inal plant represented by its transfer-function P and =
class of perturbed plants (I — A)P, where the multiplica-
tive perturbation A is diagonal and stable; no small-
gain restrictions are imposed on A. The perturbed plant
(I — A)P represents the nominal plant under various per-
turbations, such as sensor failures. It is assumed that
the diagonal A has at most one non-zero stable entry é; ,
representing possible unknown sensor failures at a pre-
specified output channel. Although the location of the
failure is known to be the j-th output, 6; is unknown.
Since 6; is arbitrary, simultaneous stabilizability of P
and (I — A)P cannot be determined by small-gain results.
Since the plant is not necessarily stable, P and (I — A)P
are not necessarily simultaneously stabilizable. We de-
rive necessary and sufficient conditions for simultaneous
stabilizability and determine the class of plants for which
simultaneously stabilization is possible, and we propose a
class of simultaneously stabilizing controllers.

1This work was supported by the National Science Foundation
Grant ECS-9257932.

Due to the algebraic framework described in the fol-

lowing notation, the results apply to continuous-time sys-
tems as well as discrete-time systems:
Notation: Let U contain the extended closed right-half-
plane (for continuous-time systems) or the complement of
the open unit-disk (for discrete-time systems). The set of
proper rational functions which have no poles in the re-
gion of instability U, the sets of proper and strictly-proper
rational functions with real coefficients are denoted by R,
Ry, Rsp, respectively. The set of matrices whose entries
are in R is denoted by M(R); M is called R-stable iff
M € M(R); M € M(R) is called R-unimodular iff M~*
is also R-stable. A right-coprime-factorization (RCF) and
a left-coprime-factorization (LCF) of P € R,™**™ are de-
noted by P = ND=! = D~'N; N,D,N,D € M(R); D,
D are biproper. The identity map is denoted by I; the
j-th column of I is denoted by e;.

2. Main Results

Consider the LTI, MIMO system S(I —A,P,C)
shown in Fig. 1, where P € R,"*™ C € R,"""",
A € R™*"° represent the plant, the controller, and the
multiplicative perturbation. The nominal plant and the
perturbed plant are denoted by P and (I — A)P, respec-
tively. It is assumed that P and C' do not have any hid-
den modes corresponding to eigenvalues in U and that
the system S(I — A, P,C) is well-posed. The multiplica-
tive perturbation is represented by the diagonal matrix
A= CJ‘(S]'C]T, where j € {1,...,n,} is the location of the
failure and §; € R is arbitrary. Under normal operation
of the j-th channel, §; = 0; all other values of the R-stable
6; imply a failure; §; = 1 corresponds to a disconnection
failure. If §; = 0, then S(I — A, P,C) becomes the unity-
feedback system S(P, C), called the nominal system.

The system S(I — A, P,C) is said to be R-stable iff
the closed-loop transfer-function H from u := [u} ul |7
toy := [yh yL 1T is R-stable; the nominal system S(P, C)
is R-stable if H : u ~— y is R-stable when A = 0.
The controller C' is said to R-stabilize P € Rp"* ™ iff
C € Ry™*™ and S(P,C) is R-stable; C is said to simul-
tancously R-stabilize P and (I — A)P iff C € R,™ ™"
and the systems S(P,C) and S(I — A, P,C) are both
R-stable. The plants P and (I — A)P are said to be
simultaneously R-stabilizable iff there exists a simultane-
ously R-stabilizing controller C'.
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The controller C' R-stabilizes P if and only if C is
given by (see for example [4], [3]):

(T+DQYV-NQ)™, (1)

where Q € M(R) is such that (V — QN) is biproper
(holdsfor all @ € M(R) when P € M(Rgp)); U, V, U,Ve
M(R) satisfy VD +UN = 1, DV 4+ NU =1 VU =
UV. The controller C simultaneously R-stabilizes P and
(I - A)P if and only if C is given by (1), where Q €
M(R) is such that (V — QN) is biproper and

=(V-QN)"Y(U+QD) =

—(U+QD)AN is R-unimodular. 2)

The plants P and (I —A)P are simultaneously
R-stabilizable if and only if there exists @ € M(R)
such that (2) holds. It follows from standard strong
R-stabilizability results that condition (2) holds if and
only if the pair (I — UAN, EAN) satisfies the parity-
interlacing-property [4], [1]. For the class of diago-
nal perturbations A = ejéjejT, we have the necessary
and sufficient conditions of Lemma 2.1 for simultaneous
R-stabilizability of P and (I — €;6; ef)P. For plants sat-
isfying these conditions, we propose a class of simultane-
ously R-stabilizing controllers in Proposition 2.2. Since
8; € R is unknown, these conditions are in fact for si-
multaneous R-stabilizability of a special class of infinitely
many plants, and the controllers proposed simultaneously
R-stabilize all plants in this class.

2.1. Lemma (Stabilizability condz’tions}:
Let P € Rp™*™. Let A = ¢;6;¢], for some j €

{1,...,n,}, where §; € R. Let dj € R"*" denote the

J-th column of D in any LCF P = D='N. The plants P
and (I — e;éje; TP are simultaneously R-stabilizable for
all §; € R if and only if rankd;(s) = 1 foralls €. DO

2.2. Proposition (Stabilizing controllers)
Let P € Rp™ ™. Let A = e] B ] , for some j €

{1,...,n0}, where 8; € R. Let D-'N be any LCF of
P, where d; € R™*! denotes the j-th column of D. Let
rankd;(s) = 1 for all s € U, equivalently, let d; have
a left-inverse denoted by y;‘r € RY". Let U,V,U,V €
M(R) satisfy VD+UN =1, DV4+NU =1,VU=UV.
Define € := (V — QN)~}(U + QD), The controller

C=(V—-QN+(U+QD)e;y? N) (U +QD)(I~e;47 D)
:C’(I—{-e'jyfﬁpé)_l(f—@jyfb) (3)

simultaneously R-stabilizes P and (I — e;é; eT)P for all
8; € R, where Q € M(R) satisfies det(V — QN)(oo) 7é 0
and y; (V NQ)lej(c0) = 1+y;‘rN(V QN) Yo

QD)e;j(00) = 1+ yF DPCej(c0) # 0 (holds for all Q €

M(R)Awhen P € M(Rgp)). The controller C'€ M(Rsp)
when () € M(R) satisfies Q(c0) = —U(c0)D~(c0). O
Example: Let I{ be the extended closed right-half plane.
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Since each column of D is full-rank for all s € u, P
and (I — e;6; eJT)P are simultaneously R-stabilizable for
all 0; € R for j = 1,2. A solution for U,V € M(R)
satisfying VD + UN = I, DV + NU =1, VU = UV

—48 —16(s+8) s—10 0
is U = l: 362 542 ], V = [ 5‘62 1]. Con-

sider failures in the first channel, ie., let A = 61516’{.
A left-inverse y¥ € M(R) of the first column d; of

Bisy?:{ii %12—4] Leté:(V—Qﬁ)'%U—!—
QD), where Q € M(R) is arbitrary. By 3), C =
R 3(s=1) (s+14)(s=1)(s-2) 9

C(I+ (3162)“ CH)! [ 01 } simul-

(s+2)
0
taneously R-stabilizes P and (I e161eF)P. Now consider
failures in the second channel, i.e., let A = ez6ed . A left-
inverse yI € M(R) of the second column dy of D is
= [-_31%%2 21. Let & = (V — QN)='(U + QD),
where Q € M(R) is arbitrary. By (3), C = C(I +

0 0 . 1o0] .
—3(s=1)  —20s=1)s=2) | C) 20245042 o | S

(s+2)(s+8) (s+2)° (s+2)(s+8)
multaneously R-stabilizes P and (I — eaéq¢e] ) P. o
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Figure 1: The system S(/ — A, P,C)
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