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Abstract
We parametrize the set of all controllers such that the stan-
dard unity-feedback system is stable when sensors or actuators
fail. We consider two classes of failures: the failure of one con-
nection and the failure of any number of connections provided
that at least one connection does not fail.

1. Introduction

In this paper we parametrize the set of all controllers such that
the standard unity-feedback system is stable in the presence of
arbitrary sensor or actuator failures. The characterization of con-
trollers in this parametrization is not independent of the failures.
We consider the linear, time-invariant, multi-input multi-
output feedback systems S( Fs, P, C') and S(P, Fa, C) (Fig.
1, 2), where P represents the plant and ' represents the con-
troller transfer-functions, Fs represents the sensor-connections
and F; represents the actuator-connections. Fs and Fy are sta-
ble diagonal matrices whose entries are nominally 1; if the j-th
sensor (actuator) fails, the j-the entry is no longer 1 and becomes
any stable perturbation including 0. We consider two classes of
failures. The main results are the parametrizations of all stabi-
lizing controllers for these systems (Theorems 3.1 and 3.2).

2. Preliminaries

Let U be a subset of the field € of complex numbers; U is closed
and symmetric about the real axis, +o0 € U and €\ U is
nonempty. Let Ry,IRy(s),IRap(s), R(s) be the ring of proper
rational functions which have no poles in U, the ring of proper
rational functions, the set of strictly proper rational functions
and the field of rational functions of s (with real coefficients),
respectively. Let J be the group of units of Ry and let T :=
Ru \Ryp(s). The set of matrices whose entries are in Ry is
M(Ry). M € M(Ru) is Ry-unimodular iff det M € J .

Let Fsi denote the class of sensor failures defined as fol-
lows: If Fs € Fsi, then Fs = diag[ fi ... fno ], Where, for
j=1,...,n,, f; € Ry and atleast (n,—k) of the entries f; = 1;
k is the maximum number of sensor failures and f; = 0 if the j-th
sensor is disconnected. We are interested in the classes Fg; (the
arbitrary failure of at most one the n, sensors) and Fg(no-1) (ar-
bitrary failures of at most (n, — 1) of the n, sensors). Similarly,
Fum denotes the class of actuator-connection failures defined by
Fam:={diag[ fr ... fni ]}, where,for j =1,...,n;, f; € Ry
and at least (n; — m) of the entries f; = 1; m is the maximum
number of actuator failures and f; = 0 if the j-th actuator is
disconnected. Again the classes of interest here are F4 and
Fa(ni-1) , defined similarly.

In S(Fs,P,C), lvp_vo]" = Hs[up ucl’ and in
S(P,F4,0),[vp vo ) =Halup uol"

Assumptions: i) The plant P € IR,(s)">™. ii) The con-
troller C € Ry(s)™*™. iii) The systems S(Fs, P, C) and
S(P, F4, C) are well-posed; equivalently, Hs € M(IR(s)) and
Hy € M(Ry(s)). iv) P and C have no hidden /{-modes. O
Let P = NpDp~' denote any right-coprime-factorization (rcf)
and P = ﬁp-l Np denote any left-coprime-ia.ctoriza.tion (Icf)
of P €R4(s)™*™, where Np € Ry™*™, Dp € Ry™*™,
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I‘va~€ Ru™*™, Dp € Ru™™; detDp € I (equivalently,
det Dp € 7) if and only if P € M(Rp(s)). There exist Vp,
Up, Ve, Up € M(Ru) such that Vo Dp + Up Np = I

DpVp+ NpUp =1In,, VP Up=Ur Vp.

Definitions: a) i) S(Fs, P, C) is said to be Ry-stable iff
Hs € M(Ry). ii) For k =1,...,n,, S(Fs, P,C) is said
to have k-sensor-integrity iff it is Ry-stable for all Fs € Fgy.
iii) P is said to have no E:sensor-failure hidden U-modes iff
for all Fs € Fsi, rank [?‘}s’] = n,, for all s € U. iv)
C is a controller with k-sensor-integrity if C € IRy(s)™*™

and S(Fs, P, C) has k-sensor-integrity; the set Sg(P) :=
{C| C €Ry(s)™"™ and S(Fs, P, C) has k-sensor-integrity}
is called the set of all controllers with k-sensor-integrity. b) i)
S(P, F4,C) is said to be Ry-stable iff Hy € M(Ru). ii)

For m =1,...,n;, S(P, Fa, C) is said to have m-actuator-
integrity iff it is Ry-stable for all Fy € Fap . iii) P .is said to.
have no m-actuator-failure hidden U-modes iff for all Fy € Fym,
rank [Dp Fa]=mn;,forall s € U. iv) C is a controller with
m-actuator-integrity iff C € Rp(s)™*™ and S(P, Fu, C) has
m-actuator-integrity; the set Sam(P):= {C |C € Ry(s)™*"™
and S(P, F4, C') has m-actuator-integrity} is called the set of
all controllers with m-actuator-integrity. O

3. Main Results

Consider S(Fs, P, C). If S(Fs, P, C) has k-sensor-integrity,
then P has no k-sensor-failure hidden U/-modes. Let Fs €

Fs1 ; P has no 1-sensor-failure hidden U-modes if and only

if there is an ’@u-unimodula.r matrix L, such that L, Dp =

1 %1,2 %1,,10 Jll+'

0 doz ... dome e

I #me |, where ( , digjnes ) is Tight-
0 0 ... dume diz+s

coprimefor j =1,... ,n—1. For j=2,...,m,,{=1,...,7,
there exist §;, € Ry such that Y3, §je dyy = 1. Let

1 0o ... 0
P 0 i 0.5
1= y?'l y2:,2 . . L1 . Let M1 = YIDP + (Im_
s gﬂo,l gno,? . ?7"0:"“’~ -
¥iDp)Fs = I, — (Ino — Y1Dp)(Iw — Fs); then for all

Fs € Fsy, M, is Ry-unimodular.
Let Fs € Fstno-1); P has no (n, — 1)-sensor-failure
hidden X{-modes if and only if there is an Ru-unin_lodtila.r

10 d1no
- 01 4
matrix L(n.,-l) such that L(n.,—l) Dp = . 2:"0 s
00 ... duomo
where ( djno , Gnome ) is coptime for j = 1,...,n, —
1. For j = 1,...,m, — 1, there exist #;, 4 €
Ry such that ¥;dpone + @jdjne = 1. Let ?(m_l) =
1 0 0o ... 0 o
—dypots 1 0 ... 0 —da o
0 —dapotly 1 0 —d3 o2
: I : Lino-1)-
0 0 1 —Jno—l,mina—2
0 eae im..l 5no—1,no—1



Let M(no-l) —Y’(M.I)Dp-f‘(I —Y(m,_l)Dp)Fs = I, —(I —
Y(,w_ )Dp)(Im, — Fs) then for all Fs € .7'-5(,.0 1)) M(,.,,_l)
is Ry-unimodular. If ¥k = 1 or k = (n, — 1), for the right-
coprime pair ( FsNp, Dp) the following Bezout-identity holds
for all Fs € Fsi (fs;‘ is either Fgs or fs(m_l) ):

[ Ve + UPHh_I?kﬁI; UPHh_l(Im - %.Dp)
~(Ino— Dp(Ino— Fs)My” Yi)Np Dp(Fs + (Ino— Fs)¥Dp)?

. [ Dp ~TUp(Io — Dp¥i) =L
= 4nt+no -

FsNp Vi + FsVp(I. — DpYh)
Now consider S(P, Fa,C). If S(P,F4,C) has m-
actuator-integrity, then P has no m-actuator-failure hidden
U-modes. Let F4 € Fa1; P has no l-actuator-failure hid-
den U-modes if and only if there is an Ry-unimodular ma-

1 o ... 0
d. d. 0
trix R, such that DpRy = | = % , where
duia dniz ... dpini
( dreinti » [d1ein ditjz di+j;] ) is left-coprime for j =
1,...,n3~1, For j =2,...,n;, £ =1,...,7, there ex-
ist yo; € Ru such that i, djeye;, = 1. Let Yi:=
1 y2 Y1ini
0 ni
Ryl ¥ 7 Y Let Myi= DpYs + Fa(lu—Dp%)
0 0 . Ynimi

= I — (Ini — Fa)(Ini — DpYy); thenfor all Fy € Fa, My
is Ry-unimodular.
Let F4 € Fami-1) ; P has no (n; — 1)-actuator-failure
hidden U-modes if and only if there is an Ry-unimodular ma-
1 o ... 0

trix R(,,‘._.l) such that Dp R(,“._l) = 0 1 . 0 s
dnig dnig i i
where ( dpini , dnij ) is coprime for j = 1,...,n; —
1. For 7 = 1,...,n; — 1, there exist v;, u; €
Ru such that dpiniv; + d,..,u, = 1. Let }’(,.._1) =
1 -—‘uldmg 0 . 0
0 1 -—UQd\m'a 0
Rni1y | ¢ : .
0 0 0 1 Upi_1
0 —vidni2 —va2dnia —Uni—2Gnini-1  Vni—1mi-1

Let Mni_1):= D-_p Yini1) + Fa(Ii—Dp Vinic)) = Tni = (Ini—
Fa)(Ii — Dp Y(,“;_l)); then for all Fp € Fpmni-1), M(ni-1)
is Ry-unimodular. fm =1orm = (ni — 1), for the left-
coprime pair ( Dp, NpF4) the following Bezout-identity holds
for all Fg € Fam (Fam is either Fay or Fani-1) ):

Yo + (In -:__YmDP)VPFA (Ini = YmDp)Up |
—NpF, Dp

[+ ety E)2Dr

~(Ini — DpYm)MnTp ]
Np(Ini — Y Mn ™ (Ini — Fa))Dp)

Vo + NpYuMa ' Up
= dnitno -

3.1. Theorem (all controllers with k-sensor-integrity): Consider
S(Fs,P,C). If Fs € Fs, let P have no 1- sensor-failure
hidden Zl-modes let ¥ be ¥; and let Mi be M; If Fs €
Fs(no-1)» let P have no (n, —1)-sensor-failure hidden U-modes;
let ¥i be 17(,,,_1) and let M; be ﬁ(no—l)- Then the set Ssi(P)
of all controllers with k-sensor-integrity (k =1 or (n, — 1)) is:
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Ssk(P)={C = Do Ne = NeDe™ | Do = Ve+Up M, TN
—Q(Im - Bp(IM — Fs)ﬁk_lf’k)ﬁp , Ne = Upﬂk_l(fm - ZEP)
+QDp(Fs + (Ino— Fs)ViDp)™ , No = Up(Jno— DpYi)+DpQ

Do =Y + FsVp(I, — Dp¥a) + FsNpQ , Q € Ry™>",
det(Ve + Up M~ TuNp — QLo — Dp(lno — Fs) My~ ¥i)Np)
~ det(?k + FSVP(I,., - Bpﬁ) + FszQ) ,€Z } . O

If Pis stnctly proper, then for any Q € Ry™ ™, det(Vp +
Upb ™ %Np — Q(Ino — Dp(lno — F)Mi " Ti)Np) ~ det(T +
FsVp(In, — Dp¥i) + FsNpQ) € .

3.2 Theorem (all controllers with m-actuator-integrity): Con-
sider S(P, Fa,C). If Fy € Fa, let P have no l-actuator-
failure hidden U-modes; let Y, be Y; and let M,, be M,. If
Fa € Fani-1), let P have no (ni — 1)-actuator-failure hidden
U-modes; let ¥, be ¥(ni_1) and let M, be M(n;_). Then the
set Sam(P) of all controllers with m-actuator-integrity (m = 1

or (n; —1)) is
Sam(P)={C= NoDc™ = Dc ' Ne |
N = (Ini — DpYm)Mn 2 TUp + (Fa+ DpYu(Ini — Fa)) ' DpQ,
D¢ = Vo + NpYuMp  TUp — Np(Ini — YoM~ (Ins — F)Dp)Q
Dc = Vi + (Ino — YiDp)Ve Fa — QNpFy4 ,
Ne = (Ino — %uDp)Up + QDp , @ € Ry™ ™,
det(Vp + NpYuMm*Up — Np(Ini — YoM ™ (Ini — F4)Dp))
~ det(Vi + (Ino — aDp)VpFa —QNpFy) € I}. D
If Pis strictly proper, then for any Q € Ry™*™, det( Vp +

NpYn Mo~ Up — Np(I — YmMun~(Ini — Fa)Dp)) ~ det(¥i +
(IM - YkDP)VPFA - QNPFA) eT.
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Figure 1: The system S(Fs, P, C)
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Figure 2: The system S(P, F4,C)



