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Abstract

We consider the reliable stabilization of linear, time-
invariant, multi-input multi-output control systems
using a two-controller configuration. For any given
plant, we develop a method of designing two con-
trollers which maintain closed-loop stability both
when working together and when acting indepen-
dently. For stable plants, we develop a decomposition
method of a given stabilizing controller into the sum
of two controllers which provide reliable stabilization.
1. Introduction
A linear, time-invariant, multi-input, multi-output
plant can be reliably stabilized in the configuration
of the system S( P, C;, C2) (Figure 2) if and only if
it is strongly stabilizable (i.e., it can be stabilized us-
ing a stable controller) in the standard unity-feedback
configuration of the system S( P, C') (Figure 1) (1],
[4]. In this paper we develop a method of finding two
controllers that achieve reliable stabilization, where
neither of the controllers is necessarily stable. We also
develop a reliable decomposition method of a given
stabilizing controller into the sum of two controllers.
We assume that the plant is free of unstable
hidden-modes. The results apply to continuous-time
as well as discrete-time systems.

2. Preliminaries

Notation: Let & be a subset of the field € of com-
plex numbers; U is closed and symmetric about the
real axis, 00 € U, @ \ U is nonempty. Let Ry,
R,(s), Rsp(s), IR(s) be the ring of proper rational
functions with no poles in ¥, the ring of proper
rational functions, the set of strictly proper ratio-
nal functions and the field of rational functions of
s (with real coefficients), respectively. Let J be the
group of units of Ry and let 7 := Ry \ Rep(s) . The
set of matrices whose entries are in Ry is M(Ry).
A matrix M is called Ry-stable iff M € M(Ruy);
M € M(Ry) is Ry-unimodular iff det M € 7. The
identity matrix of size n is denoted I,. The norm
of a matrix M € M(Ry) is defined as || M || =
sup, (M (jw)). Let (Np, Dp) denote a right-
coprime-factorization (RCF) and ( Dp, Np ) denote
a left-coprime-factorization (LCF) of P, where P =
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NpDi' = Dp'Np, Np, Dp, Np, Dp €
M(Ry), det Dp , det Dp €I . w

Consider the system S(P,C) where P €
Ry(s)"™ and C € IRp(s)™*"". The system
S(P,C) is said to be Ry-stable iff the transfer-
function Hyu(P, C') [Ug uT»]T = [yg y{’]T
€ M(Ry). The controller C' is said to be an
Ru-stabilizing controller for P iff C' is proper and
Hy(P,C) € M(Ry). C is an Ry-stabilizing
controller for P if and only if ECDP + ﬁch
is Ry-unimodular, equivalently, DpDc + NPNC is
Ry-unimodular for any LCF (Dc, Nc) and any
RCF (Nc, Dc) OfC

Now consider the system S(P,C;,C:); this
system is sald to be Ry-stable iff the transfer-
function Hyu(P, Cy, Cz) [wZ, uZ, u;r)]T —
(6%, %2 vB]" € M(Ru).
2.1 Lemma: Let (Np, Dp), (Dp, Np) be any
RCF and any LCF of P; let { N¢j, Dcj) be any
RCF and (D¢;, Nej) be any LCF of Cj, j =1, 2.
Then the following are equivalent:
1) The system S(P,Cy, Cz) is Ry-stable.

won | Dc1Dp + NeyNp —Dey | . .

~ ~ Ru- dular.
1i) [ Nes Np Doy is Rz-unimodular
<o\ [DpDc1+ NpNe1  NpNes) . :
iii) [ Do Dy | 58 Ry~unimodular.

2.2 Corollary: a) If S(P, Cy, C2) is Ry-stable,
then ( 5(;1 , De ) is right-coprime and ( D¢y, Dea)
is left-coprime, where ( N¢j, D¢ ) is any RCF and
(501‘, J\~/Cj) isany LCFof C;,j=1,2.

b) Let (Dc1 , De2) be right-coprime and (De; , Des)
be left-coprime, where ( N¢;, D¢j) is any RCF and
(Dcj, N¢j) is any LCF of Cj,j=1,2. Then

i) C = Cl + Cg —DCI(N(;cho-{-chch )ch,
where ( D01 , Nc1Dcr>+Dc1Nc~2 ) is left-coprime and
(Nchz + DC]NCQ , D¢2 ) is right-coprime.

i) S(P, Cy, C2) is Ry-stable if and only if C =
C1 + C3 is an Ry-stabilizing controller for P.

3. Main Results

From Lemma 2.1, S( P, Cy, Cy) is Ry-stable with
C1 = 0 if and only if Cy is an Ry-stabilizing con-
troller for P ; similarly, it is Ry-stable with Cb = 0 if
and only if C; is an Ry-stabilizing controller for P.



In Algorithm 3.4, we develop a design method such
that S(P, Cy, Ca2) is Ry-stable when C; and C;
work together and when one of them is zero. In Algo-
rithm 3.5, we show a reliable decomposition of a given
Ruy-stabilizing controller C for Ry-stable plants; i.e.,
for P € Ry"o*™, and a given Ry-stabilizing con-
troller C € Ry(s)™*"°, we find two controllers Cy
and C, such that C = C1+C>, C, Ry-stabilizes P,
Cy Ry-stabilizes P and S( P, Cy, Cy) is Ry-stable.
Note that Hyu(P, C1, C2) € M(Ru) implies that
C = Ci + Ca Ruy-stabilizes P but the converse is
not necessarily true.

3.1 Definitions: a) The pair (C), Ca) is said
to be a reliable controller pair for P iff (i) C; is
an Ry-stabilizing controller for P, (ii) C; is an
Ry -stabilizing controller for P and

(iii) S(P, Ci, Cy) is Ry-stable.

b) The pair (Ci, C2) is said to be a reliable decom-
position of C iff (i) C; + C; = C and

(ii) (Ci, C2) is a reliable controller pair for P.
3.2 Lemma: [1] There exists a reliable controller
pair (Cy, C) for P if and only if there exists an
Ry-stabilizing controller for P which is Ry-stable
(i.e., P is strongly Ry-stabilizable).

3.3 Corollary: a) If P is Ry-stable, then (Cy, C»)
is a reliable controller pair for P if and only if for j =
1,2, Cj = (Im'—QJ'P)_l Q; , where Q,‘ € Ry™M*™°
is such that (In; — @2 PQ. P) is Ry-unimodular; ad-
ditionally, Q; must satisfy det(l,; — @;P) € I
(which automatically holds for all Q; € M(Ruy)
when P is strictly proper).

b) If the pair (Ci,Cs) is a reliable controller
pair for P, then CoP(I.; + CiP + CoP)7ICy is
a strongly Ry-stabilizing controller for P. Con-
versely, if C1 and C, are two Ry-stabilizing con-
trollers such that CpP(I,; + C1P + C3P)~1C; is
a strongly Ry-stabilizing controller for P, then the
pair (Ci, C;) is a reliable controller pair.

3.4 Algorithm (Reliable controller pair design): Let
P € Ry(s)""*™ be a given strongly Ry-stabilizable
plant. Let (Np, Dp) and (ﬁp , Np) be any RCF
and LCF of P.

Method 1: Step I: Find an Ry-stabilizing con-
troller Cs € M(Ry) for P. Let (DC , Nc) be
an LCF and (Nc, D¢c) be an RCF of Cs such
that DCDP +Nch = I,; and DpDc +Nch
= Ino. Step 2: Find Q2 € M(Ry) so that
(Ini — N¢ Np + Q2 NpNo Np ) is Ry-unimodular and
det(I.i — Q2Np) € Z. Step 3: A reliable con-
troller Pair (C1, C3) is given by C; := Cs and
Cy:= DEI(Im QZNP )—1Q2

Method 2: Repeat steps 1 and 2 above. Step 3:
Find Q; € M(Ry) such that (Ini—@1 NpDC Q2Np)
is Ry-unimodular and det(I,; — QleDC Np) e€r.
Step 4: A reliable controller pair (Cy, C;) is given

by C1 = D3 (Ini ~QiNp D5 )1 (Ne + Q1 Dp), Ca

:= DG (Ini — QaNp)™1Qa. o
One of the two controllers in Method 1 of Algo-
rithm 3.4 is always Ry-stable; the second controller
is also Ry-stable if and only if Q2 is such that
(Ini—Q2Np) is Ry-unimodular. The two controllers
in Method 2 may or may not be Ry-stable.
3.5 Algorithm (Reliable decomposition): Let P €
Ru™™ . Let C € Rp(s)™*"° be any given
Ru-stabilizing controller for P; let (f)c, ﬁc) and
(Nc, Dc) be any LCF and RCF of C. Step I:
Find any Q@ € Ry™*"° such that (I,; — QP) is
Ry-unimodular. Step 2: Define « :=|| QP ||, 8
= QDc P {|. Choose any k£ > a + 8. Step
8: Define ¢ := Q/k A reliable controller pair
(Cy,C2) is given by C) = (Ini — Q1 P) @1, C
=C-C=C—(Ini-@QP)' Q. o
The controller C; in the reliable decomposition of
Algorithm 3.5 is chosen Ry -stable. A sufficient condi-
tion to make ( I,,;—Q P) Ry-unimodular is to choose
Q so that || @ || < 1/]| P||. The controller C2 is
Ru-stable if and only if the given controller C is.
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Figure 1: The system S(P, C)
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Figure 2: The system S(P,C,, Cy)




