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ABSTRACT

This paper gives a parametrization of all stabilizing compen-
sators which achieve decoupling in the unity-feedback system. It
is assumed that the plant transfer-function matrix is full row-
rank and does not have unstable poles coinciding with zeros.

1. INTRODUCTION

In the linear, time-invariant, (LTI) multi-input multi-output
(MIMO) unity-feedback system, decoupling is achieved if the
closed-loop transfer-function H,. from the command-input to
the plant-output is diagonalized by using a stabilizing compen-
sator. In this paper we parametrize all decoupling compensators
and all achievable diagonal, nonsingular maps when the full row-
rank plant does not have coinciding undesirable poles and zeros.

Notation: U is a subset of C (the field of complex numbers)
such that U is closed and symmetric about the real axis, £ co €
U and € \ U is nonempty. Ry is the ring of proper rational
functions of s (with real coefficients) which have no poles in
U; Rp(s) is the ring of proper rational functions,Rp(s) is the
set of strictly proper rational functions and IR(s) is the field
of rational functions of s. J is the group of units of Ry and
T = Ry \IRsp(s). The set of matrices whose entries are in Ry is
denoted M(Ry). A matrix M € M(Ry) is Ry-unimodular iff
det M € J. The identity maps of size n; and n, are denoted
I.; and I,,; n; and n, denote the number of inputs and outpus.

2. SYSTEM DESRIPTION AND ANALYSIS

Consider the LTI, MIMO feedback system S(P, C') in Figure
1, where P : e, — y, and C : e, +> y. represent the plant
and the compensator transfer-functions. The closed-loop input-

output map of 5( P, C) is denoted Hy, [ ZC ] — [ zc

» »
2.1 Assumptions: i) the plant P €IRp(s)"*™ ; ii) the compen-
sator C € IR,(s)™*™; iii) the system S(P, C) is well-posed;

equivalently, Hy, € M(IRp(s)); iv) P and C have no hidden-
modes associated with eigenvalues in U . O

The closed-loop input-output map is given by
H, = Hee ~He P where Hee @ uc +— y. is
yu P Hcc ( Iﬂo _p Hcc ) P ) ce < 3

H. = C(Jwo+PC)" and the map Hp. : u. — y, that we
wish to decouple is Hpe = PH,. = PC (I + PC ).

Let (Np, Dp) be a right-coprime-fraction representation
(refr) and (Dp, Np) be a left-coprime-fraction representation
(lcfr) of P €Rp(s)™*™, where Np € Ru™*™ Dp € Ry™*™ |
N—p € 'Rumx"i , Ep € Ry™*™, P = NpDp™! = quf\fp;
det Dp € T, (det Dp € Z) if and only if P € M(IR4(s)).

2.2. Definitions: a) S(P,C) is said to be Ry-stable iff
Hyy, € M(Ry). b) S(P, C)is said to be decoupled iff S(P, C')
is Ry-stable and the map Hp. : u, — y, is diagonal and non-
singular. c) C is said to be an Ry-stabilizing compensator for
P (or C Ry-stabilizes P ) iff C' € Ry(s)™*™ and S(P,C)
is Ry-stable.
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d) C is said to be a decoupling compensator for P (or C
decouples P )iff C is an Ry-stabilizing compensator and the
map Hpe @ u. — 9y, is diagonal and nonsingular. e) The set
S(P) := {C | CEeRY(s)™™™ and S(P,C) is Ry-stable }
is called the set of all Ry-stabilizing compensators for P . f)
The set A(P) = { Hpe : uc = 9y | C € 8P)}is
called the set of all achievable input-ouput maps for S(P, C)
from the input w. to the output y, . g) The set Sp(P) :=
{ C | C € 8(P) and H,, is diagonal and nonsingular } is called
the set of all decoupling compensators for P. h) The set
Ap(P) := { Hee | C € &8p(P)} is called the set of all
achievable decoupled input-ouput maps Hp. . O

2.3. Smith-McMillan form of the Plant: Let P €IR(s)™*™.
Let rankP = n, . Then there exist Ry-unimodular ma-
trices L € Ry™*™ R € Ry™™ such that L1PR! =
AT-! = $-A; equivalently, P LAY'R = LU-IAR,

where A = diag[h ... Ano], ¥ = diag[thy ... o], A =

A Onax(m'_,,o)} , ¥ = diag[‘i’ I(ni—no)]. Here A; and 9; €
Ru are the invariant-factors of the numerator and denomina-
tor matrices, where, for j = 1,...,n,, Aj,¥; € Ry, the
pair (A;, ¥;) is coprime (equivalently, there exist u; € Ru,
v; € Ru such that u; A; +v; ¢; = 1); A; divides Aj4; and
;41 divides ;. The invariant-factors ¥; € T if and only if
P € M(IRy(s)); rank P = n, implies that A,, # 0. An rcfr of
Pisgivenby (Np, Dp)= (LA, R-'¥) and lcfr of P is given by
(Dp, Np) = (9L, AR). Let U := diag[u1 ... uno], V :=
U I
Vo, U o= O_nepens | ¥ = [V Tnicno) |-
2.4. All Ry-stabilizing Compensators: The set S(P) of all
Ru-stabilizing compensators is given by S(P) =
{RHV—-QA) YU +QY)L | Q € Ry™ ™, det(V-AQ) e T }.
Using C € S(P) in the map Hp = PC (I, + P C )™,
the set A(P) of all achievable maps is obtained as A(P) =
{LAU+QEU)L " = L,—L(V-AQYTL-1|Q € Ry™™, det(V—
AQ) € T}. If P is strictly proper, then det(V — QA) € T
(equivalently, det(V — AQ) € T ) for all Q € M(Ry) .
3. DECOUPLING

Let (Np,Dp) be an refr and (Dp, Np) be an lcfr of
P €R(s)"™ . Let rankP denote the normal rank of P. Note
that rank P = rank Np = rank Np .

3.1. Lemma: Let P €IRp(s)™ ™ . If the system S(P, C') is
decoupled, then rank P = n, < n;. O.

Now p, € U is a U-pole of P if and only if 41(p,) = 0; 2, € U
is a U-zero of P if and only if Ano(2,) = 0 . The plant P has no
U-poles coinciding with Uf-zeros if and only if ( An, , %1 ) is a
coprime pair; equivalently, thereexist &, 8 € Ry such that, for
all g€ Ry adno+PB1:=(a 4:‘1"/)1)’\m+(5—q’\rw)¢1 =1.
U Ao € Rp(s), then B := (B —g X)) €7 for all g € Ry
If Ao @ Rep(s), then 8= (8 —q M) €7 for all g € Ry such
that ‘I(o?,) # B(oo)/AM(OO) i

Let~ U* = diag[adno/ M1 @Mno/Az2... @Ano/Anocy @], U* =
[ 0(ni~Una)><no Jw V= dlag[ﬁ ﬂ¢l/¢2~--‘3¢1/¢m—1 ﬁ¢1/¢fw ])

V= diag [ V* I(m'—no) ]

{1

diag[v; ...
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Since for j = 1,...,m — 1, A; divides XAjy; and thj41 di-
vides 3;, and since P € M(IRy(s)) implies that ¢; € T,
it is clear that M\../}; € Ry and ¢1/¢; € I. The matri-
ces U*,U*, V*,V* € M(Ry). ¥ P has no U-poles coincid-
ing w1th U- zeros, then V*¥ + U*A = I,; and IV + AU*
=¥V + AT =L, )

3.2. Lemma: Let P €R,(s)™™ . Let rankP = n, . Then
there exists a decoupling compensator C for P if P has no
U-poles coinciding with U-zeros. O

3.3. Parametrization of Decoupling Compensators: Let
P €Ry(s)"*™ . Let rankP = n,. Let P have no U-poles
coinciding with U/-zeros. Under these assumptions, it is possible
to parametrize the class of all decoupling compensators for P
and the class of all achievable decoupled maps Hy. . From the
Smith-McMillan form, Np = LA = [LT\ : omx(,u-_,w)] . where
LA € Ry™*™ is nonsingular. Let §; € Ru be a greatest-
common-divisor (gcd) of the entries in the j-th row of L A. Let
A := diag[ 6 ... 6no |. Since §; # 0, the square matrix
A € Ry™*™ is nonsingular. Define N as LA = AN,

where N := A7'LA € Ry™*™ is nonsingular since LA
and A are both nonsingular; therefore N € Ry™*™ has an
inverse, N7 Let n;;/di; denote the ij-th entry of N7 then
Fe IR (s)™*", where the pair (ni;, di;) is coprime, n;; €
Ru, dij € Ru, dij # 0 (dij need not be in T).

Let §; € Ry be a least-common-multiple (lem) of
(dij, doj, - »dnoj ); €quivalently, 6 is an lem of all denomina-
tors in the j-th column of o ; for each j, §; # 0 since di; #0.
Let A := diag[ & ... &u]. Since § #£0, the square matrix

A € Ry™*™ is nonsingular. Note that N~ 'R € Ry
Let 6; € Ry be a ged of the entries in the j-th column of

Dp ‘TIL‘ Let © := diagl 61 ... 0n, |. Since 6; #0, the
square matrix © € Ry™*™ is nonsingular. Let Dp = D ©,
where | D := Dp®~' € Ry™*™ . Thematrix D is nonsingular

since Dp and © are both nonsingular; in fact, det D €T since
P € M(IR,(s)) by assumption. Consequently, D € Ry™*"™
has an inverse D 7. Let z;;/y;; denote the ij-th entry of p ;
then D" € IR (s)"*™, where the pair (i, v ) is coprime,
i € Ru, yij € Ru (vi; € T since g is a factor of det D € I).

Let §; € Ry be alcm of (i, .-, Yino ); equivalently, 6;
is an lem of all denominators in the i-th row of D - , where
0; € T since y;; € T. Let ~@ 1= diag| 6, ... 0, ]. Since
§; € I, the square matrix ® € Ry"*™ is nonsingular. Note
that & D" € Ru™*".

3.4. Theorem: Let P cIRy(s)™*"™ . Let rankP = n, . Let
P have no U-poles coinciding with U-zeros. Then
i) the set Ap(P) of all decoupled input-output maps Hy is:

Ap(P) = { @ nolnot AAQp O © = (1-Bp1) I+ ARQpO ©
| @p = diag(g1 ... gno |, forj=1,...,n,,
B —1 ﬂ¢1
y R ) y S— ) y 1
€ Ru 4 # LE aeo) # 6j6j9j01< =) %
ii) the set Sp(P) of all decoupling compensators is: Sp(P) =
P G P | _ o
{R? U*+¥YN AQpOD (L7 — AKQpd D 1)_1
Qa
I QAGRH("i—M)me szdiag[ q ... qna] fOIj:].,... y Moy
B —1 B
’ T e Y 88,6,

Up
+ €c Ye + + & Yp
—O— C P

3.5. Comment: i) For j = 1,..., n,, the condition ¢; #
(B — 1)/ 6; 6 0 6; on ¢; € Ry guarantees that the aclueved
decoupled input-output maps Hpe are nonsingular, where Hp.
ol + ARQp® O =(1-ph), + ARQpOO. It
(9; 8;) is coprime with 4, , then this condition is satisfied for
any ¢; € Ry. i) For j = 1,...,n, the condition g;(c0)
# Bi1(o0)/ 8; 65 8; 6;(00) on ¢; € Ry guarantees that the
decoupling compensators are proper. If the plant is strictly
proper, then this condition is satisfied for any ¢; € Ry. iii)
If P € Ry™*™ then without loss of genera.hty, ¥ = I,, and
¥ = I,;. Since ¢, = 1, one choice for & is0, Fis1and J* =0
andV‘—I.Inthxscase 0 =1, GandD_L"
Therefore when P € M(Ru), the pa.rametnzatlons Sp(P) and
Ap(P) become: Ap(P)={AAQp | Qp = diag{ g1 ... gno ],
forj = 1,...,m0, ¢ € Ru \ 0, g(0) # 1/8; §;(c0) };

Sp(P) = {R—l[ N _;A;QDL } (Io — LY AKQpL)1L

|Q4 € Ry Qp = diag[ g ...
9; € Ru \0, gi(00) # 1/6; 6;(c0) }-

4. CONCLUSIONS

For LTI, MIMO plants which have no undesirable hidden-
modes, full row-rank transfer-function matrices and no undesir-
able poles coinciding with zeros, we parametrized the class of all
compensators such that the unity-feedback system is (internally)
stable and the closed-loop transfer-function from the command-
input to the plant-output is diagonal and nonsingular. If the
plant has undesirable poles coinciding with zeros, then this class
of compensators cannot be used; however, any full row-rank plant
which has no undesirable hidden-modes can be decoupled using
two-parameter compensation (2, 3].

qnoL forj=1,...,n,

~/

Figure 1: The system S(P, C)
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