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Controllers for interconnected systems with communication delays

A. N. Gilindes and

Abstract— Finite-dimensional controllers are developed for
interconnected systems, where arbitrary time delays occur in
the transmission loops. Various cascade or feedback intercon-
nections are considered, with time delay terms appearing in
numerator or denominator matrices of the transfer-functions
of the plants to be controlled. The proposed designs achieve
low-order and integral-action controllers. The methods are
applied to load frequency control of single-area and multi-area
interconnections of power systems.

I. INTRODUCTION

Many control applications involve information exchange
of control and feedback signals over communication net-
works in the form of data packages. Applications that include
data networks in a control loop also introduce network-
induced delay effect in data transfers between the controller
and the remote system. A continuous-time signal transmitted
over a network is sampled and digitally encoded; the data
transmitted over the network is decoded at the receiver.
The overall delay between sampling and decoding include
network access delays due to a shared network’s data accep-
tance time, and transmission delays while data is in transit
inside the network depending on congestion and channel
quality. Time delays may destabilize the system and degrade
performance, and their effects cannot be ignored in control
applications [7]. Stability of systems subject to time delays
has been investigated extensively. Several delay-independent
and delay-dependent stability results were obtained. For
some linear, time-invariant (LTI) plant classes and fractional-
order systems subject to time delays, proportional-integral-
derivative (PID) controllers were proposed [1], [2], [5], [9],
[3], [8]. This work presents finite-dimensional stabilizing
controller synthesis methods for LTI, single-input single-
output (SISO) or multi-input multi-output (MIMO) system
interconnections subject to time delays. The proposed low-
order controllers are simple, and in most cases they pro-
vide integral-action so that step-input references are tracked
asymptotically with zero steady-state error. Delay terms may
appear in various different parts of a system’s mathematical
description. Systems that are subject to input and output
delays contain time delay terms in the numerators of their
transfer-functions; cascade interconnections of systems with
delayed information transfer between components are in
this category of systems. Section III is devoted to finite-
dimensional controller design for these systems, with the
assumption that the poles of the delay-free parts of the plants
are at the origin and the open left-half complex-plane, and
their zeros are completely unrestricted. Some systems have
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delay terms in the denominators of their transfer-functions as
in the case of feedback interconnections with transmission
delays. Section IV deals with designs under the assumption
that the zeros are either at infinity or the open left-half plane,
but the poles are completely unrestricted. The proposed
design methods are applied to load frequency control of
single-area and multi-area power systems in Section V [4].

The notation used here is standard: C,R, R, denote
complex, real, and positive real numbers. The extended
closed right-half complex plane is & = {s € C | Re(s) >
0} U{oo}; C_ is the open left-half complex-plane. The set
of real proper rational functions (of s) is Rp; S C Rp
is the stable subset with no poles in U; M(S) is the set
of matrices with entries in S. The space H., is the set
of all bounded analytic functions in C,. We drop (s)
in transfer-matrices such as G(s) when this is clear from
the context. The (m x m) diagonal matrix whose diagonal
entries are aj ,...,a, is diagla;, ---, ax]. The (m x m)
identity matrix is I,,. For h € H , the norm is defined

as |[hllc = esssup ¢ |h(s)]; esssup is the essential
supremum. Since all norms of interest here are Ho, norms,
the subscript is dropped, i.e., || - || = || - || A matrix-

valued function H is in M(Hoo) if all its entries are in
Hoos |H||oo = ess supS€C+E(H(s)), where & denotes the
maximum singular value. A system whose transfer-matrix
is H is stable if H € M(Hoo). A square H € M(Hoo)
is unimodular if H' € M(Ho). For G € R,™ ™,
coprime factorizations over S are used; i.e., G = Y-lX
is a left-coprime factorization (LCF), G ~=~)A£: }771 is a
right-coprime factorization (RCF), X,Y,X,Y € S™*™,
det Y (c0) # 0, and det Y (o0) # 0. For the delayed plant,
coprime factorizationslover H.., are used; ie., G =YV X
isanLCE G = XY isar}RCF,X,y,X,y € Hoo <™.
Let G =Y "X = XY have full normlal-rank m. The
transmission-zeros of G = Y ' X = XY inU are s, €
U such that rank X (s,) < m, equivalently, rank X (s,) < m.
The blocking-zeros of G in U are_s, € U such that
G(s,) = 0, equivalently, X(s,) = X(s,) = 0. Blocking-
zeros of G are also transmission-zeros. These zeros in U

are called U{-zeros when a distinction between transmission-
zeros and blocking-zeros is not crucial.

II. PROBLEM DESCRIPTION

Consider the feedback system Sys(G,C) in Fig. 1; G is
the plant’s transfer-function with time delays, C' € Rp,™*™
is the finite-dimensional controller’s transfer-function. It
is assumed that the feedback system is well-posed, and
the plant and the controller have no unstable hidden-
modes. With r, w as input, x, y as output vectors, the
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closed-loop map W from (r,w) to (z,y) is W =
CU+60) 7 —C(I+G0)"'G The input-output
gou+go)=t  (1+go)'g |

map from r to y is Hy, = GC(I + GO)~1; the input-error
map from r to e is He, = I — Hy, = (I + GCO) 71
Definition 1: a) The system Sys(G, C) in Fig. 1 is stable
if YW € M(Hoo). b) Sys(G, ) is stable and has integral-
action if VYW € M(Ho), and H,.(0) = 0. ¢) C is a
stabilizing controller if C' is proper and H € M(Ho). d) C
is an integral-action controller if C' is a stabilizing controller,

and D(0) = 0 for any RCF C = ND . O

Fact 1: Let G = Y 'X be an LCE, G = 2?377 be
an RCF of the plz}nt G. Let C(s) = D™'N be an LCF,

and C(s) = ND ‘be an RCF of the controller C'. Define
M e M(Hs) and M € M(Hso) as in (1):
M:=YD+XN, M:=DY+NX. (1)

Then the feedback system Sys(G, C) in Fig. 1 is stable if and
only if M~! € M(Hoo), equivalently, M € M(Hoo). O
Let Sys(G,C) in Fig. 1 be stable. Let r(t) = KI1(t),
K € R™, and 1(¢) is the unit step function. The steady-state
error €45 = limy_, o0 €(t) = limg_s0 Her (s)R(s) = Her (0) K
is zero for all K € R™ if and only if H,,(0) = 0. By Defini-
tion 1-(b), the stable system achieves asymptotic tracking of
constant reference inputs with zero steady-state error if and
only if it has integral-action. By (1), He, = DM™') =
(I-XM ‘N ). By Definition 1-b, the system has integral-
action if C' = N 5_1 is an integral-action controller since
D(0) = 0 implies Hc,(0) = (DM~'Y)(0) = 0. If G €
M (Ho), then the system has integral-action if and only if
C is an integral-action controller. If )/(0) = 0, then integral-
action is ensured for the system, but it is included in the
controller for robustness by the internal model principle.

Fact 2: If the stable system Sys(G,C) has integral-
action, then G has no transmission-zeros at s = 0. O

Due to the necessary condition in Fact 2 for Sys(G, C) to
have integral-action, it is assumed that the plant G does not
have transmission-zeros or blocking-zeros at s = 0 whenever
the design requirements include integral-action.

s[(s+ )7 —s7]

Fact 3: a) Let § € Ry . Define y :i= ——————= .
(s +p)1
For any 1nteger ¢>0,|x|| = ¢B.b) Let « € Ry . Define
. (s+a)—a"

 s(s+a)

IIT. PLANTS WITH UNRESTRICTED ZEROS

. For any integer r > 1, | X || = .o
a

This section considers systems that have all delay terms in
the numerator of the plant’s transfer-function (matrix) given
by either an LCF or an RCF:

Case 1) Let G = Y !X be the plant with all delay terms
in the numerator X € M(H ), and Y € M(S) is delay-
free; G € M(Hoo) if and only if Y =1 € M(S). Let X'y, de-
note the (k, ¢) entry of X’; each X', may contain any known
delay terms. It is assumed that X = [Xke]k,ﬁe{l,...,m} =

[e‘Sh“ng]He{l ) where hp, > 0 is time delay
in seconds. Let G have full (normal) rank m, and have

no zeros at s = 0, equivalently, rankX'(0) = m. De-
fine X, = X(0) = (Y(5)G(5))|s=0; then X ! =
(G (s)Y1(s))|s—o. It is assumed that V! may have
poles anywhere in C_, but the only U-poles are all at
s = 0; equivalently, rankY (0) < m, but rankY (s) = m
for all s € U\ {0}. If Y~! has poles at s = 0, then

~1(s) ¢ M(S). The entries of Y ~! may have different
multiplicities of poles at s = 0; some entries may have
only poles in C_. Let Yjs(s) denote the (k,¢) entry of
Y~ (s) = [Yie(s) Ig y—1... - Define gg¢ > 0 as the number
of poles of Yjs(s) at s = 0, and ¢ := ax gpe as the

largest number of poles at s = 0 of the entries in the ¢-th
column of Y ~1(s). If all entries in the /-th column of Y ~!
are stable, then ¢, = 0. Although Yy, ¢ S when gi¢ # 0,
(Yk@(s)%) € S for r any 6 eRy.

Case 2) Let_ g = .)C' Yy be the plant, with the delay
terms all in X € M(Hoo): ¥V € ./\/l( ) is delay-free;
G € M(Ho) if and only if Y € M(S). The en-
tries Xpo, Yo are similar; X = {ng} =

. k,le{1,....m}
—shie ¥ v _ |y
[e ng}k,éeil,...,m}’ Yo [YM(S)LZ 1.
Define X, := X(0) = (G(s)Y(s))|s—0: then X, =
-1

(5771(5)9_1(5) )ls=o. The poles of Y are similar;
rankY (0) < m, but rankY (s) = m for all s € U \ {0}.
Define gqie > 0 as thle number of poles at s = 0 of the
entries Y j(s) of Y (s). Define g =
largest nllmlber of poles at s = 0 of the entries in Ehelk‘-th
row of Y (s). If all entries in the k-th row of ¥  are
stable, then ¢ = 0. Although Ykg( ) € S when g # 0,
((g_iqﬁk)qk Yie(s)) €S for any 5 € Ry

Theorem 1 presents finite-dimensional stabilizing con-
troller synthesis for the two classes of MIMO plants. Theo-
rem 1-(b) includes integral-action in the stabilizing controller.

Theorem 1: MIMO stabilizing controller synthesis:
Case 1) Let G = Y~'X. a) Choose 3 € R, such that

1

B8 < (m?x qe || 3 [X(s)X,; ' —TI]||)" . Fort=1,...,m,
define ¢,(s) := [(s + B)% — s%]. Then the controller C' in
(2) stabilizes G:

C = X, 'diag {wl( ) wm—(s)} Y(s). (2

sq1 sqm
b) Choose B € Ry such that 5 <
max @) || 1 [X(s)X,; ' =1]|)" . For £ =1,...,
- S ~
e(s) == [(s + B)1F9% — s'T9 ] Then the integral-action
controller C} in (3) stabilizes G:
wm_(‘ﬂ Y(s). ()

1 -
Cr=- Xo_ldiag {¢1(S)
sqm

sq1

max Q¢ as the
1<t<m

, ,

(1 +

m, define

, s

21
Case 2) Let g X Y a) Choose 3 € R, such that
ﬁ<(maqu|\g[X .)C'() IN) Y Fork=1,...,m,

define ¢y (s) := [(s+ )% — s% ]. Then the controller C' in
(4) stabilizes G:

C = Y (s) diag [wl( 5) Ym(s )] X @

sdm °©
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b) Choosei B € Ry such that 3 < ((1 +
max a) || = [)Z';lX(s)—I] |)~'. Fork =1,...,m, define
- S ~
Pi(s) == [(s + B)1T9% — st ] Then the integral-action
controller C7 in (5) stabilizes G:
1 ~
Cr =~ V(s) diag nis) o )| s
s91 ’ ! sdm
O
In Theorem 1 Case-(la), if ¢¢ = 0 for some ¢ €
{1,...,m}, then the corresponding v, = 0. If § €

M(Hoo), then Y1 € M(S) and hence, ¥y = 0 for
all ¢ € {1,...,m}. Therefore, the controller C = 0 in
(2). Theorem 1 Case-(1b) gives a non-zero integral-action

EX(jlY(s). as in (3). A more general
s

design for the case when G € M (Ho,) is proposed in
Theorem 2. These are (realizable) PID controllers of the form

Chials) =

where 7 € Ry (typically very small).
Theorem 2: Controller synthesis when G is stable:
Let G € M(Ho). a) Choose any 7 € R, K, €
R™™ Kqg e R™™, Qe S™™, K; =0,and € R,

such that 8 < || G (K, + S+ T Ka )Q ||~ . Then the stable
TS

controller C' in (7) stabilizes G:
C=p0(K,+

controller C; =

Kp+ Kd+ Kz ) (6)

+1Kd)Q : (N

b) Choose any 7 € Ry, K, € R™*™ K4 € R™ ™. Let
K; = G(0)~!. Choose Q € S™*"™ such that Q(0) = I, €
R, such that B < ||G( K,+ Si_ 1Kd,+ ng')Q—EI”_l-
T
Then the integral-action controller C; in (8) stabilizes g:

1
Kqi+ - K)Q (®)

O
If Q € S™*™ is chosen as Q = I,,,, then the stable C in
(7) becomes a PD controller, and the integral-action Cjin
(8) becomes a PID controller. Examples of interconnections
where Theorem 1 can be applied are given next.

= K
Cr=0( p+ +1

A. Systems with input or output delays

Systems subject to input or output delays are the simplest
systems containing delay terms in only the plant’s numerator.
Let & = [e7shwe] t—t1...m € Moo XM denote a matrix of

arbitrary delay terms, Where e~ hxe represents a delay of
hie seconds. Let G € Rp™ ™ be delay-free, and have no
zeros at s = 0. Let G have poles anywhere in C_, but the
only U-poles are at s = 0. In Fig. 2, £ represents input
delays in the system G; = G&. With an LCF G = Y1 X,
the system G; = Y~1(XE) has all delay terms in X :=
(X&) € M(Hwo), and Y € M(S) is delay-free. Therefore,
the controller design results of Theorem 1-Case (1) can be
applied by substituting X = (X&). With £(0) = I,
we have X, = X(0) = (Y(5)G(s))|s=0. Similarly, £
represents outpu} delays in the system G, = £ G. With an
RCF G = XY , = (EX)Y

1
the system G, has all delay

terms X = (EX) € M(Hoo), and Y € M(S) is delay-
free. Therefore, the controller design results of Theorem 1-
Case (2) can be applied by substituting X = & X ). With
E(0) = I,,,, we have X, = X(0) = (G(5)Y (5) )]s—0 -

B. Interconnected systems with cascade delay

The interconnected system (., in Fig. 3 has
delay-free  subsystems P,G € R,™™.  Let
E = et ], v—1..m € M(Hx) denote
arbitrary delay terms. Define G = PEG. The
(m x 2m) transfer-function from (u,v) to y is
G.={I+PEG)'[PEG P]l=(1+G) 1[G P].

In G., the delay-free P and G may have poles anywhere
in C_, but the only U-poles, if any, are all at s = 0; they
have no U-zeros at s = 0.

Case 1) Suppose for some LCF G = D;'N,, P =

st

D;le that i) Dy = m
a € Ry, orthatii) N, Dy, £ areall diagonal. Condition (i)
on D, also includes stable G since Dy = I for i = 0 implies
G € M(8S). The U-poles of D;l, D;l , if any, are at s = 0.
Furthermore, rank/N,,(0) = m, rankNy(0) = m since P, G
have no zeros at s = 0. Both conditions imply D, commutes
with N,&, and G = PEG = (DyD,) ' (N,EN,) =
Y~ 'X. Then G = Y~'X has all delay terms in the
numerator X := (N, EN,) € M(Ho), and the U-poles
of the entries of Y1 = (DyD,)~! are all at s = 0. The
interconnected system G, in Fig. 3 is then described as
G.=UI+G) 1[G Pl=F+X)X DyN,| =
(DgDp 4+ Ny ENg)™IN, [EN, Dy .

Case 2) Let P = D, "N, be an LCF, where rankN,,(0) =

m since P )has no transmission-zeros at s = 0. Suppose that
D, = (Sj_ﬁlm , where p > 0 is an integer, and a € R .
This condition also includes the case of stable P since D, =
I for p = 0 implies P € M(S). Let G = N,D,"
RCF, where rankN;(0) = m since G has no transmission-
zeros at s = 0. Under these assumptions, g PgG =

(N, EN,)(D,Dy)~ = XV . Then G = XY has all

delay terms in X N, 5N € M(Hoo), and the U-poles
—1

of Y = D D L are all at s = 0. The interconnected
system g. 1n F1g 3 is then described as g (I +
GG P]= [X(Y+X) Dy(Y + X)~1
Proposition 1 designs controllers that stabilize the inter-
connected system G as shown in the feedback configuration
Sys(G., C,) of Fig. 3 based on the two cases of Theorem 1.
Proposition 1: (Design for interconnections with cascade
delay): Consider the system Sys(G.., Cy).
Case 1) Let G satisfy the assumptions of Case (1). Let C
stabilizing G be as in (2), and let C; stabilizing G be as
in (3). Then C, = (C — I) is a controller that stabilizes
G., and C 19 = (Cr —1) is an integral-action controller that
stabilizes G in the feedback configuration Sys(G.., Cy).
Case 2) Let G satisfy the assumptions of Case (2). Let C
stabilizing G be as in (4), and let C; stabilizing G be as
in (5). Then C, = (C — I) is a controller that stabilizes

I, > 0 is an integer,

be an
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G., and C 19 = (Cr —1) is an integral-action controller that
stabilizes G.. in the feedback configuration Sys(G..,Cy). O

IV. MIMO PLANTS WITH UNRESTRICTED POLES
This section considers systems where the delay terms
are all in the denominator of the plant’s transfer-function
(matrix). As in Section III, there are two cases that describe
such plants given by either an LCF or an RCF:
Case ) LetG =) ' X be the plant, with all delay terms

in) € M(Hs), and X € M(S) is delay-free. Let Y, (s) €
M(S), det Yy, (00) # 0, V4 = Ze shiQi(s), Qi(o0) =
0, hy > 0,7 = 1,. VDeﬁneY()—y(oo):

(X(S)g_l(S))lsaoo’ Yn(OO)_1 = (G()X71(5) )]so0 -
The zeros of G are all in C_, and at infinity; equivalently,
rankX (c0) < m, but rankX(s) = m for all s € U \
{oc}. Therefore, X! has no poles in s € U \ {oo},
but may have poles at infinity, i.e., if rankX (c0) < m,
then X! ¢ M(S) because it is improper. With 1y, dis
as numerator and denominator polynomials of the (k,/)
1(s) = [nkg(s)] . Define the
dke(S) k,e{1,....m}

. L (5(nk5) — (5(dkg), if 5(TZI<€) > (S(dkg)

mtegers ri¢ = { 0, if 6 (nge) < O(dpe)

A Tt ¢ =1,...,m. Let &(s) be any monic

r¢-th order strictly Hurwitz polynomial, (=1,...,m; e.g,
&(s) = (s+a)™ fora € Ry . If ry = 0, then & = 1. Define
A(s) = diag[&(s), ,&m(s)] . Although X! ¢
M(S) when rankX (co) < m, the order of & is chosen
to make each entry #)(&)(s) proper; hence, X 1A~1 i
stable since the polynomials & and dj, are strlctly Hurw1tz

Case 2) Let the delayed plant be G = Xy ; the
delay terms are all in ) € M(H), and X € M(S)

is delay-free. Let ) Yo+ Vi, Yols) € M(S),
detVo(oo) # 0, Vu = S eMQi(s), Qiloo) =

0. Define ¥, (c0) ;ilﬁ(oo)f = (X(5)G () |smso0:
Yin(00)™ = (G(s)X (8))|soo. The zeros of G are
similar; rankX(co) < m, but rankX(s) = m for all

s € U\ {oo}. Therefore, X
but may have poles at infinity, i.e.,

entry, write X~

Ty ‘=

has no poles in s € U \ {oc},
if rankX (c0) < m,
~—1 ~

then X ¢ M(S) because it is improper. With 7ige, dge
as numerator and denominator polynomials of the (k,/)

entry, write X _1(3) = TEL(S) . Define the
de(s) Ik peqn,....my )
6(Mke) — 0(dre) 5 if 6(Rke) > 0(dpe)

0, if 5(ﬁk4) < 5(&]%) ’
,m. Let £ (s) be any monic

integers T, 1= {

max Tge, k = 1,.
1<<m

ri-th order strictly Hurwitz polynomial, k=1,...,m;e.g,
&k(s) = (s+a)™ fora € Ry . If rp, = 0, then & = 1. Define
As) = diag[1(s), &m(s)]. Although X = ¢
M(S) when rankX (oc) < m, the order of & is chosen
Nie(s)

die(s)€e(s)

Ty =

~—1
to make each entry proper; hence, A='X  is

stable since & and du are strictly Hurwitz.
For the two classes of Il)lants described as G = )~ 'X of

Case (1), and G = X y of Case (2), Theorem 3 presents

finite-dimensional controller synthesis methods for closed-

loop stability. These controllers all have integral-action.
Theorem 3: MIMO stablllzlng controller synthesis:

Case 1) Let G = YV 'x = (Y, + Va) ' X. Define
L 1 y if Ty = 0 _

pPe = e, ifrzz]-.,g—l,...,

such that « > max p¢ || s[ V(s)Yn(o0)™?

m. Let @« € Ry be
— I]]|. Define

we(s) == [(s+a)?t—art], £ =1,...,m. Then the controller
C in (9) stabilizes G:
C 1 ol aPm
=X"'(s)diag | ——, -+ , Yn(co). (9)
o die | 175 )| 1)
o ~—1 _ ~

Case 2) Let G = XY = X(Y, + V4! Define
Pr = L, ifr =0 k=1,...,m. Let « € Ry

rp, ifrg>1."
be such that & > max py Is[ Yn(oo) ' V(s) — I]]l.

Define i (s) := [(s+a)’* —aP*], k =1,...,m. Then the
controller C' in (10) stabilizes G:
- ol aPm ~_1
C=Y,(c0)diag | ——, X (s). (10)
(c0) g[%(s) om()) X800

In Theorem 3, C' in (9) (and C' in (10) has integral-action
since the diagonal terms all have poles at s = 0. The terms

. e .
corresponding to ry; = 0 are —; those corresponding to r, >
a’ N
(s 4 a)re — are
remaining (r, — 1) poles all in C_ .

1 are ( ), with one pole at s = 0, and the

A. Interconnected systems with feedback delay
The interconnected system G ¢ in Fig. 4 has delay-free

subsystems P,G € Rp™* ™. Let & = [e ], €
M(Hoo) be a matrix of delay terms. Define G = (I +
PGE)'PG; then Gy = (I + PGE)™'[PG P] =

[G (I-GE&)P] is the transfer-function from (u,v) to y.
The delay-free subsystems P and G have unrestricted poles
anywhere in C. The only transmission-zeros and blocking-
zeros of P and G are all in C_, and at infinity.

Case 1) Suppose that any of the following three conditions
hold for some LCF G = D,'Ny, and P = D, 'N,:

)N, = ——

(s+a)e
or ii)) Dy = dgl,,, dy € S, or iii) N, and D, are
diagonal. Let (N,Ny)(c0) = 0. If N,,, D, satisfy any of
the three given conditions, then they commute, N, Dg—1 =
D; N, . Under these assumptions, G = (I+PGE) " PG =
(D D, + NyNyE)L(N,N,) = V™' X has all delay terms
in Y = (D,D, + N, N lé’) € M(Hso), and the U-zeros

L,, o > 0 is an integer, a € Ry,

of X = (N, N ) are all at infinity. Furthermore, )JJ =
(Yo +Va); Yo = (DyD,) is delay-free, and Y (c0) =
(NpNy E)(00) = 0 since (Np,Ny)(o0o) = 0. Therefore,
G = Y 'X. The system G, in Fig. 4 is described as
G; = (I + PGE)! [PG P] = YV '[X D,N,] =
(DyD, + N,N,E)~IN, [N, D,].



Let G = NQD;1
) = 0. Under these assumptlons,
PN D (I—l—gPN D )*1:

=X y has all delay terms in
Y =(D,+EPN,) € M(H )andtheZ/{zerosof)g:

(~Pﬁ ) are all at infinity. Furthermore, )/ = (37 +Ya);
Y, = Dg is delay-free, and ) (c0) = (5PN )(0) =0

since (PJ\~7 )(c0) = 0. Therefore, G = Xy is in the form
of Theorem 3-Case 2. The system G ¢ in Fig. 4 is descrlbed

s Gr=[G (1-GEP=[X Pl %’ 5IP

Based on the two cases of Theorem 3, Proposition 2 de-
signs controllers stabilizing the interconnected system G r as
shown in the feedback configuration Sys(G s, C) of Fig. 4.
Proposition 2: (Design for interconnections with feedback
delay): Consider the system Sys(G;, C).
Case 1) Let G be satisfy the assumptions of Case (1). A
controller C' as in (9) that stabilizes G also stabilizes G yin
the feedback configuration Sys(G, C).
Case 2) Let G satisfy the assumptions of Case (2). A
controller C' as in (10) that stabilizes G also stabilizes G ¥
in the feedback configuration Sys(G;, C). O

Case 2) Let P be stable.
RCF of G. Let (PN ,)(o0

G = PG(I +EPG)!
(fﬁg)(p +EPNY)!

be an

V. LOAD FREQUENCY CONTROL WITH DELAYS

The goal of power system control is to maintain stabil-
ity, performance and system integrity after failures occur,
or when system disturbances such as short circuits and
loss of generation are present. Time delays arising during
transmission become important for maintaining stability. The
controllers developed in the previous sections can be applied
to single-area and complex multi-area interconnections of
power systems. The designs can be tested using typical
values of the model parameters given in e.g., [6], [10], [12].
Single-area load-frequency control with delays: Consider
the load-frequency control problem of one generator
supplying power to a single service area as in Fig. 5: A
linearized low-order model of the plant for purposes of
system frequency analysis and control synthesis consists
of three main parts. The transfer-functions of the load and
machine, speed governor, and turbine of the j-the service
area are Fy;(s), Fy;(s), Fij(s). The speed regulation due
to governor action is represented by the constant speed
droop characteristic R;. Let T,;, Ty;, Ty, Tr; be the
time-constants of the load, governor, non-reheated turbine,
and reheated turbine; k,; is a constant inversely proportional
to the generator damping coefficient, ¢,; is a constant for
reheated turbine. For all types of turbines, the load transfer-
function is Fp;(s) = 2L

turbines, the governor transfer-function is Fyi(s) = ﬁ,
1 . _(Teis+1)
(Tg5s+1) (ﬁ—tjjTC_js+1).
The governors of hydraulic units include transient droop
compensation for stable speed control performance [6].
The turbine transfer-function is Fy;(s) = for non-

. criTris+1
reheated turbines, Fi;(s) = m

for hydraulic turbines, F;(s) =

_ 1
Tt]‘ s+1
for reheated

. 1-Ty . .
turbines, and Fi;(s) = W”_’S{SH for hydraulic turbines,
BT,

with Fi;(s) containing a zero in C4 at z, = 1/Ty,; € U.

Let e’Shﬂ' represent a delay of h; seconds. Define
Xj = FpFFyy, Xj = e M X;, Y, = (I + R;'X;).

For all three types of turblnes used in generation, assuming
that governor transfer-functions for hydraulic units include
transient droop compensation as needed, [t; is such
that Yj_1 € S. The system in Fig. 5 has transfer-
function F; = (I + Rj_l X)) (em*hi X)) —Fy] =
Vi A = Fy] M(Ho). Define G, = (1 +
Rj_lXj)_l(e_Sthj) =Y, 'X; € Ho . Since the delay
terms are all in the numerator X (e ShJX ), the system
Q € Hoo is as in Section III. With an RCF C; = N D ,

and M; = (Y;D; + X;N;), Sys(F;,C;) is descrlbed as
Z; N; " 0
[ J] =| Z MY, -X; Fyl |wi|+ { } The

fj —Dj J v ]
system Sys(F;,C;) is stable if and only if M e He,

equivalently, C; = N D stabilizes gj € He, and
C; can be designed followmg Theorem 2. Choose any
7 € Ry, Kp; € R, Kgy € R, Q; € S. For 8; € Ry
satisfying Bi < |G, (Kp; + o Ka)Qi |1~ 1, the stable
= B (Kp; + 5 — Ky )QJ € S stabilizes g Since
e—gh 10) =1, X; (0) = X;(0) = F,;(0) = kp;, and
G;(0) = (1 + Ry kg )My Let Ky = G507 =
(K, _1 + Ry by, Choose any @; € S such that Q;(0) = 1.
For B; € ]R+ satlsfylng Bi < |Gj(Kyj + - K +
k;' + R;'))Q; — LI|7', the integral-action
Cy = B (Km + 5 9+1KdJ %("‘j_l + R_l))QJ
stabilizes g For low- order controllers, ); € S is chosen
as a constant, (); = 1; then the stable C; becomes a PD,
and the integral-action C[j becomes a PID controller.
Mul ti-area load-frequency control with delays: Consider the
load-frequency control problem for m generators supplying
power to m service areas as in Fig.6. A linearized low-order
model is used for each of the service areas j = 1,...,m,
which may have any of the three types of (non-reheated,
reheated, hydraulic) turbines. In interconnected power sys-
tems, service areas are connected via tie-lines through which
a power exchange occurs when the frequencies in connected
areas are different. The tie-line power flows among the m
areas are represented by Vr € Hoo™ ™, which may be
subject to delays. These tie-line delays may cause the entries
of V1 to contain any arbitrary delay terms; V7 (0) € R™*™
is a constant matrix, which may or may not be nonsingular.
The m x m diagonal transfer-functions for the m-area system

areR:diag[Rh-'-,Rm], p—dlag[ plv"'vFPm]’
Ft = dlag [ Ft17"' ,th], Fg == dlag [ gl, "~ ;Fgm]’
B = diag [ By, -, By]; the non-zero constants B; € R

are frequency bias factors for each of the m areas. They sat-
isfy (B+V7(0) ) is nonsingular. The system may be subject
to additional communication delays in each of the m ser-
vice areas, represented by £ = diag [e™*" | ... e7 ],
Define the diagonal matrices X := F,F}F, € S"™*™ |
X = XE € H V™ Y == (I + R7'X) € 8™,
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G =Y IXE =YX € H,"*™. For all three types
of turbines used in generation, Y ! € M(S) assuming
that governor transfer-functions for hydraulic units include
transient droop compensation as needed. Therefore, G =
YIX € M(Hoo). Let Z:=Y +E,Vr =1+ R1X +
F,®V 7. Choose ® € R™*™ such that Z e M(Heoo).
There are many choices for ® € R™*™ that make Z
unimodular. For example, since Y =1 € M(S), and det(I +
F®@VrY 1) = det(I + ®VrY 1), 271 € M(Ho)
for any ® € R™*™ such that ||®| < [|[VrY 'F,|. The
transfer-function from (u,v) to y is Fr = (B + V1)(Y +
FdVr) ' [XE — F,0] = (B+Vr)Z7 [X - F,9].
Define G = (B + Vr)(Y + E,@V7 ) 'XE = (B +
VT)ZAX € M(Hs). Since Z7! s stable, Gy €
M(Hoo) satisfies the assumptions in Section III. Then

Fo - [QT _(B+VT)Z*1F,,<1>}. With M = (D +
QTK/'), the system Sys(Fr,C) is described as Lﬂ =
Iy ] w + [°
Tl o @zl [ )

Sys(Fr,C) is stable if and only if Mt € M(Ho),
equivalently, C' stabilizes Gp € M(Hs), and C can be
designed following Theorem 2. Choose any 7 € R, K, €
R™ ™ K4 € R™™, Q€ S™ ™. For § € Ry satisfying
B < |1Gr(K, + 27 Ka)Q| ', the stable C' = B(K, +
5 K4)Q € 8™ stabilizes Gr . Since £(0) = I, , we
have X(0) = X(0) = F,(0) = diag[rp1, -, kpm| =t
K, and Gr(0) = (B + V7(0))Z(0)"'X(0) = (B +
Vr(0)(I + Rk + k®Vr) 1k, Let K; = G (0)™! =
(k7' + R7' + V1) (B + Vr(0))"!. Choose any Q €
S™*™ such that Q(0) = I. For 3 € R, satisfying 8 <
1Gr(K, + —=aKat+ 1K;)Q — 11I||7*, the integral-action
controller C; = B[K,+ =25 Ka++ (k™' +R™'+®V7)(B+
V7(0))71]Q stabilizes Gr. The finite-dimensional con-
trollers here contain design parameter choices, which can
be used to satisfy performance objectives.
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Fig. 1. The feedback system Sys(g7 ).
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Fig. 4. The system Sys(g ¢, C) with interconnected feedback delay
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Fig. 5. Single-area power system with communication delay
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Fig. 6. Multi-area power system F T with a tie-line network VT
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