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Abstract 
We parametrize the set of all controllers such that the stan- 

dard unity-feedback system is stable when sensors or actuators 
fail. We consider two classes of failures: the failure of one con- 
nection and the failure of any number of connections provided 
that at least one connection does not fail. 

1. Introduction 
In this paper we parametrize the set of all controllers such that 
the standard unity-feedback system is stable in the presence of 
arbitrary sensor or actuator failures. The characterization of con- 
trollers in this parametrization is not independent of the failures. 

We consider the linear, time-invariant, multi-input multi- 
output feedback systems S( Fs , P , C ) and S( P , F A ,  C )  (Fig. 
1, 2), where P represents the plant and C represents the con- 
troller transfer-functions, Fs represents the sensor-connections 
and FA represents the actuator-connections. Fs and FA are sta- 
ble diagonal matrices whose entries are nominally 1; if the j-th 
sensor (actuator) fails, the j-the entry is no longer 1 and becomes 
any stable perturbation including 0. We consider two classes of 
failures. The main results are the parametrizations of all stabi- 
lizing controllers for these systems (Theorems 3.1 and 3.2). 

2. Preliminaries 
Let U be a subset of the field C of complex numbers; U is closed 
and symmetric about the real axis, f c m  E U and C \ U is 
nonempty. Let &,IR,(s),IR.,(s), R(s) be the ring of proper 
rational functions which have no poles in U ,  the ring of proper 
rational functions, the set of strictly proper rational functions 
and the field of rational functions of s (with real coefficients), 
respectively. Let 3 be the group of units of Ru and let 2 := 
& \ R,,(s). The set of matrices whose entries are in Ru is 
M ( & ) .  M E M(&)  is &-mimodular iff det M E 3. 

Let Fsk denote the class of sensor failures defined as fol- 
lows: If Fs E Fsk, then Fs = diag [ fi . . . f, 1, where, for 
j = 1 ,. . . , no, fj E & andat least (no-k) oftheentriesfj = 1; 
k is the maximumnumber of sensor failures and f, = 0 if the j-th 
sensor is disconnected. We are interested in the classes Fsl (the 
arbitrary failure of at most one the no sensors) and Fs(,-q (ar- 
bitrary failures of at most (no - 1) of the n, sensors). Similarly, 
.TAm denotes the class of actuator-connection failures defined by 
Fam := {diag [ f1 . . . fn, ] }, where, for j = 1,. . . , ni , fj E Ru 
and at least (ni - m) of the entries f j  = 1 ; m is the maximum 
number of actuator failures and f j  = 0 if the j-th actuator is 
disconnected. Again the classes of interest here are  FA^ and 
FA(,,i-l), defined similarly. 
In S ( F s , P , C ) ,  [ Y P ~ Y C ] ~  = Hs[g wlT and in 
S ( P , F A , C ) , [ Y P  Y C ]  = H A [ ~ P  U C ]  . 
Assumptions: i) The plant P E IRp(s)"Oxni. ii) The con- 
troller C E I R , ( S ) ~ ~ ~ ~ .  iii) The systems S( Fs , P ,  C )  and 
S( P , FA , C ) are well-posed; equivalently, Hs E M(R,(s)) and 
HA E M(IR,(s)). iv) P and C have no hidden U-modes. 0 
Let P = N p  Dp-' denote any right-coprime-factorization (rcf) 
and P = Dp N p  denote any left-coprime-factorization (lcf) 
of P EIRp(~)noXni, where Np E 
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pp E RuMXni, s p  E &"Ox""; detDp E Z (equivalently, 
det Zip E 2 )  if and only if P E M(R,(s)). There exist V p ,  
U p  ,-Vp ,-U' E M(Ru)_s~ch thaLVp DP + UP NP = &ai, 

Definitions: a)  i) S( F s ,  P ,  C )  is said to be &-stable iff 
Hs E M ( Q ) .  ii) For k = 1 ,... , n o ,  S ( F s ,  P,  C)  is said 
to have k-sensor-integrity iff it is &-stable for a11 F' E Fsk. 
iii) P is said to have no k-sensor-failure hidden U-modes iff 

for all FS E F S k ,  rank [ 21 = no, for all s E U. iv) 

C is a controller with k-sensor-integrity iff C E R,(S)"'~''" 
and S( Fs , P, C) has k-sensor-integrity; the set s S k ( P )  := 
{ C I C E I R ~ ( S ) ~ ~ ~ " O  and S( Fs , P , C ) has h-sensor-integrity} 
is called the set of all controllers with k-sensor-integrity. b) i) 
S( P , F A ,  C )  is said to be Ru-stable iff HA E M(&) . ii) 
For m = 1, .  . . , n;, S( P ,  FA,  C )  is said to have m-actuator- 
integrity iff it is Ru-stable for all FA E  FA^. iii) P is said to 
have no m-actuator-failure hidden U-modes iff for d FA E FA,,, , 
rank [ D p  FA] = n; , for all s E U,. iv) C is a controller with 
m-actuator-integrity iff C E IR,(S)"'~"O and S( P , F A ,  C ) has 
m-actuator-integrity; the set S A ~ ( P )  := { C I C E IRp(s)nix"" 
and S( P , FA , C ) has m-actuator-integrity} is called the set of 
all controllers with m-actuator-integrity. 0 

3. Main Results 
Consider S( Fs , P , C ) . If S( Fs , P , C ) has E-sensor-integrity, 
then P has no k-sensor-failure hidden U-modes. Let Fs E 
3sl ; P has no 1-sensor-failure hidden U-modes if and-only 
if thefe is an 'l$-unjmodular matrix L1 such that L1Dp = 

- -  
iTp vP+ N~ up = I , ,  vp up =up vp. 

, W U G l  

coprime for j = 1 
. *  ,. . . , no-1. For j = 2 , .  . . , no, e = 1 ,. . . , j ,  
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Now consider S ( P , F A , C ) .  If S ( P , F A , C )  has m- 
actuator-integrity, then P has no m-actuator-failure hidden 
U-modes. Let FA E 3 ~ 1 ;  P has no 1-actuator-failure hid- 
den U-modes if and only if there is an &-unimodular ma- 

trix R1 such that DpRl  = [ '7 'lB2 ... 0 ] , where 

( dl+,,l+, , [ dl+j,l dl+j,2 . . . dl+j,,] ) is left-coprime for j = 
1 ,... , n; - 1. For j = 2 , . . , .  , n , ,  e = 1 ,... , j ,  there ex- 
ist y f , ,  E 7& such that E:=, d j ~ y l , j  = 1. Let & := 

l 0 . . .  0 

4 , 1  dni,2 . , . dnipi 

. Let MI:= DpY1 + F ~ ( I n i - D p y 1 )  

1 Y I , ~  . * .  Y1,ni 

. .  I. . .  

1 - U 1 4 4  0 ... 0 0 
0 1 -~dn i ,3  0 0 

R(ni-1) i 
0 0  0 ... 1 "hi-1 

0 -vldn;,p - ~ 2 d r u , 3  ... -vni-2&,ni-l vni-1,ni-1 - 

- - In, - ( Ini - FA ) ( Ini - Dp & ) ; then for all FA E F A ,  Mi 

- -1- - 
-$(I, - Bp(I, - Fs)Mk &)Np , pc = Up@k-l(Im - EBp) 
+ Q E P ( F ~ + ( I , - F S ) & B ~ ) - ~ ,  Nc  = Tp(I,-BpY;)+DpQ, 
D~ = Y; + F~P,(I, - Bp&) + F ~ N ~ Q  , Q E ~u~~~ , 

I -1- - 
det(Vp + Up@k-l&Ep - $(I ,  - Bp(Im - Fs)Mk &)NP) 

N det(& + FsPp(Im - Dp&) + FsNpQ) , E Z }.  0 

If P is strictly proper, then for any Q - E -1- .Ru"ix"O, det(Vp + 
upgk-l&pC-$(Im - BplIm - Fs)& &)Fp) N det@ + 
FS V P ( L  - DP&) + FsNpQ) E Z. 

3.2 Theorem (all controllers with m-actuator-integrity): Con- 
sider S( P , FA, C )  . If FA E  FA^, let P have no l-actuator- 
failure hidden U-modes; let Y, be & and let M, be MI. If 
FA E let P have no (n; - 1)-actuator-failure hidden 
U-modes; let Y, be qn,-l) and let M, be M(,.i-q. Then the 
set SA,(P) of all controllers with m-actuator-integrity (m = 1 
or (TI; - 1))  is: 

-1 - 
SA,(P) = { C = Nc Dc-' = Dc Nc 1 

Nc = (Inj - DPY,)M,-'Tp + (FA + DpY,(I& - F ~ ) ) - l D p o ,  - 
D~ = vp + N~Y,M,-~T~ - N ~ ( I ~  - Y,M,-'(L - F ~ ) D ~ ) Q  , 

D~ = Y; + ( I ,  - Y ; D ~ ) v ~ F ~  - QFPFA , 
Rc = ( I ,  - Y ; D ~ ) U ~  + QBp , Q E &Pxm , 

- 

det(7p + NpY,M,-'Tp - N p ( L  - YmMm-'(Ini - FA)DP)) 
N det(& + (I, - & D p ) v p F ~  - Q 2 p F ~ )  E Z 1.  0 

If Pis strictly proper, then for any Q E 7Zunixm, det('ii;_p + 
NpYmMm -'Tp - Np(Ik - Y,Mm-'(In; - FA)DP)) - det(& + 
(I, - %DP)VPFA - QgpFA)  E 1. 
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Figure 1: The system S( Fs , P , c ) 

Fignre 2: The system S( P , F A ,  C )  
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