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Low-order simultaneous stabilization of linear bicycle models at
different forward speeds

A. N. Giindes' and A. Nanjangud?

Abstract— Linear models of bicycles with rigidly attached
riders, operating at different forward speeds, are considered
as a challenging platform for the simultaneous stabilization
problem. It is shown that any number of such models obtained
at reasonable speeds can be simultaneously stabilized using
simple, low-order controllers with only the steering torque as
input. Stabilizing controllers for individual systems modeled at
extremely low speeds are also proposed.

I. INTRODUCTION

Single-track vehicles with human riders, such as bicycles,
present challenging problems of modeling and control. Based
on general curiosity about bicycle balance and to contribute
to improved designs of specialized bicycles with better han-
dling capabilities, a great deal of research has been devoted
to the issues of bicycle stability. The linearized equations
of a model based on the Whipple bicycle in [7], developed
further in [4] into the form used here, have become the basis
for a benchmark bicycle. The linearized equations, with the
benchmark parameter values of [4], define a different linear
bicycle model for each constant forward speed. The problem
considered in this paper becomes the synthesis of a common
feedback controller that simultaneously stabilizes this finite
set of systems generated from these linear models at specific
forward speeds. Bicycle-rider models and control of vary-
ing complexity have been reported and control algorithms
capable of stabilizing a bicycle (both theoretically and in
practice) have been developed (see, e.g., [1], [2], [3], [5], [6]
and the references therein). The objective of this study is not
to develop a new or refined model; discussions of the model
dynamics are beyond the scope of this work. Our interest in
the bicycle stability problem is due to the challenging control
problem it poses as the simultaneous stabilization of linear
models at different speeds of different bicycle parameters.
Although bicycle stability at a fixed constant speed has
been considered, the problem has never been explored from
a simultaneous stabilization perspective. The simultaneous
stabilization results and the systematic design procedures
proposed here are completely novel approaches. Our study
is based on the model with the benchmark parameters of [4].
The same four-state model is used in [3], with parameters
for six different bicycles. The class of systems considered in
our investigation of simultaneous stabilizability may include
any finite number of plants generated by this model resulting
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from different constant speeds using the parameters of [4],
plus any number of the six other bicycle models at different
speeds in [3]. In Section II-A, we consider conceptual si-
multaneously stabilizing controller design using two control
inputs: If there was an actuator input of a torque applied
about a line connecting the wheel contact points, then any
number of linear bicycle models operating at any forward
speeds could be simultaneously stabilized. Although this sec-
ond input is not realistic since the model assumes the rider to
be rigidly attached to the bicycle frames, this study provides
important simultaneously stabilizing controller design results
for an interesting plant class. In Section II-B, the problem
is much harder from a control design perspective since only
the steering torque is available as input. In Section II-B.1,
the problem is solved for a reasonable range of speeds
(larger than 0.58 meters/second for the parameters in [4] and
similar speeds ranging from 0.4185 m/s to 0.7351 m/s for the
parameters of the six bicycle models in [3]). For low speeds
below this range, individual controllers for each model are
proposed in Section II-B.2. The benchmark parameters given
in [4] are used in Section III for the numerical computations
to illustrate the proposed designs.

Notation: The extended closed right-half plane &/ = C, U
{0} ={s € C|Re(s) >0} U{oo} is the region of insta-
bility. Real and positive real numbers are denoted by R and
R, , respectively. The set of real proper rational functions
of s is denoted by Ry ; S C Ry, is the stable subset with no
poles in U. The set of matrices with entries in S is M(S). A
matrix M € M(S) is called unimodular if M~ € M(S).
The Ho,-norm of M (s) € M(S) is denoted by || M (s)]], i.e.,
the norm ||-|| is defined as || M || := sup g, (M (s)), where
& is the maximum singular value and OU is the boundary of
U. Where this causes no confusion, we drop (s) in transfer-
functions and matrices such as G(s). The m x m identity
matrix is I,,, ; we use I when the dimension is unambiguous.
The 2 x 2 zero-matrix is Os .

II. MAIN RESULTS

Consider the linearized bicycle model
M§+viKig+ (9 Ko +0iKz )g = f )

where g =[¢ 61", f=[Ty T5]".and ¢ is the bicycle
rear-frame roll angle,  is the handlebar steering angle, 15
is the externally applied torque about the line connecting
the wheel contact points, and 7 is the resultant torque of
all rider-applied handlebar forces [4], [3]. At each different
constant forward speed v; , the model (1) becomes a different
plant to be stabilized. A finite class of plants is generated
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by choosing a set of speed values. The goal is to design
a controller that simultaneously stabilizes all plants in this
set. Since the model in (1) is based on the assumption that
the rider is fixed to the bicycle, the rider lean torque T
is not available as control input. From a conceptual design
perspective, the system description in (1) can be viewed
as a two-input four-output system called P;, with T also
available; this case is studied in Section II-A. The system
controlled only by the steering torque 75 is a one-input
four-output system called G; studied in Section II-B. In
(1), the numerical values for the constant matrices M, K, ,
Ky, K5 are the benchmark values given in [4], and g is
the acceleration constant due to gravity. Different values for
these constant matrices can also be used such as those given
for six different bicycles in [3].

A. Linear bicycle model with two inputs

We explore simultaneous stabilizability of the set of two-
input four-output systems obtained at constant forward
speeds from the linear bicycle model in (1). Since the system
has two inputs Ty and T, the results of this section are of
theoretical interest. Let the input be f = [T} T(; 175 let

the output be y := [¢ q']T = Lgb § ¢ 6} For any
arbitrary a € R, , define Y; € S2*
V= (s+a)? [Ms® +v;Kis + (9K, + v; K») | (2)
where the entries of V; = Yo Y are in S, and Y,
Yo, Yy
does not depend on the forward speed v; . Let
Wj = detY] = [YaYdj - ijch] . (3)
By (2), W;(00) = det M. The 4 x 2 transfer-matrix of the

plant P; from the model (1) is given as

eyl | (sF+a) Pl ],
Py =XY; " = [s (8+a)_2.[2:| Yi. )

Consider a controller C), € Rp**%,
Cp =D 'N [al; L], (3)

where D, N € 8?*?. Using P and Cp given in (4) and
(5), the controller C}, stabilizes each plant P; if and only if
(D, N) are such that N [al, I2] X+ DY; is unimodular,
equivalently, F; is unimodular, where

Fj := (s+a) ' N+DYj. (6)
Let the (input-error) transfer-function from u to e be denoted
by Hey € Rp4X4 and let the (input-output) transfer-function
from u to y be denoted by H,, € Rp***. Then H,, =
(I +PiCy)™t =1-P,C,(I + P;Cp)™" = 1—Hy,.
Using the representations of P; and C), given in (4) and

(5), the closed-loop transfer-function H,, can be written
as Hyu = P;(I, + C P)7'Cp, = XF;'N [al; L] =

F; 1N F'N
(s;a)2 (Sta)Q Let P be a finite set of
G FIIN ¢ w IN|

plants, where P; € P is described as in (4) Controllers
that simultaneously stabilize any number of plants in P
exist for this class and can be designed using the simple

synthesis procedure. Proposition 1-(a) gives a constant con-
troller design. The design has freedom in the choice of the
positive real constant a, and the resulting o satisfying a
norm bound. In Proposition 1-(b), the controller has integral-
action due to the pole at s = 0. The design freedom
is in the choice of the Hurwitz polynomials n(s), d(s),
and the resulting « satisfying a norm bound. For simple
implementation, the order of these polynomials should be
low; if n(s) has degree one, then the transfer-matrix C), is
in the form of a proportional-plus-integral (PI) controller.
Although the only objective here is to show synthesis for
simultaneously stabilizing controllers, the freedom in the
parameters in this design method can be used to achieve
additional performance requirements.

Proposition 1: (Simultaneous controller design for P):
Consider finitely many plant models P; € Rp4X2, de-
scribed as in (4), with Y; as in (2).
a) Choose any a € R, satisfying

a > max | (s+a)Y;M~ ' —sI| . (7)

Then a controller C), € Rp2X4 that strongly stabilizes all
P; is given by

Cp = OéM [CLIQ 12} . (8)

b) Choose any two monic, Hurwitz polynomials n(s), d(s),

where degn(s) > 1, degd(s) = (degn(s) —1). Choose any
o € Ry satisfying
s+a)d(s _
a > I%%X”s((n(s))()YjM 1*_[2) . O

Then an integral-action controller C}, € Rp2X4 that stabi-
lizes all P; is given by

an(s

Cp= sd((s)) M [alg Ig] .

Remarks: The controller in (10) of Proposition 1 is in the

form of (5), where N = aM, D = Snd((:')) I. If constant inputs

are applied in the first two components of the input vector u

(w1th zero inputs applied in the last two components), with

D(0) = Sd( I |s=0 = 02, the input-error transfer-function
-1

82 TIQI ] Therefore, the

steady-state error due to constant input references (with zeros

in the third and fourth components) goes to zero asymptoti-

cally. Hence, Cj, in (10) is an integral-action controller. [J

(10)

at s = 0 becomes H,,(0) =

B. Linear bicycle model with one input

In this section, it is assumed that the system has only one
input, Ts . The externally applied torque Ty about the line
connecting the wheel contact points is zero. Since the bicycle
model in (1) presumes to contain a rider rigidly attached to
its main frame, only the second input 75 is available as an
actuator input to the plant. Under this assumption, we change
the plant description of P; in Section II-A to define a one-
input four-output plant transfer-matrix G; € Rp4X1 as

Y3,
I 0 1 Y.
Gj =P (ota)” Y_l{ ] B )
|:1:| |J8+a)212 1 (S+a)2Wj —sY;
S¥q
(11)
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iy [V 0] o [set2] [0
where R = [_Z?I aI 2

s+a 2 s+a12
sider a controller Cy = [aCy aCy Cy (] € R, 4,

Cy = [aN1D;' aN,D;' NiD;7' N.Dy']

71D 771] -1
o ‘}2} (K

where Ny, Dy, No, Dy € S, Oy = N1D;', Cy = NoDy

} € S*** is unimodular. Con-

— [N N 0 0]{

D, := diag[D; Dy] € S?*. The controller
Cy in (13) stabilizes each Gj; if and only if
0
Y, 0] ,[a™*D, a7 I |(s+a)!
[02 IJR[ R DN N o o]
0
is unimodular, which is satisfied 1f and only if
Y, D Yy; Ds . .
Y., D1 + e-lTa Ni YyDs+ ¢1a N, is  unimodular,

equivalently, E; in (14) is a unitin S, i.e., Ej_1 € S, where

E;:=W;DyDy — (s+a) 'Yy;N1 Dy + (s+a) 'Y,NaDy
(14)
E7' = (s+a)[(s+a)W; +Y,Cy - Yy;Ch] ' Dy ' Dy
With the plant G; as in (11), Hey = (I + G;Cy)7 =
I - Gng(I + Gng)_l = I — Hyu. With Gj given
in (11) and C,; given in (13), using (14), Hy, =
1
l(sta)Q §2 |:_}/E)j:|E;1[aN1D2 aN2D1 N1D2 NQDJ .
s+a)? a
(Let )g be a finite set of plants, where G; € G is described
as in (11), or equivalently (12). The problem of controller
design that simultaneously stabilizes finitely many plant
models G; € G is more challenging than the simultaneous
controller synthesis given in Proposition 1 for the two-input
systems P;. By Proposition 1, there exist controllers that
simultaneously stabilize any number of plants P; . However,
simultaneous stabilization of the one-input plants G; € G
depends on the speeds v; in the model (1). Using the
numerical values given in [4], Y}; in (2) is

Yy = (s+a) ?[2.3195° +v;33.8665 — g2.599 +v776.597 .
(15)
Clearly, for Y3; given in (15), Yb;1 € S for v; > v, , where

vy = 1/92.599/76.597 ~ 0.5769 m/s. (16)

For the numerical values given in [3], Yb;l € S for all
six bicycle models; the values of v, for these six bicycle
models are {0.4726,0.48,0.4577,0.4972,0.4185,0.7351 } .
Let G, C G be the subset of the set of plants G that contains
the plant models G; modeled at forward speeds v; > v, .
Any number of models with parameters of [4] and [3] can
be combined in the set G, in the speed range v; > v, of
each particular model. In Section II-B.1, it is shown that
simultaneous stabilization of any number of plants G; €
G, modeled at v; > v, is achievable using simple, low-
order controllers. For speeds v; < wv,, Yb;l ¢ S; hence,
simultaneous stabilization of plants modeled at these low

speeds may or may not be achievable. Although simultaneous
stabilization is not resolved for G; € G\ G, , a controller
design procedure for each individual plant G; modeled at
individual speeds v; < v, is given in Section II-B.2.

1) Simultaneous controllers for normal and high speeds:
Any finite number of plants G; € G, modeled at speeds v; >
v, can be simultaneously stabilized using simple controllers
as in Proposition 2. The speed range is determined by the
parameters given in [4] as (16) or as in [3].

Proposition 2: (Simultaneous controller design for G, ):

Consider finitely many plant models G; € Rp4X1, de-
scribed as in (12), with Y} as in (2). Let v; > v, and hence,

Yb;l €8S. With My :=[1 0| M [(ﬂ, define ® € Ry as

® = (det M )M, *. (17)
a) Let C; = —f for any 8 € Ry satisfying
B> max || (s +a)Yy; "Wy —s@| . (18)
J
Let Cy = Ny for any Ny € S satisfying
. 1 B —1y-1
N. — Y, (W; + ————Y; . (19
Nl < mgin s VoW o Y 9)

With C; = —f, C5 = N», a controller Cy € Rp1X4 that
strongly stabilizes all G; is given by

Cy=[-aB aN» —B N . (20)
b) Let Cy, = —f3, where 5 € R, satisfies (18). Choose poly-

nomials n(s),d(s); n(0) > 0, d(s) is monic and Hurwitz,
degd(s) > {0, (degn(s) — 1) }. Define ¥; € Ry as

= MO o4 By o))
Let Cy be (&)
_en(s 1

Cy = Sd(s) Yo (0)", (22)

for any € € R satisfying ¢ <
. 1 n -1 ) B N1 _ -t
Hﬁl}jn”s[(s—ka)dyaya(o) (W; + S—I—CLYbJ) ]l
@3)

With C; = —f, and C> as in (22), a controller Cy € Rp1><
that stabilizes all G; is given by

Yo(0)7h -8

en(s)
sd(s)

aen(s)

Cg = |—ab sd(s)

Y, (0)~!

- (24)
¢) Choose any monic Hurwitz polynomials 7i(s), d(s), where
degn(s) > 1, and degd(s) = (degn(s) — 1). Choose any
B € Ry satisfying

- (s + a)d(s) . _
B> maxls (I W )| @9)
Let Co = Ny for any No € S satisfying
. 1 5?1(5) —1—-1
No|| < min | —Y, (W;+ ———=—Y}, .
Nl < i | Vo (Wt i) |
< (26)
: _ —Bii(s) _
With C7 = d( ) ,and Cy = Ny, a controller C, €
sd(s
Rp1X4 that stabilizes all G; is given by
P L) R e L IC A
sd(s) sd(s)
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Remarks: 1) The controller Cy in (20) that simultaneously
stabilizes all plants G; € G, is stable for all choices
of B € R, satisfying (18) and of Ny € S satisfying
(19); therefore, any number of plants in G, are strongly
simultaneously stabilizable. If the stable parameter is chosen
as a constant that satisfies (19), then C; becomes a constant
controller. There are infinitely many choices for the controller
in (20) but to keep the design simple, No € S should
be chosen as a low-order stable transfer-function. 2) The
controllers C; in (24) and in (27) have no poles in U except
at s = 0. These controllers can be made simple and low-
order by choosing low-order polynomials n,d, n, d for the
design parameters out of the infinitely many possibilities.
If n(s) is a first order polynomial and d(s) = 1, then Cy
in (24) contains only proportional and PI terms. Similarly,
a first order 7i(s) and d(s) = 1 gives proportional and
PI terms for C, in (27). 3) Let the input-error transfer-
function of the error between the first two input and output
components be denoted by Hys. By (14) Hys is Hys =
1+ e Yo By ' N1 D2 e Yo By N2 Dy
Gy YoE 'NyDy,  1-— G )QYE NoDy |
pose that constant inputs are applied in the first two com-
ponents uj, us of the input vector u (with zero inputs
applied in the last two components). In Proposition 2-(b), the
controller Cy in (24) has integral-action in C = NoD; b
i.e., D2(0) = 0. In this case, Hys(0) becomes Hys(0) =
(a™'E;'Y,NaD1)(0)  (a™ 'Yy E; ' NaDy)(0) -

0 0 . ere-
fore, the steady-state error in the second output due to
constant input references (with zeros in the third and fourth
components) goes to zero asymptotically. Hence, C, in
(24) is a partial integral-action controller. In Proposition 2-
(c), the controller C; in (27) has integral-action in C; =
N1D1_1, ie., D1(0) = 0. In this case, Hys(0) becomes

0 0
Hys(0) (—1Yan’1N1D2)(O) (1Ej1ijN1D2)(0)]'
Therefore, theasteady-state error in the first output due to
constant input references (with zeros in the third and fourth
components) goes to zero asymptotically. Hence, C; in (27)
is a partial integral-action controller. 4) In Proposition 2-(b)
and (c), only one of the controllers C; or Cy is designed
to have integral-action. If C; = N;D; Lo, = NoDy !
have D;(0) = D>(0) = 0, then E;(0) = 0 by (14), which
contradicts E/; € S being a unit. Therefore, for stabilizing
controllers Cy; as in (13), C; and C3 cannot both have
integral-action together. ]
2) Controllers for individual systems for very low speeds:
In Section II-B.1, we proposed a simultaneous stabilization
method in the speed range v; > v, , based on Y;; being a
unit in S. For v; < v, ~ 0.5769, each Y}; given in (15) has

an open right-half plane zero at ( € Ry U {0},

(=0 _yaigletp) (=0 e
(s+a) (s+a) (s—l—az

where p; > 0 for all forward speeds v; ; hence, Y3; is a unit
in S. The zero at ¢ > 0 belongs to one of the four entries of
Y; and is not a transmission-zero of the plant G; € G\ G, .

Sup-

ijszbj

From the description (12), the only transmission-zero of G
in the region of instability is at infinity.

Controller design for G; € G is based on finding
Ni,D1,N2,Dy € S such that F; in (14) is a unit in
S. In Section II-B.1, this design is achieved under the
assumption that Yb;1 € S. In this section, we propose a
stabilizing controller design for individual plants G; under
the condition that Yb;l ¢ S. This case implies that the
bicycle is moving forward at an extremely slow speed,
which makes simultaneous stabilization more challenging.
This study does not provide a general result to determine
simultaneously stabilizability of models in this speed range.

Proposition 3: (Controller design for G\ G ):

Consider a fixed plant model G; € Ry,**! described as in
(12) with v; < v, ; hence, Y3; is as in (28). a) Let C; be

C = B35 (W3 (9)-W Q)] = +(det M)~ 17O
for any B € Ry satisfying 29
B > | (s +a)W;(s)(det M)~ —sT] . (30)

Let Cy = Ny for any Na € S satisfying
1 1 1 -
[ N2 < | mYa(Wj - ﬁybjcl) b R E3))

With C; as in (29) and C5 = N> satisfying (31), a controller
Cy € Rp1X4 that stabilizes the system G; is given by

C’g:[aC’l an Cl CQ} (32)

b) Let C; be as in (29) for any B e R, satisfying (30).
Define N1, Dy as

= BY, " [Wy(s) = W5(O)] (33)
D=1 e WOl 6
s+a
Choose polynomials a(s),d(s); n(0) = d(0), d A(s) is Hur-
witz, degd(s) > {0, (degn(s) — 1) }. Define ¥; € Ry as
by = (2 w0 M)W . 69)
Let Cy be i (s)
En(s) »
Cy=—2T.Y, (00"}, 36
2 sd(s) 1¥a(0) (36)
for any € € R satisfying
< 1Yy D0 v -1
5\ (s + a)d(s)
(37)
With C; as in (29) and C5 as in (36), a controller C,; €
R, ** that stabilizes all G is given by (32). O

Remarks: The term C; in (29) of the controller Cy in (32)
is third order and biproper. It’s poles are at {—a, —p;, —b; };
a > 0 is the arbitrarily chosen design parameter, —p; <
0 is the negative zero of Yj; as defined in (28), and
b; = (a + Bdet M/W;(C)). Since W;(¢) = detY;(¢) =
Y, (¢)Y4;(¢) may be negative for some forward speeds, b;
may be negative, implying C'; may have one pole in the
unstable region. If a stable controller design is desired, a
large enough a > 0 can be chosen that ensures a positive
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value for b; for all forward speeds v;. In Proposition 3-
(a), Cy of (32) is always stable; it can be made simple by
choosing a constant or low-order N,. The controller C|,
given by (32) in Proposition 3-(b) only adds integral-action
to the term C5, which has poles in the region of stability
except for one pole at s = 0. This term can be a simple PI
controller by choosing a first order 7i(s) and d(s) = 1. O

III. APPLICATION
We apply the proposed controller synthesis procedures of
Propositions 1, 2, 3, with the values from [4] as benchmark
parameters for the linearized bicycle model in (1):

M= 80.81722 2.31941332208709
T 12.31941332208709  0.29784188199686|
K —80.95 —2.59951685249872
° | —2.59951685249872 —0.80329488458618| ’
K. — 0 33.86641391492494
17 1-0.85035641456978  1.68540397397560

K, — [0 76.59734589573222
2710 2.65431523794604

The entries of Yj in (2) are then calculated as Y, =
(s+a)~2[80.817s% — g80.95], Y3, = (s +a) 2[2.319s% +
©;33.8665 — ¢2.599+v776.597], Yo; = (s+a) ?[2.319s> —
v;0.850s — g2.599 ], Ydj (s+a)72[0.297s + v,;1.685s —
90.803 + 0]2»2.654} Propositions 1, 2, 3 present systematic
controller design procedures with infinitely many choices
for the parameters within the specified constraints. In these
numerical examples, we choose these parameters so that the
resulting controllers are simple and low order. Within the
design freedom, we also choose controllers that result in
closed-loop poles that are not too close to the imaginary-
axis. The simultaneously stabilizing controller designs ap-
ply to any number of plants in the classes P and G, in
Proposition 1 and Proposition 2. We choose the following
forward speeds (in meters/second) to illustrate the simulta-
neous stabilization results: V; = {0,0.05,0.15,0.25,0.4},
Vo = {0.58,1.5,2.5,3.6,5,7.5,8,10}. The set Vs, includes
the three speeds considered in [3]. Appropriate modifications
are made to the entries of Y} in (2) if plant models of the
six bicycles in [3] are included in the sets P and G, .

Application of Proposition I: Consider a set of plants P as
in Section II-A; the 13 plants P; € P are modeled at the
speeds in the set V = V; UVs . Choose a = 10. a) The norm
in (7) grows as the speed in V increases, and is satisfied for
a > 3314. Choosing o = 3500, the controller C), in (8) is
Cp = 3500 M [10]2 Ig]. The four closed-loop poles of all
13 systems have sufficient damping; the pole closest to the
imaginary-axis at —9.961 for the speed v = 10 m/s. b) For
a simple design, choose n = (s+6), d = 1. The norm in (9)
grows as the speed increases, and is satisfied for o > 2203.
Choosing o = 2500, C,, 2500(S+6)M [1012 Ig] in (10).
The pole closest to the imaginary-axis of the 13 systems
simultaneously stabilized is at —5.919 for v = 10 m/s.

Application of Proposition 2: Consider a set of plants G,
as in Section II-B.1, where the 8 plants G; € G, are

modeled at the speeds in the set V5, where v; € V, satisfy
v; > v, . Choose a = 10. a) The norm in (18) is satisfied
for 5 > 2087.9; it does not exhibit a pattern for the speeds
in V5. Choosing § = 2088 and a constant No = —1.3
satisfying (19), the simultaneously stabilizing controller in

(20) is Cy = [—20880 —13 —2088 —1.3]. The pole
closest to the imaginary-axis of the 8 systems is at —0.05268
corresponding to the lowest speed v = 0.58 m/s in Vs.

Excluding this low speed from the set, the pole closest to
the imaginary-axis of the remaining 7 systems is at —3.4218
for v = 1.5 m/s. b) For a low-order design, we choose
n(s) = d(s) = 1. For 8 = 2088, which satisfies (18) as in
part (a), the norm (23) is satisfied for ¢ < 0.301. Choosing
e = 0.25, the simultaneously stabilizing controller in (24)
is Cg = [-20880 520 —2088 %], One of the
closed-loop poles is very close to the origin for all 8 systems.
Better closed-loop damping may be achieved with higher
order choices for n,d. ¢) Choosing 7 = (s + 1), d =1, the
norm (25) is satisfied for 3 > 1008.195. Choosing B = 1100
and simply a constant Ny satisfying (26) as N, = 0.8, C
in (27) is C, 711()()0(s+1) g L0+ g 81l

Application of Proposmon 3: Let the speeds for the indi-
vidual models to be stabilized be vy = 0.15, vo = 0.25,
vy = 0.4, v4 = 0.57 m/s, which are all less than v, . Choose
a = 10. Then B = 31 satisfies (30) for each of these four
speeds. For simplicity, choose a constant Ny satisfying (31).

The controllers C;, Cy; in Cy; of (32) corresponding to
50320(s—6. 25)(s+5 78)(s+3 03)

v; are: Cy = (5+10)(s+6289)(s+4.47) » O = 0.012;
iy = MBSl IS 0, _

iy = BB 0

s = SO0 0, — 002, Keep he

same C; for each speed v; and re- de51gn Cs as an integral-
action controller as in Proposition 3-(b). Choose n = d=1
for simplicity. Then € = 0.125 satisfies (37) for each of
these four speeds The new Cy; for each v; are Co =

0.125
8538.85' Cao =

25 __0.125 . _
4201 65> Cas = 224325’ Ca =
IV. CONCLUSIONS

Under the assumptions of Propositions 1 and 2, any
number of bicycles modeled at different forward speeds can
be simultaneously stabilized with either two inputs or with
only the steering input. The proposed controllers are simple
and low-order, with freedom in the design parameters that
can be used to achieve better performance. For extremely
low speeds, the design given in Proposition 3 provides
stabilization of individual models at fixed forward speeds
with only the steering torque as input.

APPENDIX: PROOFS
Proof of Proposition 1: a) With N = aM, D = I, the
constant C, in (8) is as in (5); it stabilizes all P; if and only
if F; in (6) is unimodular, equivalently, € +a) aM + Y; =

ey (S5 T+ ot (s V; MM = (25 (T 5+
a)Y;M~! — sI])M is unimodular. By (2), Y;(o0) = M
implies [s(Y;M~' — I)] € M(S). For « satisfying (7),

Hsia[(s—i—a)YjM_l—sI]H < iH(s—l—a)YjM_l—sIH < 1.
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Therefore, (6) is unimodular for all P;. Since it is stable,
Cp in (8) is strongly stabilizing. b) With N = oM, D =

d(s
i (( ))I € M(S) since n(s) is Hurwitz, C, stabilizes all
n

P; if and only if F; in (6) is unimodular, equivalently,
1 sd(s)y. _ (s+a) d(s)(5+a) 1_
(s+a) oM+ n(s) Y (s+a) (I+ s+a[ ( n(s) YM
I))M is unimodular. By (2), Yj(co) = M and
701(5)(‘““1”5_,OO = 1 imply [s(d(s)((z;'a)YM_l —1)] €

n(s)
M(S). For « satlsfylng D, | s s( (ST)L((i;ra)YM 1

D]l < L|s( 42y 0-1 — 1)|| < 1. Therefore, (6)
is ummodular for all P;. Hence, C), in (10) is an integral-
action controller that stablhzes all P O
Proof of Proposition 2: a) With Ny, = Cy, Ny = Cy,
D, = Dy =1, the stable C; in (20) stabilizes all G if and

. (—B) 1
onlyif B; = W;— (6+a)§@j+(s+a)Y NQ Uj—i-mYaNg
in (14) is a unit in S, where, since Y les, U; =W, +
b s+

@ﬂw%j=<@+£H@<r+ﬁm+mus+an@ W; — s2)).
By (2), Wj(oco) = detM implies (Y}, W) (00) = @
hence [sYb?Wj — s®] € S. For the numerlcal values
given, ® > 0 implies (®s + 8)~! € S. For f
satisfying  (18), ||mms + a)Y,;;l W; — ®s]|| <
%H (s +a)Y, 71W — ®s|| < 1 implies U]l € S; then £ =
(1+ (S+a)Y NQU )UJ , where, for any N, € S satisfying

19), || SHYNzU o< lera YaUs HINe|l < 1
implies E e S for all G Since Cy in (20) is
stable, it 1s a strongly( §tab1hzmg controller. b) With
Dy = 1, Ny = (sie)d(s)y(o)il’ Dy = @ for

any e € Ry, C, stabilizes all G; if and only if (14)
holds, equivalently, E; = W;Dy + YyiDy +
1 en(s) -1

YN2 (s+e)U + (s+a)Ya(s+e)ld(s)Ya(O)
unit in S. From part (a), Uj* S S,

is a
. n(s) I A S
E; ((s+e) + GraYaGream Ya(0) U )U; =
Y;))U; .

(?tif)]) (1 + (9+5Psz]) 1[(9—&—(1();(?)}/ Yo (0) 1Uj_1 o

Now Uj(o0) = det M = detY (c0) > 0. Since Uj_1

Uj(s) does not change sign for s € U/; hence, U;(0) > 0.

By assumption, n(0)/d(0) > 0; hence, ¥; > 0 and
=% € S. Since [7oyim ") Y, Y, (0 )7 U ls=0 = 5,

(S+ )

(8+a)

(5+e7;) s+a)d(s)
we have 5*1[% Yo (0)~'U; '~ ¥,] € S and for
e satisfying (23), | +;;I, )g[ S YL Y, (0)7U -
Uil < lesey ||||1[(s+a)d Y Yo (0)T' U = || =
ﬂ@[@é%yayam) U7t = W]l < 1. Therefore,
E; is a unit in S for all G;. ¢) With N; = (*f’;fl())
D, = (S—je) for any e € R;, and Dy = 1, the

controller in (27) is in the form of (13). Due to the

assumptions, (Sf )SJ() is a unit in S. Define V; :=
. _ _ s 3 n(s)
WiD1 — iy YoM = Witie + v Y Groim =

__A(s)  (®s+h) 1 (s+a)d(s) v —1y17. _
Yl”(s+e)ci(s) (s+a) (1+(¢s+[§)[8 7(s) Y W s®]). By

). (Yy;'W;)(00) = @ implies [s%yywj—s@] €

S. Since ® > 0 implies (¥s + 8)~' € 8, for
. . d(s
satisfying  (25), | ((I)Slm)[s(gtgl)”y w, — 5@

(s+a)d(s)

< éHs (s Y;);le sP]|| < 1. Since
(Sfe()j(s)rl € S, it follows that V;' € S. The
controller C, stabilizes all G; if and only if (14)
holds, i.e., Ej = (1+ WMYaN2%71)% =

(1+ (ke YaNa[W; + %Ybﬂ—l)vj is a unit in S.
YV, N Vi <

For N, € S satisfying (26), ||m i

ey YalWV; + Bi(s) v, 1=1||[|Ny|| < 1. Therefore, E;

s(s+a)d(s)
is a unit in S for all G . |
Proof of Proposition 3: a) With Ny, D; be as in
(33) (34), C; in (29) is C; = N;D;', where

Y})j [W;(s) — W;({)] € S since the only U-zero of
Yy is at s = (. Therefore, C, € Rp'** stabilizes G
if and only if £ Les, equ1valently, E; = (W;Dy —
Y3 N1 ) Do Y vy YaD1 N2 = U; Dy + (Sia)Y DN,

(S+a)

is a unit in S, where U = W;D; — (s+a)YbJN1
iig;[l + (siB) ((s+a)W;(det M)~ — sI)]W;(¢). Since
Wj(o0) = det M, the term (sW;(det M)~ — sI) € S. For

((s + a)W;(det M)t — sI)|| <
1 . . 1
ﬂH(s + a)W;(det M)~! — sI|| < 1 implies ({j € S.
With Dy = 1, E; = (1 + (S+a)Y D1N2U )U], where,
for any N, € S satisfying (31), |\(6+G)Y DlNQU b <
|\(ST1Q)YQ(WJ- - s+aYb]C’1) HINa| < 1. Therefore
Ej_1 € S; hence, C, stabilizes G;. b) Let
_ én(s) s
N = (s+e)d(s)qjy a(0)” b Do m for any
e € Ry. From part (a), with Ny, Dy as in (33)-(34),
U7l e S implies E; = UiDz + fzyYaDiNs =

B satisfying (30), || +B)

1 éﬁ(s) o —1 _ (s+9

(6+6)U + ((;-i—a) YoDy (s +e)d( ) iYa (O) T (ste) (1 +

s 1 -1 3

assumptlon, n( )/d( ) = 1 and ( D)0 )
Therefore, s*l[ﬁy DU 1, DA R
1] € S and for £ satisfying (37), we have

n(s) 1. -1 _
Hme@qUYDW {Y@) ] <
H(€+E)||H [(s+a)d(s)YD1U \I/ Y (0) - 1]” =
=Y DU Y (0) 7 — 1] < L Hence,
E;l € S and C, in (32) stabilizes G . O
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