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set-point control. Furthermore, the simplicity and transparency
of the analysis makes it accessible to a broad audience.
2) Since the GAS property holds for all (positive) choices of the

filter constants a; and b;, we do not impose any restriction on
the bandwidth of the filters. As pointed out in the previous
section, however, the tracking performance will depend on its
frequency response characteristic.
3) Even though we have considered here a simpler model for the
flexibility effects our result applies verbatim to the model used
in [1].
For the sake of brevity, we have presented only the case where
joint stiffness is exactly known. Stability robustness vis a vis
joint stiffness and gravity forces uncertainty can be easily
established and follows directly from the analysis of [1].

An alternative solution for replacing velocity measurement in
regulation tasks of flexible joint robots has recently been proposed
in [5]. As point of comparison between both results, it is interesting
to note that the controller of [5] contains n second order relative
degree zero filters with inputs the motor shaft position and the gravity
compensating constant term and output the generated torques. In
contrast with this, the controller proposed here consists only of n
first order relative degree zero filters. On the other hand, the design
procedure followed in [5] is based on energy shaping ideas which
exploit the natural structure of the system in a more transparent way.
In particular, the Lyapunov function used for the analysis in [3] is
the systems total energy. Although for the present design we have a
nice interpretation in terms of a feedback interconnection of passive
subsystems (see Remark 1), a clearer physical understanding of the
Lyapunov function is as yet unavailable. Some simulation studies
comparing these schemes are reported in [9].

4)
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Stabilizing Controller Design for Linear
Systems with Sensor or Actuator Failures

A. Nazli Giindes

Abstract— In this note, the stability of the standard linear, time-
invariant, multi-input multi-output unity-feedback system is investigated
in the presence of either sensor or actuator failures. Any diagonal stable
perturbation is included in the failure descriptions. Stabilizing controllers
are synthesized for two failure classes: the first class allows at most one
failure at a time; the second class requires at least one connection without
failure. A parameterization of all stabilizing controllers is achieved with
prior knowledge of the failure. A controller design method requiring
no knowledge of the failure is also presented; this method is restricted
to plants for which certain closed-loop transfer functions can be made
diagonal.

1. INTRODUCTION

A feedback system is said to have complete integrity if it remains
stable in the presence of sensor or actuator failures. If all sensors
(or actuators) are disconnected simultaneously, the standard unity-
feedback system becomes an open-loop cascade connection and,
therefore, the plant and the controller both have to be stable. With
a stable plant and controller, necessary and sufficient conditions for
complete integrity were derived in [2]. For stable plants, a controller
design method ensuring complete integrity was developed in [1]. A
number of reliable stabilization results are also available; stabilization
using two controllers was studied in [7], [9], and a methodology for
the design of reliable control systems was developed in [8].

The standard linear, time-invariant (LTI), multi-input multi-output
(MIMO) unity-feedback system with sensor or actuator failures
was studied in [4]. Necessary and sufficient conditions were given
for integrity with a prespecified maximum number of failures. It
was shown that the integrity requirement imposes constraints on
denominator matrices of coprime factorizations of the plant and the
controller.

A controller design method ensuring integrity is developed in this
note. In the standard integrity problem, failure means that a sensor
or an actuator is completely disconnected. A more general failure
description is used here, allowing the corresponding connection to be
multiplied by any arbitrary stable transfer function (including zero)
in case of failure. Requiring complete integrity against simultaneous
failure of all sensors or of all actuators restricts the plants and the
controllers to be stable. Instead, two classes of sensor or actuator
failures are considered: the first allows only one failure at a time;
in the second, any number of failures may occur but at least one
connection must remain normal. A parameterization of all controllers
ensuring integrity against either sensor or actuator failures is given
in Theorem 3.5, which explicitly shows how the controller can be
updated without solving for the class of all controllers for each new
plant resulting from the failure. A controller design methodology,
which does not require the failure to be known, is developed for plants
that allow diagonalization of certain transfer functions of the nominal
system (Proposition 3.6). The results apply to continuous-time and
discrete-time systems.
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II. PRELIMINARIES

Notation

Let U4 be a subset of the complex numbers C, If is closed and
symmetric about the real axis, and oo € U, C\{ is nonempty.
Let Ru, Rp(s), and R,,(s) be the ring of proper rational functions
with no poles in U/, the ring of proper rational functions, and the
set of strictly proper rational functions of s (with real coefficients).
The group of units of R is J and the set of nonstrictly proper
elements of Ry is T = Ry \Rsp(s). The set of matrices with entries
in Ru is M(Ru), M is called Ry-stable iff M € M(Ruy), and
M € M(Ruy) is Ry-unimodular iff det M € 7. If p, ¢ € Ru, then
p ~ q iff p = aq for some a € 7.

(A, B, C, D) denotes a state-space representation of P. P has
no uncontrollable J/-modes or equivalently, P is Ry-stabilizable,
if rank[sl, — AB] = n for all s € U. Similarly, P has no
unobservable I/ modes or equivalently, P is TRy-detectable, if
rank [(sI, — A)TCT)T = n for all s € Y. If P has no hidden
modes associated with eigenvalues in U, i.e. if P is Ry-stabilizable
and Ry-detectable, then P has no hidden ¢/ modes.

(Np, Dp) denotes a right-coprime factorization (RCF) and
(Dp, Np) denotes a left-coprime factorization (LCF) of P €
Rp(s)noXni’ where NP, NP € Raoxni’ DP c :R,Z(i)('u,
Dp € R}X™, P = NpDp' = Dp'Np, det Dp ~ detDp € T.
Similarly, (N¢, D) denotes a RCF and (D¢, No) denotes a LCF
of C € Ry(s)™ e,

System Descriptions

Consider the LTI, MIMO feedback systems S(P, C) (the nominal
system), S(Fs, P, C), S(P, Fa, C) (Figs. 1-3); P: ep — yp,
C: ec v~ yo, Fs: yp — ys, and Fa: yc — ya represent the
plant’s and the controller’s transfer functions, the sensor, and the
actuator connections. The (n, X n,) sensor-failure matrix F's and
the (n; X n;) actuator-failure matrix F4 are diagonal, Ry-stable,
with entries nominally equal to one; the failure of the jth sensor
or actuator is represented by a stable rational function (inciuding
zero, but different than one) in the jth diagonal entry of Fs or Fa.
Nominally, F's = I, and Fa = I,;. Let Fs : = {diag[f1- - fno] |
forj = 1,--,n0, fj € Ru and at least (n, — k) of the f; = 1}
denote the class of sensor failures; the subscript k is the maximum
possible number of sensor failures, k € {1, -, n,}. The class Fs;
is the set of all diagonal R -stable matrices where at most one of the
diagonal entries may be different than one, representing the failure
of at most one of the n, sensors. The class Fs(no—1) represents
failure of at most (n, — 1) of the n, sensors and Fs,o includes
the possibility of all sensors failing simultaneously. A special case
of failure is when a sensor gets completely disconnected, represented
by a zero in the corresponding diagonal entry of Fs. This sub-class
is Fou:= {diag{fi++-fno] | forj = 1,---,n,, f; = lorf; =
0, 372, fi 2 (no — k)}. Similarly, Fam:= {diag[fi -+ fai] |
for j = 1,---,ni, f; € Ru and at least (n; — m) of the f; = 1}
denotes the class of actuator failures; the subscript m is the maximum
possible number of actuator failure, m € {1,---,n;}. The actuator-
failure classes F a1, TA(,"’_U, Fan: are also defined similarly, and
FOm C Fam is defined as F3,,:= {diag[fi -+« fai] | forj =
1,---,ni, f=1lor f; =0, Z;;l fi 2 (ni —m)}.

In S(P, C), S(Fs, P, C), and S(P, Fa, C), let u: = [ubug]7,
yi=[wEyE)T, and let H: u — y, Hs: u— y, and Ha: v — y
be the closed-loop transfer functions. It is assumed that P €
R.(s)™*™, C € Ry(s)™*"°, S(P,C), S(Fs, P,C), and
S(P, Fa, C) are well posed; equivalently, H € M(Ry(s)),
Hs € M(Ry(s)), Ha € M(Rp(s)), and P and C have no hidden
U modes.
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Fig. 1. The system S(P, C).
Fig. 2. The system S(Fs, P, C).
up
uo 4 ec [—I(; ye I_\FA ya 4 + ep b 74
—i L 12 -
Fig. 3. The system S(P, F4, C).

Definitions 2.1 (Ruy-stability, integrity, failure hidden-U modes):
a)

i)  The system S(Fs, P, C) is said to be Ry-stable iff
Hs € M(Ru).

i) For k = 1,---,n,, S(Fs, P, C) is said to have k-

sensor integrity iff it is Ry -stable for all F's € Fsy.

The plant P is said to have no k-sensor failure hidden

U4 modes iff for all Fs € Fsi, FsP is Ry-detectable,

ie., forall Fs € Fsg, rank{(sI,. —A)T(Fsc)T]T =n

for all s € U.

iv) The controller C is said to have no k-sensor failure
hidden &/ modes iff for all Fs € Fsi, CFs is Ru-
stabilizable.

iii)

b)

i) S(P, Fa, C) is said to be Ry-stable iff Hs €
M(Ru).
ii) Form =1,---,n;, S(P, Fa, C) is said to have m-
actuator integrity iff it is Ry-stable for all Fa € Fam.
P is said to have no m-actuator failure hidden 2/ modes
iff for all Fa € Fam, PFa is Ry-stabilizable, i.e., for
all Fy € Fam, rank([sl, —ABF4] =nforall s € Y.
iv) C is said to have no m-actuator failure hidden ¢/ modes
iff for all F4 € Fam, FaC is Ry-detectable.

iii)

Lemma 2.2 (Conditions for Integrity) [4]:
a) S(Fs, P, C') has k-sensor integrity (S(P, If‘ 4, C') has m-

actuator integrity) if and only if Ds = 1;; 71\3’01\"3 is Ru-
unimodular for all. Fs € Fsx (Da = |g0% 54| is Ru-

unimodular for all Fy € Fan).

b) If S(Fs, P, C) has k-sensor integrity (S(P, Fa, C) has m-
actuator integrity), then P and C have no k-sensor-failure hidden &/
modes (m-actuator failure hidden &/ modes, respectively).

III. CONTROLLER SYNTHESIS
In S(P, C), C is an Ry-stabilizing controller iff C' € R, (s)™**"™°
and S(P, C) is Ry-stable. The set S(P):= {C | C €
R,(s)™"**"° and S(P, C) is Ry — stable} is the set of all Ru-
stabilizing controllers.
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Definitions 3.1 (Controllers with Integrity):

a) In S(Fs, P, C), C is called a controller with k-sensor integrity
iff C € Ry(s)™*™ and S(Fs, P, C) has k-sensor integrity.
Ssi(P):= {C | C € Ry(s)""*" and S(Fs, P, C) has k-sensor
integrity} is called the set of all controllers with k-sensor integrity.

b) In S(P, Fa4,C), C is called a controller
with m-actuator integrity iff C €  Rp(s)™*"° and
S(P, Fa, C) has m-actuator-integrity. Sam(P):=

{C| C € Ry(s)™**"° and S(P, Fa, C) has
m — actuator integrity} is called the set of all controllers
with m-actuator integrity. O
Let (Np, Dp) and (Dp, Np) be any RCF and LCF of P;
then there exist Up, Up, Vp, Vp € .M(Ru), such that Ve Dp +
UpNp = Ini, DpVp+NpUp = I,,, VeUp = UpVp. In S(P, C),
C € R,(5)"*"° is an Ry-stabilizing controller if and only if some
RCF (No, D¢) and some LCF (De, No) of C satisfy ([10], [3])

Dp ]Sfc Dp —No|_[Ini O

—Np Dp||Np Dec | |0 Lol
The set S(P) of all Ry,-stabilizing controllers in S(P, C)is: S(P) =
{C = (Vp—QNp)'(Ur+QDp) = (Up+DpQ)(Ve—NpQ)™* |
Q € Ry*"™, det(Vp — QNp) ~ det(Vp — NpQ) € I}. For any
Q € M(Ru), det(Vp — QNp) ~ det(Vp — NpQ). If P is strictly
proper, then det (Ve — QNp) € T (equivalently, det (VP — NpQ) €
T) for all Q € M(Ry). When P € R;°*™, the set S(P) becomes
S(P) = {C = (I.. -QP)'Q = Qo — PQ)™" | Q €
Ry*™°, det(In; — QP) = det(lno — PQ) € I}.

Proposition 3.2 (Parameterization of Controllers with Integrity):
a) In §(Fs, P, C), the set Ssi(P) of all controllers with k-sensor
integrity is
Sse(P)={C = (Vp — QNp)™'(Up + QDp)

= (U + DpQ)(Vp ~ NrQ) ™' | Q € RE™™,
det (Ve — QNp) ~ det(Vp — NpQ) € Z,
and for all Fs € Fsg,
Fs + (Ve — NpQ)Dp(Ino — Fs)
=Io—Np(Up+QDp)(I.,~Fs) is Ry — unimodular}.
(3.2

(3.1

b) In S(P, Fa, C), the set S, (P) of all controllers with m-
actuator integrity is: Sam(P) = {C = (Vp — QNp)™'(Up +
QDp) = (Up + DrQ)(Ve — NpQ)™' | Q € R ™™, det (Ve —
QNp) ~ det(Vp — NpQ) € ZTandforall F4 € Fam, Fa +
Dp(Ve — QNp)(Ini — Fa) = Ini — (Up + DpQ)Np(Ini —
F4) is Ry — unimodular}.

c) Let P € M(Ruy); then Ssi(P) = {C = Q(Ino — PQ)™" |
Q € Ry, det(I., — PQ) € I, and for all Fs € Fsi, Fs +
(Ino—PQ)(Ino— Fs) = Ino — PQ(Ino — Fs) is Ry —unimodular}
and S4m(P) = {C = (Ini ~ QPY'Q | Q € RE ™™, det(lni —~
QP) € Z, and for all F4 € Fam, Fa+ (Ini — QP)(Ini — Fa) =
I.; — QP(I,; — Fa) is Ry — unimodular}.

Proof: We prove a); b) and c) are similar. For each k¥ =
1,--+,n0, Ssk(P) C S(P) because Fs = I,,, € Fsi. Using (3.1),
performing elementary row operations (in R¢) on the matrix Ds in
Lemma 2.2, C € S_Sk(P) if and only if Fs + Dcpp(f,w - Fs)=
FS + (Ino - NPNC)(I:":o - FS) = I?o - NPNC(In~o - FS) is
Ruy-unimodular, where N = Up + QDP and D¢ = Vp — NpQ.

i O

The conditions imposed on denominator matrices of coprime
factorizations of P due to the requirement of having no failure hidden
U modes are stated in Lemma 3.3 for the classes Fs1, Fs(no—1),
Far, and F g(ni—1); similar conditions are necessary for C [4].
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Lemma 3.3 (Tests for Failure Hidden U Modes) {4]:
a) Consider S(Fs, P, C). Let (Dp, Np) be any LCF of P.

i) P has no k-sensor failure hidden ¢/ modes if and only
if (Fs, Dp) is a right coprime pair for all F's € Fsy.

ii) Let Fs € Fsi1; P has no one-sensor failure hidden &/
modes if and only if there exists an Ry -unimodular
Ly € R}°*™ such that
1 di» di1, no
~ 0 d?, 2 e d?, no
L,Dp = . . H
o dno, no
1,145
s J1+,‘, 145 | is right-coprime,
dj, 14

j=1,--,mn0—1. (3.3)
i) Let Fs € Fs(no—1); P has no (n, — 1)-sensor failure

hidden &/ modes if and only if there exists an Ry-

unimodular L,,~1) € R};°*"™° such that
1 0 d~1, no
L ng—1 DP = . - : 5
( ) 1 dn~o—1, no
(0] dno, no
(d}, nos (no, no) is coprime, j=1l-n,—1. (34)

b) Consider S(P, F4, C). Let (Np, Dp) be any RCF of P.

i) P has no m-actuator failure hidden &/ modes if and only
if (Dp, Fa) is a left coprime pair for all Fi4 € Fam.
Let F4 € Fai; P has no one-actuator failure hidden
U modes if and only if there exists an Ry -unimodular
Ry € Ry™ such that

ii)

1 0 (o]
dy1 da2
DpR, = . . . 3
dni,1 dni2 dni, ni

(dj+1,_7'+1, [d1+]" 1" dH.J‘y J]) is left-coprime,

j=1,---,n;—=1. (3.5)

iii) Let Fa € Fa(ni—1); P has no (n; — 1)-actuator failure
hidden ¢/ modes if and only if there exists an Ru-
unimodular R(,,1) € Ry*™ such that

1 o
DpR(n,-1) = o A ) ;
dni 1 i nie1 dni ni

(dni, ni, dni, j) is coprime, j=1,---,n; — 1. (3.6)
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Remarks:
i)
a) Let Fs € Fsi; let P have no one-sensor failure hidden

U modes; let L, € R;°*"° be Ry-unimodular as in
(3.3). Then the coprimeness condition in (3.3) holds if
and only if, for j = 2,--+,n,, 1 = 1,---, j, there exist
¥j,1 € Ry such that °7_, 9, 1ds, ; = 1; equivalently,
forany §; 1 € Ru,j=2,--.no, I =1,---,5 -1,

(Wﬁ 1 i, j] + ML 1 ‘11.1—1]
d;, 0 —di; d,;
=1.
o JJ:J _d,l*]wj d/ J
Let
1 0 (0] '|
¥2,1 2,2 i
Y51: = . : .. L] (3.7)
gno,l gno,2 gno,'no

(see (3.8) at the bottom of the page) where, for j =
2, Mo, I = 1,---,5 — 1, §;,1 € Ry. For all
@s1 € M(Ry) as in (3.8) and for all Fs € Fsi,
Iio — (Ino — (Ys1 + Qs1)Dp)(Ino — Fs) is Ru-
unimodular. Also, for all Fs € Fs1,

Msy:= I — (Ino — Y51 Dp)(Ino — Fs)
is Ry — unimodular. (3.9)

b) Let Fs € Fg(no-1); let P have no (n, — 1)-sensor
failure hidden 2/ modes; let L(,, 1) € R;°™"° be Ru-
unimodular as in (3.4). Then the coprimeness condition
in (3.4) holds if and only if, for j = 1,- -+ ,no—1, there
exist &, j, &; € Ry suchthat Z;, jdno, no+2;d; no =
1; equivalently, for any ¢;+1 € Ru,j =1,-:-,n,
(#5,1 = §i+1dj, no)dno, no + (& + Gj+1dno, no)djn, =
1. Let (see (3.10) at the bottom of the next page)

QS(no—l): = dlag [q~1 62J2,n0 Qno—ljno—l,no ‘ino]

0 0 1
dno,no 0 _dl,no
. Lno—l
o dno,no _dno—l,no
3.11)

where, forj = 1,--+,n,,¢; € Ru.Forall Qs(no-1) €
M(Ruy) as in (3.11) and for all F~'s € Fs(no—1)s
Ino - (Ino - (YS(no—l) + QS(no——l))DP)(I-m' - FS) is
Ru-unimodular. Also, for all F's € Fs(no—1)

MS(no—l): = Ino - (Ino - YS(no—l)bP)(Ino - FS)
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ii)

a) lLet Fa € Fai, ie,. let m = 1; let P have no one-
actuator failure hidden / modes; let By € Rj™*™
be Ru-unimodular as in (3.5). Then the coprimeness
condition in (3.5) holds if and only if, forj = 2,- -, ni,

I = 1,---,j, there exist y,; € Ry such that
i, djy, ; = 1; equivalently, for any g1, ; € Ru
j=27"'9nia 121,"‘,].—1,
d; (o]
Y1, 7 ]
[d 1 d ‘.'] . + .
7 Hhl _ O d]y]
Yi.a ~d;1 —dj, i1
qi,
: =1.
45-1,5
Let
1 y1,2 -0 Y1
0 y2,2 -+ Y2,mi
Ya:=R; . , y (3.13)
(0] Yni, ni

(see also (3.14) at the bottom of the next page) where,
forj =2,---,ni,1=1,--+,j -1, q; € Ru. For all
Qa1 € M(Ru) as in (3.14) and for all F4 € Fau,
Inz - (Im - DP(YAI + QAl))(Im' bl FA) is Ru-
unimodular. Also, for all Fa € Fa;

Mai:= Iii — (Ini — Fa)(Ini = DpY41) is Ry — unimodular.

: (3.15)

b) Let Fa € Fanicy), ie, let m = (n; — 1). Let P

have no (n; — 1)-actuator failure hidden I/ modes. Let

R(n,—1) € R} *™ be Ry-unimodular as in (3.6). Then

the coprimeness condition in (3.6) holds if and only if,

for j = 1,---,n; — 1, there exist x;, ;, ; € Ry such

that dni ni%j j + dni, j2; = 1; equivalently, for any

gi+1 € Ru, j =1, ni, dai,ni(@5, j —@i+1dni, ) +

dni, j(2; + ¢+1dni a:) = 1. Let (see (3.16) at the
bottom of the next page)

0 dn!, ni O

Qani—1): = R(nia .
(ni—1) ( ) o .

1 _dni,l
dm,2€12

_dni, ni—1
dru,nzflqnzfl llm]
(3.17)

- diag [q1

where, for j = 1,---,n;, ¢; € Ruy. The diagonal

is Ry — unimodular. (3.12) entries of DpY y(ni—y) are all equal to one, the entries
0. di2 di,3 i, d1,no ]
g2, 1[d2,2 —dy, 2] 42,3 g2.4 42, no
. - 5 —d . .
(@31 @3,2]ds, 302 d~1.3 s, @, no
—dz2,3
QSIZ = Ly (3.8)
_lil, no
[6no,1 lino,2 6n0,3 éno,na—Z q~no, no—l] [Jno, noIno-—l :
L _dno—l,no J
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immediately above the diagonal ones and the (n;, 1)
entry may not be zero and all other entries are zero.
For all Qa¢ri—1) € ,M(Ru as in (3.17) and for
all Fa € Fa(ni-1)> Ini = (Ini — Dp(Ya(ni-1) +
Qa(ni—1)))(Ini — Fa) is 'Ru unimodular. Also, for all
Fy € Fami-1)

Manic1y: = Ini = (Ini = Fa)(Ini = DpYani-n))

is Ry-unimodular. (3.18)

Theorem 3.5 (All Controllers with Integrity):

a) In S(Fs, P,C): If Fs € Fsi, let P have no one-sensor
failure hidden f modes; let Ysi, Msr be as in (3.7), (3.9).If
Fs € Fs(mo-1). let P have no (n, — 1)-sensor failure hidden I/
modes; let Ysi, Msi be as in (3.10), (3.12). Then for k. = 1 or
(no — 1), the set of all controllers with k-sensor integrity is
Ssk(P) = {D5'Ne = Ne D' | Do = Ve + Up M3 Ysi Np

= Qs(Ino — Dp(In, — Fs)Mg,'Ysx)Np,

Ne = Up M3 (Ino — Ysir Dp)
+QsDp(Ino — (Ino — Fs)(Ino — Ysr Dp)) 71,

Ne = Up(Iao — DpYsi) + DpQs,
D¢ = Ysk + FsVp(Ino — DpYsi) + FsNpQs,

Qs € Ry*™°, det De ~ detDe € T}. (3.19)

If the plant is strictly proper, then in (3.19), for any Qs € R"‘X""
det DC = det(VP + DPMSk Ys}:]\lP - Qs(Im, - DP (I,m -
Fs) N[Sk YSk)Np) ~ det Do = det(Ysk + Fng(Ino - DPYSk) +
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b) In S(P, Fa, C): If Fy € Fay, let P have no one-actuator
failure hidden & modes; let Yam, Ma, be as in (3.13), (3.15). If
Fx € Fa(ni—1), let P have no (n; — 1)-actuator failure hidden J{
modes; let Yaw, Mam be as in (3.16), (3.18). Then for m = 1 or
(n; — 1), the set of all controllers with m-actuator-integrity is

Sam(P)={NeDG' = D5'No | No = (Ini — DPYA,,,)

s MamUp + (Ini = (Ini = DpYam)(Ini — F4)) ' DpQa,
Dc =Vp + NpYam M7 Up
= Np(Ini = Yam M35 (Ini = FA)DpP)Q a4,
De=Yam + (Ini = YamDp)VoFa — QaNpFa,
Ne = (Ini = YamDp)Up + Q4 Dp,
Qa € RY*™, det Do ~ det D € T}. (3.20)

If the plant is strictly proper, then in (3. 20) for any Q4 € Rp*",
det Dc = det (VP‘l’NPYAmMAm UP (I",—}Am Am(I"t
FA)pp)) ~ det Do = det(Yam + (Ini — YamDp)VpFa —
QaNpFa)€T. O
Proof: We prove a); b) is similar [6]. C is a controller with k-
sensor integrity if and only if, for some LCF (Dc, ]\70), (Ino —
NpNc(Ino — Fs)) (equivalently, (Ini — No(Ino — Fs)Np) =
DeDp+NeFsNp)is Riy-unimodular for all Fs € Fsi.Fork =1
or k = (n,—1), for the right-coprime pair (Fs Np, Dp) see (3.21) at
the bottom of the next page. Using (3.21), all solutions of (DC, Nc)
satisfying DoDp+NeFsNp = I, for all Fs € Fsy, is given by
(3.19). Since C' € M(R,(s)) is and only if det Do € Z, Qs is any
Ru-stable matrix such that det Dc € Z. An RCF (N¢, D) is also

FsNpQs) obtained from (3.21). 0O
1 0 0 0 0
’dQ,null N 1 0 0 —({2'1“71‘7]’1
0 —d3, noT2 0 0 —d3, noZ2,2
Ys(no—1):= . : Lino—1) (3.10)
0 0 —Jno—l,noino—Q 1 _Jno—l,noinO—Q,nO«Q
0 0 0 Tno—1 ZTno-—1,n0—1
0 da 2 da 3l p q1,ni
qqul —d;{l a2 I:q;’z} q2,ni
3 2 —dz —ds2 ' drinilni— g3,ni
Qarr=Ri | q. da,2 qa,3 ’ ! (3.14)
' : qni—2,ni
dni1 Gni2 qni,3 =dniy = duinicid g
1 —Ildni,‘z 0 0 0
0 1 —x2dni 3 0 0
Yamicty: = Rmicy |° 0 1 0 0 (3.16)
0 0 0 1 Tnit
0 —z1,1dni,2 —Z2,2dn:3 —Tni—2, ni—2dni ni—1  Tni—1,ni-1
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Fig. 4. S(Fs, P, C), where C has k-sensor integrity for k = 1 or

k=mn, -1

Fig. 5. 1 or

m =

S(P, F4, C), where C has m-actuator integrity for m =
n; —

If P e M(Ru), then DP, DP, YSk, M.Sk, YAm, Mam can
be taken as identity matrices. Then (3.19) and (3.20) become
Ssk(P)={C = (Ini-QsFsP)™'Qs | Qs € Ry™™, det (In: —
QsFsP) € I}, Sam(P) = {C = (Ini — QaPFa)™" Qa |
Qa € Ry ™, det (Ini — QaPFa) € T}. These can be obtained
by replacing P with Fs P and with PF4 in the parameterization of
all Ry -stabilizing controllers.

A block diagram of (3.19) is shown in Fig. 4 for the Ry -stable
system S(Fs, P, C), where C = f)g !N¢ is any controller with
k-sensor-integrity. Only one of the internal blocks of the controller
depends on Fs and all others are the same as those for the nominal
system. (s represents the free parameter. Similarly, Fig. 5 shows
the block-diagram of the Ry-stable system S(P, Fa, C), where
C = N¢DZ' is any controller with m-actuator integrity. The
actual inputs and outputs of the failure-matrix F4 are used in the
controller.

Controller Design Method Based on Decoupling

Since these conditions are necessary for k-sensor integrity and m-
actuator integrity, assume that the plant P has no k-sensor failure
hidden &/ modes (for k = 1 or k = (n, — 1)) for S(Fs, P, C) and
that it has no m-actuator failure hidden &/ modes (for m = 1 or
m = (n; — 1)) for S(P, Fa, C). The controllers in Proposition
3.6.a) for S(Fs, P, C) are based on Ry-stabilizing controllers
which diagonalize the map H,.: uc + yp of the nominal system
S(P, C), where Hp. = PC(Ino + PC)™". It is not required here
that H,. is nonsingular with this controller. A sufficient condition
for the existence of TRy-stabilizing controllers such that H,. is
diagonal and nonsingualr is that P is full row rank and does
not have any I{-poles coinciding with zeros [5]. Similarly, the
controllers in Proposition 3.6.b) for S(P, Fa, C) are similarly based
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on Ry-stabilizing controllers diagonalizing the map Hcp: up — yc:
of the nominal system S(P, C).

Proposition 3.6 (A Set of Controllers with Integrity):

a) In §(Fs, P, C), let Csp € S(P) be any Ry-stabilizing
controller for P such that the transfer function Hp. of the nominal
system S(P, C) is diagonal. Let (Dsp, Nsp) be an LCF and
(Nsp, Dsp) be an RCF of Csp satisfying (3.1). If Fs € Fgy, let
P have no one-sensor-failure hidden-/-modes; let Ysi be defined
by (3.7). If Fs € Fs(no—1), let P have no (n, — 1)-sensor failure
hidden U/ modes; let Y5, be defined by (3.10). Then, for k = 1 or
k = (no — 1), a controller with k-sensor integrity is

C:D51NC = (DSD + NSD(YSk + QSk)NP)AI
- (Nsp — Nsp(Ysk + Qsk)Dp)
= NoDg' = (Nsp — DpNsp(Ysk + Qsi))
- (Dsp + NpNsp(Ysr + Qsi))
= Csp(Ino + (Ysi + Qs1)NpCsp) * (Ino — (Ysr + Qs )Dp)
(3.22)

for any Qsx € R;°*™ satisfying the following: If £ = 1,
Qsik = Qs1 is as in (3.8); if k = (n, — 1), Qsk = Qs(no—1) is as
in (3.11); in addition, C' should be proper, equivalently, det (Dsp +
Nsp(Ysk + Qsk)Np) ~ det(Dsp + NpNsp(Ysk + Qsi)) € Z,
which holds for all Qsx € M(Ry) if P is strictly proper.

b) In S(P, Fa, C), let Cap € S(P) be any Ry-stabilizing
controller for P such that the transfer function H, of the nominal
system S(P, C) is diagonal. Let (Dap, Nap) be an LCF and
(Nap, Dap) be an RCF of Cap satisfying (3.1). If F4 € Fay, let
P have no one-actuator failure hidden 2/ modes; let Ya,, be defined
by (3.13). If Fa € Fa(ni-1), let P have no (n; — 1)-actuator failure
hidden ¢/ modes; let Y4, be defined by (3.16). Then, for m =1 or
m = (n; — 1), a controller with m-actuator integrity is

C=Dz'No = (Dap + (Yam + Qam)NapNp) ™
-(Nap — (Yam + Qam)NapDp)
= NeDg' = (Nap — Dp(Yam + Qam)Nap)
“(Dap + Np(Yam + Qam)Nap)™!
= (Ini = Dp(Yam + Qam))

~(Ini + CapNp(Yam + Qam)) 'Cap (3.23)

for any Qam € Rp*™ satisfying the following: If m = 1,
Qam = Qarisasin(3.14);if m = (ni—1), Qam = Qa(ni-1) IS aS
in (3.17); in addition, C should be proper, equivalently, det (I~) ap+
(Yam+Qam)NapNp) ~ det(Dap+Np(Yam+Qam)Nap) € I,
which holds for all Qam € M(Ry) if P is strictly proper.

Proof: We prove a); b) is similar [6]. In (3.2), choose (Vp, Up)
as (Dsp, Nsp) and (Up, Vp) as (Nsp, Dsp). Choose Q as
Q = —Nsp(Ysk + Qsk), where Qsk is Qs1 (for one-sensor
integrity) or it is Qs(no—1) (for (n, ~ 1)-sensor integrity), defined
by (3.8) and (3.11). Since H,. = NpNsp is diagonal, for £k = 1
or k. = (no — 1), Ino — Np(Up + QDp)(Ino — Fs) = Lo -
NpNsp(Ino — (Ysk + Qsk)Dp)(Ino — Fs) is Ru-unimodular for
all Fs € Fsi. Therefore the controller given by (3.22) is in Ssx(P).

[ Ve + UPM_;;:YSI:NP

Up Mg, (Ino — Yse Dp) ]

—(Ino — Dp(Ino — Fs)M5Ysi)Np  Dp(Ino — (Ino — Fs)(Ino — YseDp)) ™

| Dp ~Up(Ino — DpYs1) _ |Ini O
FsNp Ysi+ FsVp(Ino — DpYs) |~ | 0 I |
321D
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Fig. 6. S(Fs. P, C), where NpNsp is diagonal and C has k-sensor
integrity for k = 1 or k = no — 1.

Fig. 7. S(P, Fa, C), where NapNp is diagonal and C has m-sensor
integrity for m = 1 orm = n; — 1.

Corollary 3.7 (A Set of Controllers with Integrity for Ry-Stable
Plants)

a) Let P € M(Ry) in S(Fs, P,C). Let C = (Ini —
NspP) 'Nsp € S(P) be any Ry-stabilizing controller such that
the transfer function H,. of S(P, C) is diagonal. Then, for k = 1 or
k= (n, — 1), C = NspQsk(Ino — PNspQsi)™! is a controller
with k-sensor integrity for any Qsx € Ry°*"° satisfying the
following: If & = 1, the diagonal entries of Qsr = Qs1 € M(Ru)
are all zero; if k = (n, — 1), the sub-diagonal entries and (1, n,)
entry of Qsi = Qs(no—1) € M(Ruy) are arbitrary and all others
are zero; in addition, det (1o — Pngng) € Z, which holds for
all Qs € M(Ry) if P is strictly proper.

b) Let P € M(Ru) in S(P, Fa,C). Let C = (I —
NapP) 'Nap € S(P) be an Ry-stabilizing controller such that
the transfer-function H., of S(P, C) is diagonal. Then, for m = 1 or
m=(n;—1),C = (Ini~ QamNapP) ' QamNap is a controller
with m-actuator integrity for any Qam € R ™ satisfying the
following: If m = 1, the diagonal entries of Q arm = Qa1 € M(Ru)
are all zero; if m = (n; — 1), the super-diagonal entries and (n;, 1)
entry of Qam = Qa(ni—1) € M(Ruy) are arbitrary all others are
zero; in addition, det (I,; ~ Qam NapP) € I, which holds for all
Qam € M(R,) if P is strictly proper. 0O

The controllers in (3.22)~(3.23) are shown in Figs. 6-7; these
controllers are independent of Fs and F4. In Fig. 6, Csp is an
Ru-stabilizing controller for P such that H,. = N, FNSD of the
nominal system S(P, C) is diagonal but H,. of S(Fs, P, C)
is not diagonal: From (3.22), Hp,c = PC(l,, + FsPC) =
NpNsp(Ino ~ (Ysk + Qsk)Dp)(Ino = (Ino — Fs)NpNsp(Ino—
(Ysr + Qsx)Dp))" L. Even when none of the sensors fail
(Fs = Ino), Hpe = NpNsp{lno — (Ysx + Qsk)Dp), whose
diagonal entries are all zero. Similar comments apply to Fig. 7.

IV. CONCLUSIONS

An algebraic design method was developed to ensure stability
in the presence of either sensor or actuator failures. Two failure
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classes were considered. All controllers which guarantee stability
were characterized and a design method was developed based on
diagonalizing certain transfer functions. Future work will extend the
failure classes to time-varying and nonlinear perturbations.
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Robust Control of Robot Manipulators
with Parametric Uncertainty

Keun-Mo Koo and Jong-Hwan Kim

Abstract— This note proposes a robust control law for n-link robot
manipulators with parametric uncertainty whose upper bound is not
assumed to be known. The proposed robust control based on the Cor-
less—Leitmann approach includes a simple estimation law for the upper
bound on the parametric uncertainty and an additional control input to
be updated as a function of the estimated value. Using the Lyapunov
stability theory, the uniform ultimate boundedness of the tracking error
is proved.

I. INTRODUCTION

Recently Spong [1] proposed a simple robust nonlinear control law
for n-link robot manipulators with parametric uncertainty using the
Lyapunov based theory of guaranteed stability. In this scheme, the
Leitmann [2] or Corless—Leitmann [3] approach was used to design
a robust controller. The novelty of the result in [1] is the fact that
the uncertainty bounds needed to derive the control law and to prove
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