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Coprime Factorizations of Parallel,
Cascade, Feedback Interconnections

A. N. Giindes

Abstract—Doubly coprime factorizations of the transfer-functions of
parallel, cascade, and feedback system interconnections are derived al-
gebraically, extending the results of previous work on parallel intercon-
nections. The factors of these doubly coprime representations derived
here are important in characterizing all stabilizing controllers for these
interconnections.

I. INTRODUCTION AND PRELIMINARIES

This letter extends the results of {1] on right and left coprime
factorizations of the transfer-function of parallel interconnections in
terms of the constituent subsystems. Algebraic computation of the
Bezout-identity terms in the doubly coprime factorization was left as
an open problem in [1], which motivated this work. In this letter,
these terms are derived without using a state-space representation. In
addition to parallel interconnections, doubly coprime factorizations
of cascade and feedback interconnections are also given here. These
Bezout-identity terms are used in the characterization of all stabilizing
controllers for P in the standard unity-feedback system (see for
example [3], [2]); these terms play an important role also in reliable
stability problems [1].

Let{ contain the extended closed right-half-plane (for continuous-
time systems) or the complement of the open unit-disk (for discrete-
time systems). Let R denote proper rational functions which do not
have any poles in the region of instability 2/ and let R, denote proper
rational functions with real coefficients. The set of matrices whose
entries are in R is denoted by M(R). A right-coprime-factorization
(RCF) and a left-coprime-factorization (LCF) of P € Ryo™™ are
denoted by (N, D) and (D N), where D € R™*"™ D € R""x”"
N,N € R™*"_ D and D are biproper and P = ND' =D~ 1N

Let (N, D) and (D ) be an RCF and an LCF of P; then there
exist Y € R%%™i ¥V € RPeX"e X, X € R™*"° such that [3],

2]
Y X|[D -X]_[L, 0 m
-N DI||N ¥ 0 IL.,|
We refer to the description in (1) as a doubly coprime factorization
and to the matrices Y, Y, X, X as the Bezout-identity terms. The
objective of this letter is to compute these Bezout-identity terms for

parallel, cascade, and feedback interconnections of two subsystems
Py, Ps. Let (N;,D;) and (D;, N;) be an RCF and an LCF of the

Manuscript received November 11, 1995. This work was supported by the
National Science Foundation Grant ECS-9257932. This paper was recom-
mended by Associate Editor B. Sheu.

The author is with the Electrical and Computer Engineering Department,
University of California, Davis, CA 95616 USA.

Publisher Item Identifier S 1057-7122(96)06845-6.

given subsystems P; € M(R,) for j = 1,2; then for j = 1,2, there
exist Y;,Y;, X;, X; € M(R) such that

1/2', {(j D; _XJ‘ _ I"'i 0 )
—-N; D;||IN;, Y; | |0 I.,]|

The terms in (2) will be used in deriving of the Bezout-identity terms

Y, ¥, X, X of the interconnection.

II. PARALLEL INTERCONNECTIONS
Consider two linear, time-invariant (LTT) systems represented by
their proper rational matrix transfer-functions Py € € RpoX™i, P €
RZ*™, Let (N;, D,) and (Dj, N;) be an RCF and an LCF of P;
for j = 1,2. The transfer-function P = P, + P, € Ry°*"¢ of the
parallel interconnection of P, and P, is
P=P + P, =ND'+ N,D;' = Di'Ny + D; ' N,
= D7Y(Ny + D1 D7 ' Ny) = (N1D7 ' D2 + N2) D3
It can be shown that P = P; + P, has no hidden-modes in the region
of instability 2/ if and only if the pair (D1, D2) is right-coprime and
the pair (Dy, Dz) is left-coprime. Therefore, we assume that these

coprimeness conditions hold. If (Dl, Dz) is a right-coprime pair, then
there exist V,U,V,U, T, S € M(R) of appropriate dimensions such

that [2]
v Ul[D: -U]_[l., 0 3
- S||by V|Tl0o L.,|
Similarly, if (D1, D2) is a left-coprime pair, then there exist
Z,W,Z2,W,T,8 € M(R) such that

5 B)E Bl 2 e
-D, Di||S Z 0 I,
By (2), (3), (4), the terms of (1) are given by
= (Z 4+ WY1 Dy — WX No)(Yo + X2V Ny — XaUN),
Y =W+ MZX - WXV + D1 YaU — N XoU),
=(Z 4 WYiD2 — WX, N2)XoUDy + WX,
X = D.WX(V + D1Vl — Ny XoU) + XoU
N=NS§+NT, N=SN +TN,,
D=D,7=D,5, D=8D =TD,.
Therefore, as in [1], (N1S + NoT', DoT) is an RCF and (SDl,

SN1+TN,) is an LCF of the parallel interconnection P = Pi+P, =
(NS + NoT)(DT) ™ = (SD1)" (SN + TNa).

III. CASCADE INTERCONNECTIONS
Consider two LTI systems represented by their transfer-functions -
Py € Rpo*"r, P, € Ry~*"i. Let (N;,D;) and (D;,N;) be
an RCF and an LCF of P; for j = 1, 2. The transfer-function
P = PP, € R}°*" of the cascade interconnection of Py and P is

P=PP,=ND'N,D;"
= Dl_lNlbg_lNz = Nl(bz.Dl)_lNz.

It can be shown that P = P, P, has no hidden-modes in the region
of instability 2/ if and only if the pair (N1, D) is right-coprime and
the pair (D1, N2) is left-coprime. Therefore, we assume that these
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coprimeness conditions hold. If (N 1, f72) is a right-coprime pair, then !

there exist J, F,J, F', M, G € M(R) such that
J F|[D: —-F] _[L, 0 ®)
-M Gl|N J|T|0 L.
If (D;,Nz) is a left-coprime pair, then there exist R, H, R,
H, M, G € M(R) such that
-F I,, 0
R ] = [01 I } ©®

Bl

By (2), (5), (6),

YiJ Xi+YiFDy|[DeDy —(F + D X0 J)
-M GD: M YiJ
_[I.. 0 :
= { o I} )
RY: H+RX>D:|[D2G ~(Xs+ Da2HY)
-N: DDy M RY,
L, 0
= {o In,l' | ®

By (7), (N1, D2 D) is a right-coprime pair and by (8), (D2 D1, N2)
is a left-coprime pair; therefore, (N1, D2 D1, N2) is a bicoprime fac-
torization of the cascade interconnection P.= P P, = N1(DyD1)™!
N,. We also obtain an RCF and an LCF of P and the terms of (1)
from (2), (5), (6) as

Y = RY; + (H + RX2D1)Y1JN,

}7 = fﬁj—{— Nl_éf/z(ﬁ =+ bzle),

X = (H + RX2D:)(X1 + Y1 FDy),

X = (XQ -+ szff/z)(ﬁ’ + szﬁj),

N=MNM, N=MN,, D=D,G D=aGD;.

Therefore, (NIM, Dgé’) is an RCF and (GDl,MZ\:fz) is an LCF
of the cascade interconnection P = Py P, = NiM(D:G)™" =
(GD,) 'MN,.

IV. FBEDBACK INTERCONNECTIONS

Consider two LTI systems represented by their transfer-functions
Py € RpeX™, By € RY*™ . Let (N, D;) and (Dj, ;) be an RCF
and an LCF of P; for j = 1, 2. The transfer-function of the feedback
interconnection of P; and P, is given by P = P (I + PP)7t.
We assume that the interconnection is well-posed, equivalently,
(I + P,P)™" is proper. Using the coprime factorizations of the
subsystems, the transfer-function P becomes

P =PI, + PoP) " = N\D7* (In, + N2 D7 "Ny Dy )
= (In, + D7 *N, D7 No) T DTN
= Ni(DsD1 + NaN1) ™' Ds.
It can be shown that P = Pi(I + P, P1)~" has no hidden-modes in
the region of instability ¢/ if and only if the pair (Ny, D>) is right-
coprime and the pair (Ds, N1) is left-coprime. Therefore, we assume

that these coprimeness condltlons hold. If (Ny, Dy) is a right-coprime
pair, then there exist A, A, , @, ¥ € M(R) such that

A Al[Dy -A] [L. 0
5 sz z\Ho oo

(~D2,N1) is a left-coprime pair, then there exist ¥, &,V,
,0,X € M(R) such that

v 2)[E %] _[L, O
-Ni D:||6 ¥ | |0 I,[

o

10

By (2), 9), (10)

ViA X1+ YiAD; ~ VAN,
-0 £D: + ON,

% [f)le + NaVy —(A + 1525{14 - Nﬂ}lé)}

Ny V1A
_ Iy O
= [0 Ino}, an
3Xy ¥+ IVoNy — ®X,Dy
~Dg DoDi 4+ No N,
y No© + D15 —(Va+ No¥ Xy — D18X5)
) X,
_ |~ O
= {0 Im:|. 12)

By (11), (IVy, Dy Dy + NoNy) is a right-coprime pair and by (12),
(D2D1 + N2y, Dy) is a left-coprime pair; therefore; (N1, D2 D1 +
NoN 1 Dz) is a bicoprime factorization of the feedback 1~nterc0nnec—
tion P = Pl(I—i- PzPl)—l = Nl(ﬁng -+ Nle)_lDz. We also
obtain an RCF and an LCF of P and the terms of (1) from (2), (9),
(10) as

Y =3X, + (¥ + 8Ya Ny — ®X,D1)Y1ADs,
V=%A+NM3IX A+ D X0A — NoYiA),

X = (U +4 ®YoN; — X, D) (X1 + YiAD, — Vi AN,),
X =T+ No¥Xy — D13Xo)(A + Do X1A — NoY1A),
N=N3%, N=3N,

D=D:S+N:0, D=XDi+ON,.

Therefore, (N15, D15 + N2 ®) is an RCF and (8D, + O Na, ENl)
is an LCF of the feedback interconnection P = P, (I + P2P1) =
NIE(DJE+N2®) B (EDl +®N2> 12]\71
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