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Low order controller design for systems with time delays

A. N. Giindes

Abstract— Finite-dimensional controller synthesis methods
are developed for some classes of linear, time-invariant, single-
input single-output, or multi-input multi-output systems, which
are subject to time delays. The proposed synthesis procedures
give low-order stabilizing controllers that also achieve integral-
action so that constant reference inputs are tracked asymptot-
ically with zero steady-state error.

I. INTRODUCTION

A wide range of dynamical phenomena cannot be mod-
eled sufficiently accurately as finite-dimensional linear time-
invariant (LTI) systems due to time delays. The effects of
these delays often cannot be ignored and have to be included
in the model [4], [7]. This paper presents finite-dimensional
stabilizing controller synthesis methods for some classes of
LTI, single-input single-output (SISO) or multi-input multi-
output (MIMO) systems that are subject to time delays. The
proposed controllers are simple and have low-order, and they
also provide integral-action so that step-input references are
tracked asymptotically with zero steady-state error.

The plant classes considered in Section III-A and Sec-
tion III-B have no restrictions on their poles. These plants
may be stable or unstable. The (transmission) zeros in the
open left-half complex plane (OLHP) are unrestricted and
there may be any number of zeros at infinity as well. The dual
case in Section III-C considers plants with no restrictions
on the number or location of the (transmission) zeros, but
the poles are either in the OLHP or at the origin s = 0.
Section III-A examines SISO delayed plants of retarded
type (e.g., [4], [1], [2]) and Theorem 1 develops a simple
controller synthesis procedure, which is generalized and
extended to MIMO systems in Theorem 2, Section III-B.

Stability of delay systems of retarded type and of neutral
type was studied extensively and many delay-independent
and delay-dependent stability results are available [7], [10].
The tuning and internal model control techniques used in
process control systems generally apply to delay systems
[12]. Infinite dimensional integral action controllers have
been designed in [11] to maximize the allowable controller
gain using the robust control techniques for infinite dimen-
sional systems [5]. For MIMO stable plants subject to input-
output delays, proportional-derivative (PD) and proportional-
integral-derivative (PID) controllers were designed in [8]
for plants that have no more than two unstable poles close
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to the origin. Arbitrary delay terms in addition to input-
output delays were considered in [9] with decentralized
controller structures. Restricting the designed controllers to
be PD and PID imposes these restrictions on the number of
unstable plant poles [13]. The results in this paper apply
to much wider classes of SISO and MIMO systems by
allowing the order of the controller to exceed that of PD or
PID. The advantages of integral-action and simple low-order
implementation are still part of the synthesis technique.

Notation: Let C,R, R, denote complex, real, and pos-
itive real numbers. The extended closed right-half complex
plane is U = {s € C | Re(s) > 0} U{oo}; Rp denotes real
proper rational functions (of s); S C Ry, is the stable subset
with no poles in U; M(S) is the set of matrices with entries
in S; I, is the r x r identity matrix. The space H, is the
set of all bounded analytic functions in C, . For h € H,,
the norm is defined as ||h|jcc = ess supsec+\h(s)|, where
ess sup denotes the essential supremum. A matrix-valued
function H is in M(H) if all its entries are in H ; in this
case ||H||o = ess supseC+E(H(s)), where & denotes the
maximum singular value. Since all norms of interest here are
Hoo norms, we drop the norm subscript, i.e., || - [0 = | - ||-
From the induced L? gain point of view, a system whose
transfer-matrix is H is stable iff H € M(H). A square
transfer-matrix H € M(Hso) is unimodular iff H~! €
M(Hs). We drop (s) in transfer-matrices such as G(s);
use d(n) to denote the degree of the polynomial n(s); use
diag[ae],”, or diag[a; az --- a,,) to denote the (m x m)
diagonal matrix, whose diagonal entries are aq, ..., a,,. For
G € R,™ ™ we use coprime factorizations over S; i.e.,
G = Y 'X denotes a left-coprime-factorization (LCF),
where X, Y € S™*™, detY(oo) # 0. For the delayed
E}ant case, we use coprime factorizations over H ; i.e.,
G = X*}\X denotes a left-coprime-factorization (LCF),
where X,Y € Ho,™ ™.

II. PROBLEM DESCRIPTION

Consider the feedback system Sys(G,C) in Fig. 1; C €
R, ™ is the transfer-function of the controller and G
is the transfer-function of the plant with time delays. It is
assumed that the feedback system is well-posed and the
delay-free part of the plant (i.e, the plant without the time
delay terms) and the controller have no unstable hidden-
modes. With u, v, w, y as theA input and output vectors,
the closed-loop transfer-matrix H from (u,v) to (w,y) is

-C(I+Go) '@

-~ C(I+Ge)t
b2; "o
(I+G0)~'G

~|Gou +Goyt

Let the (input-error) transfer-function from w« to e be denoted

(D
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Fig. 1. The feedback system S’ys(@, ).

by H, and let the (input-output) transfer-function from u
to y be denoted by M, ; then

He, = (I+GC)™ = 1-GCUI+G0) ™ =I-H,, . (2)

Definition 1: a) The feedback systemA‘S'ys((A?7 C') shown
in Fig. 1, is stable if the closed-loop map H is in M(H). b)
The controller C' stabilizes G if C' is proper and Sys(G,C)
is stable. ¢) The system Sys(G, C) is stable and has integral-
action if the closed-loop transfer-function from (u,v) to
(w,y) is stable, and the (input-error) transfer-function H.,,
has blocking-zeros at s = 0. d) The controller C' is said to be
an integral-action controller if C' stabilizes G and D(0) = 0
for any RCF C = ND~!. O
Let G =YX, WhereY X € M(Hy). Let C = ND™1
be an RCF, where D, N € 8""™, det D(oc) # 0. Then C'
stabilizes G if and only if M~! € M(H..), where

M=YD+XN. 3)

Suppose that the system Sys(@, () is stable and that step
input references are applied at u(t). The steady-state error
e(t) due to step inputs at u(t) goes to zero as ¢ — oo if and
only if H eu(O) = 0. Therefore, by Definition 1-(c), the stable
system Sys(G, C) achieves asymptotic tracking of constant
reference inputs with zero steady-state error if and only if
it has integral-action. By (3), write H., = (I + GO)™! =
DM ~'Y . Then by Definition 1-(d), Sys(G, C) has integral-
action if C' = ND™! is an integral-action controller since
D(0) = 0 implies H,, (0) = (DM~ 1¥)(0) = 0. The system
Sys(G,C) would also have integral-action if every entry of
the MIMO plant has poles at s = 0 since Y (0) = 0 implies
H.,,(0) = 0 even if the controller’s D(0) # 0. Therefore, it is
not a necessary condition to have integral-action controllers
for the system to have integral-action when Y(O) = 0.
However, for robust designs, integral-action is achieved with
poles duplicating the dynamic structure of the exogenous
signals that the regulator has to process; these integral-action
controllers obey the well-known internal model principle [6].
We assume throughout that G has no transmission-zeros at
s = 0. This condition is a necessary condition for existence
of integral-action controllers: Let the (m x m) matrix G(s)
have (normal) rankG(s) = m. If G admits an integral-action
controller, then it has no transmission-zeros at s = 0.

III. CONTROLLER SYNTHESIS

We propose finite-dimensional stabilizing controller syn-
thesis for certain classes of plants that have time delays. The
discussion in Section III-A applies to a class of SISO delay
systems. In Section III-B, the results are extended to a class
of MIMO plants with poles anywhere in the complex plane,

but zeros restricted to be in the OLHP. Section III-C includes
MIMO delay systems whose zeros are unrestricted, but the
poles are either at the origin or in the stable region.

A. SISO plants of retarded type
We consider SISO delay plants described as

s =Y e @

where z(s),y(s),qi(s) are polynomials with real coeffi-
cients, 6(z) < d(y) > 6(q;), the integers h;, > 0, i =
1,...,v. We assume that the finite zeros of G are in the
OLHP, i.e, the polynomial z(s) is strictly Hurwitz. Let
r := 6(y) — 6(x) > 0. Let &(s) be any monic r-th order
strictly Hurwitz polynomial; for example, £ = (s + a)" for
any a € R, . Define

G(s) =

RS V()
(5)6(s) * T w(9)E(s)
Y=Y, +Yy, X:=¢£68)"". (5
Then X,Y, € S, Yy € Hooo and G = (Y)1X = (Y, +

Y;)~1X. Theorem 1 presents a finite-dimensional controller
synthesis for closed-loop stability. This design gives integral-
action controllers of order r when the relative degree of
x(s)/y(s) is r > 1, or of order 1 when the relative degree
of z(s)/y(s) is zero.

__Theorem 1: (SISO stabilizing controller synthesis): Let
G(s) be as in (4) For any monic r-th order strictly Hurwitz
polynomial £(s), let G(s) = Y "' X = (Y,, + Y4) "' X be as
in (5). a) If r =0, then choose any g € Ry . Let o, € Ry
be such that

_1 e
o > ||—— = Y| . 6
o > |26 = | =7 ©
Then the controller C, in (7) stabilizes G:
Co=a, 9 )

b) If » > 1, then choose any monic,
polynomial £(s) of order r. Define © as

strictly Hurwitz

O(s) 1= 1 (g7 Gls) ¥, o0)
= s[(Yn(s) —|—Yd(s))Yn(oo)71 1. ®)

Let « € Ry be such that

—1]

a > r|O(s)] . )
Then the controller C' in (10) stabilizes G:
a”£(s)
=—-%, . O 1
¢ (s+a)" —ar n(20) (10)

Remark: In Theorem 1, the SISO controllers C, in (7) for
r =0, C in (10) for r > 1 are biproper, and each has a pole
at s = 0 providing integral-action. The remaining (r — 1)
poles of 7-th order controller C' in (10) are all in the OLHP.
Proof of Theorem 1: a) If r = 0, then X = 1 in G =
Y7'X. Let N =1, D = C,;!; then C, = ND!
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coprime factorization of the proposed controller in (7). By
(3), C, stabilizes G if and only if M~ € H,,, where

L
@ (s+g)

}/}(s)m || < 1, which is a suf-
ficient condition for M ! € H, . Therefore, C, stabilizes
G since M~ € Hoo. b) Deﬁnecp [(s + )" foz’"]
Let N =a", D = S"(g)Y( )"'.Then C = ND!isa
coprime factorlzatlon of) the proposed controller in (10). By

M=XN+YD=1+Y(s)

(3), C stabilizes G if and only if M~ € M(Ho), where
M=XN+YD= O‘;) + ?(s)?((j))m(oo)l
_ o o(s) & Y- (00) (s+a)”
~ ey T Gray O g
_ ¥ V(s o)L — (s+a)"
= (4 S o) (SQES‘;)

A sufficient condition for M~! to be in M(H..) is that

I ﬁ@(s) || < 1. We first show that
n R T
s(s —|— )" s(s+a)”
Forr > 1, %) = g implies that the norm
s (s s=0

in (11) is greater than or equal to /«. We prove the norm in
(11) is less than or equal to 7/« by iteration: For r = 1, (11)

holds since || ;%55 = 1/a. For 7 = 2, ||[(Sj§4)ra_)§‘ 1R it

| j(”as =l = 1/a implies
||[(S+CY)3 ]H _ H [(s+a)(s+a)2—aa2]
s(s+ )3 (s+ a) s(s+ «)?
e L R
1. al(s+a)?—a? 1.2 _3
SE[H s(s+a)2 H+1]_a[aa+1]_ ’

hence, (11) holds. Continuing similarly, suppose that (11)
holds for r and show that it holds for (r 4 1):

[(s +a) ! — ]

[(s+ a)(s+a)" — aa”]

s(s+a)rtl (s+a) s(s+a)r
1 ap 1 ap
< 1| < ||| ———— 1
<ty + 1 < 2l +
1, r r+1
a «

hence, (11) holds. In (8), Y, (s)Y,(c0)™t = 1 implies
$[Yn(s)Yn(oc0)™t — I] € S. Since §(q) < d(y) = §(x€),
we have sY;(s)Y,(00)™! € Hoo. Therefore, O(s) =
s [V (8)Y(00) ™t — I + sYy(s)Yy(o0) ™! € Hoo . Since o
satisfies (9), || m@(s) | < Z[|©(s) || < 1. Therefore,
C' in (10) stabilizes G since M~! € Hoo - O

B. MIMO plants with unrestricted poles
We consider (m x m) MIMO plants with delay, where the
delays are all in the denominator matrix Y e M(Ho) of
G=Y"1X. Therefore, X is delay-free and we denote it by
X € M(S). We assume that G can be written as
G=Y"'X; Y=Y, +Y,, Yu(s) € M(S) ,
det Yy, (00) #0, Yo=Y e "*Qi(s), Qi(c0) =0. (12)

=1

We assume that the transmission-zeros of G are all in the
OLHP and at infinity, i.e., rankX (co) < m but rank X (s) =
m for all s € C, . With nge and dy, as polynomials, write

X Ys) = { Z:jéj)) ]Me{l m} |

.....

13)

Since the transmission-zeros of G are all in the OLHP, X !
has no poles in the closed right-half complex plane C (i.e.,
dye are strictly Hurwitz) but may have poles at infinity, i.e.,
X! may be improper. Define the integers ry, and 7, as

R 5(nu) — 5(dk[) R if 5( ) > 5(dkg)
0, if 6(nie) < 8(dpe)
T —&I}Caénrw , £=1,...,m. (14

Let &¢(s) be any monic 7,-th order strictly Hurwitz polyno-

mial, £ = 1,...,m; e.g., &(s) = (s +a)™ for a € R,
Define

A(s) == diag [£1(s)  &a(s) Eml(s)] . (15)
If 7, = 0, then & = 1. Although X~! may be im-
proper, X 'A~1 is stable since #)(;2(@) € S. De-
fine V(00) = (X(5)G(5) )]st i€ Yj(00)™! =
(G(5)X=1(8) )]s—oo - By (12), Y(00) = Y, (0c0).

For this class of MIMO plants, Theorem 2 presents a
finite-dimensional controller synthesis with integral-action.
Theorem 2: (MIMO stabilizing controller synthesis): Let

G=Y"'X = (Y, + Y4) 71X be as in (12). Define © as
O(s) = 5[ Y(s)Yp(o0) ' =117 . (16)
For ¢ =1,...,m, define p,; as
w={ 0 dnst, an
Let o« € Ry be such that
a > maxp O] . (18)
For / =1,...,m, define ¢, as
pils) = [(s + @) —a]. (19)
Then the controller C' in (20) stabilizes G:
ol al? afm
C = X"(s) diag ORI o(®) Y, (c0)
(20)
O
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Remark: In Theorem 2, the diagonal terms of diag [ C::; }:L .
in the controller C' in (20) all have poles at s = 0 and hence,
C has integral-action. The terms corresponding to 1, = 0
are in the form <. The terms corresponding to r, > 1 are
in the form (M’%M) with one pole at s = 0, and the

remaining (r, — 1) poles all in the OLHP.
Proof of Theorem 2: For ¢/ =1,...,m, define 7, as

1
(5+Q)P2*7’£
mzmlfr@—o and ng = 1ifrp > 1. If r, = 0,

then let £, = 1. If r, > 1, then choose any monic, strictly
Hurwitz polynomial &,(s) of order r,. With A as in (15), let

Ne = ; 2n

N = X 'A~ldiag [mapl NoaeP? nma”m]
Pt m
X dia ,
¢ {ms)(s + awwL_l

D =Y, (co) A diag [mw(s)}zl

=Y, -1 di (pg(S) /
L(OO) 1ag |:§€(3> (S ¥ a)pgf’r‘[

Then C = ND~!is a right-factorization of the proposed

controller in (20). By (3), C' stabilizes G if and only if
1€ M(Hs), where

(22)
(=1

M=XN+YD=XX"'A diag[ o0 |},
+Y (5)Y,, (00) "' A diag [ newe I

= diag [&(S)(Si{);)p[w]zl N
+ ¥ (5)Yu(00) " diag [w)(f ﬁzw—” ] 1

pe m
= ( diag [ < ]

m =1
Peoe) e [ £ e [Cg]
= (I+ [}/}(S)Yn(oo)71 o I]dlag |:(;jf(;;pz:| Z—l)
- diag [E 1"
dag[ &e(s) ]e_1
_ s) dia 9057(5) ia, M ’
= ([+0(s)d g{s(s—l-a)p[}z:l)d g{ & Lﬂ.
The entries of diag [ (fjr(;gpz}:l for ry = 0 have norm

HW” = =. The entries for r, > 1 have norm

H[(S—i-a)” ]”_m:ﬂ
s(s+a)r !
as shown in the proof of Theorem 1. Therefore,
| diag | — 2 | = max 2%
s(s+a)fe],_; ¢«
In (16), sY,(s)Y;,(co0) ldiag [%L} € M(S) since
=1

Y, (s)Yp(00)™' = 1. Since Qi(c0) = 0 by (12),

5Ya(s)Yn(00) ™' € M(Hoo); hence, © € H, . Therefore

C stabilizes G since M~ € M(Hy) if

: eo(s) 1" pe
—_— < — 1
| ©(s) diag [S(Ha)pe]u | <166 | max 2 <1,
which holds since « satisfies (18). O

C. MIMO plants with unrestricted transmission-zeros

We consider (m x m) MIMO plants with delay, where
the delays are all in the numerator matrix X € M(Hoo) of
G = Y~'X, ie., the denominator matrix Y is delay-free
and we denote it by Y € M(S)A Therefore, we assume that
a left-coprime factorization of G can be written as

G=Y"'X; X;; = (23)
the integers h;; > 0; Y € M(S) is delay-free; X €
M(H) and X;; denotes its 7j-th entry. Suppose that each
ij-th entry )/(\'lj of X may contain any arbitrary delay terms
and that the delays are known. If the finite-dimensional part
Y ! of the delayed plant G is stable, then (23) implies that
the entries of G may contain all different arbitrary known
delay terms. Let G have full (normal) rank m. Let G have
no transmission zeros at s = (0, equivalently, rank X (0) =m.
We also assume that Y~ may have poles anywhere in the
OLHP, but the only U-poles of are all at s = 0, i.e., the
only C -poles of Y ~! are at the origin. The entries of Y !
may have different multiplicities of poles at s = 0 and some
entries may have only poles in the stable region C\ . Write

Yﬁl(s) = [ Yke(s) ]k,e:L...,m 24

For ¢ =1,...,m, define the integers 5, > 0 be the number
of poles of Yi(s) at s = 0, and define 7, as

_hv.s . . s .
e "X g =1,.0.,m;

Ve := max e ; (25)

1<k<m

i.e., ¢ > 0 is the largest number of poles at s = 0 of the
entries in the /-th column of Y ~!(s). For £ = 1,...,m,
although Yy(s) € S, (Yie(s )( j_;; ) € S for any 5 € R+
For this class of (MIMO or ISO) plants, Theorem 3
presents a finite-dimensional controller synthesis; Corollary 1
includes integral-action in the stabilizing controller synthesis.

Theorem 3: (MIMO stabilizing controller synthesis): Let

G = Y~1X be as in (23). Define & as
1 -~
P(s) = " [X(s)X(0)" ' —1]. (26)
Choose 3 € R such that
1 _
B < [RIO) 27)
max 7
For ¢/ =1,...,m, define
Ye(s) = [(s+8)" —s"]. (28)
Then the controller C' in (29) stabilizes G:
Bl g .0
$2(s)
L 0 oo 0
C=X(0)" ’ Y (s) 29)
0 0 an(S)
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Corollary 1: (Integral-action controller synthesis): Under
the assumptions of Theorem 3, choose 3 € R such that

1
— || ® -1 30
9 Ty | 70! (30)
For / =1,...,m, define
Gels) = [ (s + )1 — M) (31)
Then the integral-action controller C in (32) stabilizes G:
b0 0
N 0 Ll
C=Xx(0)"" s Y(s). (32)
0 0 e
|
Proof of Theorem 3: Let
i Y1(s) Ya(s) Y (s)
W(s) = ding | b e ] D)
Define N := X (0)~1¥(s),
L 14 FRdt $2 §Tm
D =Y Mg [ G - 39
Since the order of the polynomial 1)(s) is (v, — 1), the
strictly-proper terms (def,((a(;)w € S are stable and hence,

N = X(0)7'¥(s) € M(S). Since (Yke(s)%) €S,
the matrix D € M(S). Therefore, C = ND~! is a right-
factorization of the proposed controller in (29). By (3), C
stabilizes G if and only if M~! € M(Hoo), where

M=XN+YD=X(s)X(0)""0(s)
1Y (s)Y " (5)diag [ﬁ }

m

{=1

— X(s)X(0)"'W + diag {ﬁ};
= [RXO) - () = LX) - 15 0(s)
=P(s)sU(s) .

A sufficient condition for M~! to be in M(H,) is that

[|®(s)sPT(s)|| < 1. To find || s ¥(s) ||, we first show that
_s%e(s) s[(s+0) —s™]
= = . (35
H (S +ﬁ)w || H (S +ﬁ)w H 57/ ( )
For ~, = 0, (35) obviously holds. For ~, > 1,
(W = [+, implies that the norm in (35)

is greater than or equal to 37,. We prove the norm in (35)
is less than or equal to (3, . For Je = 1, (35) holds since

+8)> = 28 s+
1251 = 5. mww—zn—i%yiw—n&i;ﬁu—

20 and hence, (35) holds. For v, = 3, ||s+5|| = 1 implies

LA < || 2 [ 22 4 ) = (26+46) =

3 and hence, (35) holds. Continuing similarly, suppose that
(35) holds for ~y, and show that it holds for (v, + 1):

s [(5 + B)WH _ SWH] 5?/12(3)
1= S I g 1+
= (Bve+B) =B(re+1)

and hence, (35) holds. Now (35) implies || s¥(s) ||

B maxyvye. Since [ satisfies (27), || P(s)sPU(s)] <
[®(s) ||l sT(s)|| = B méawa(I)(s) || < 1. Therefore, C
stabilizes G since M~ € M(Hoo). O
Proof of Corollary 1: Let
\II(S) = dlag [(af[;)(fzrrl (b_z_b;)(flrg (éfg)gi)rm
_ _ _ 36)
With D as in (34), let N = X(0)""¥(s), D = 25 D.

is a right-factorization of the proposed

Then C = ND! ol
controller in (32); since D(0) = 0, by Definition 1-(d),

C is an integral-action controller We show that by (3), C
stabilizes G if and only if M-t e M (Hoo), where M =
XN+YD = XN+(S+B)YD X(s)X(0)"1w(s) +

(g+ﬁ)dlag[(s+ﬁ)Tz]£:1 = [X(s)X(0)"' — I¥(s) =
LIX(s)X(0)™ — I]sW(s) = ®(s)sV(s). A sufficient
condition for M~ € M(Ha) is || ®(s)sU(s)| < 1,
where, by (35), ||sU(s)|| = B(1 + méaxw) Since
®(s) s W(s) || < || B(s) [l sW(s) || = B(1+

max Y0)||®(s)|| < 1. Therefore, the integral-action controller

C stabilizes G since M~ € M(Hqo). O

IV. EXAMPLES

Example 1: Consider

T (s+1)

Gls) = (2 —25+2)+2(s— 1)e~h1s 4 He—hes
O .
R CEr O L

The plant G is in the class considered in Section III-A. Since
the relative degree r» = 1, the controller as in (10) is a first
order controller with integral action (i.e. a PI controller). Let

&(s) = (s +b) for a free parameter b > 0; define
(s —25+2) 2(s — 1)e~hs 4 5e=has
Yo(s) = > — 252 ys) =
= e (s+1)(s+0)
With © as in (8),
s[(2(s — 1)e~ s + 5e7h2%) — (3 +b)s — b+ 2]

O(s) = (s+1)(s+0) ’
the minimum value || O(s) || of « satisfying (9) is shown in
Fig. 2 for various hy. For hy € [0.1, 2.5], if we choose b =
2, then o = 8 satisfies (9). The controller in (10) is C(s) =

8(s+2) | This feedback system is stable if the transformed
characterlstlc equation 1 + m@(s) = 0 has no roots in
the closed right half plane. Since ||O|o < a and ||(s +
@)Y = 1/a, the small gain theorem implies stability.
Now change the plant G in (37) to

5 (s)
(s =p)vy(s) +q(s) ’

w >0, p €R, and z(s),y(s),q(s) are the same as in (37).
The relative degree becomes r» = w+-1, and the delayed part
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71
£
E 6.
65
st increasing direction of h1
55l h,=[0.1,05,10,20,25] |
5 t t t t t
0 05 1 15, 2 25 3
Fig. 2. Example 1: b versus ||©|| for various hi.

~

Yi(s) of Y (s) remains the same. The new Y, is

_ _(s=p)"y(s)
e
and Y,,(0c0) = VY,(o0) = 1. We re-calculate
(O] = I3[V (s) Y (00) ™t = I] + sYu(5)Yn(00) M| <
15 [Ynw(s)Yn(00)™H = ]| + [lsYa(s)Yn(o0) Tl =

19.(s)]l + |©a(s)||- A condition on « more conservative

than (9) is a > 7(|©,(s)|| + r/|©4(s)||. For example, if

p =05 and w = 1, then r = 2 and ||O(s)|| = 14.5 for

hi € [0.1 , 2.5]. Therefore, (9) holds if we choose o = 30.

The controller in (10) is then given by C(s) = % .
Example 2: For hy = 7 hy, consider

G(s) =Y (s)"1X(s)

1

s+1—2e¢ h1s s—1 - 1 0
— 54+0.5 s+1 54+0.5
0 s—3e 2s 1 1
s+2 s24+25+2 s+2

The MIMO plant G is in the class in Section III-B. We have

f/(oo) =Y, (o0) = (1) } , 71 =1y = 1. We compute
0.5-2¢~"M°  —2(1+e”"1°)
o =s | T it
s+1

It can be shown that for all h; € [0.01, 2.5], (18) is satisfied
for o = 5. Hence C(s) as in (20) stabilizes the given G:

5+0.5 5+0.5
C() =5 | _(s405)(s4+2) (s42)(s +5+1.5)

s (s2+2s+2) s (s2+2s+2)
Example 3: Consider the following plant G, which is in
the class considered in Section III-C:
R K —hs
G(s) = (s+ 2)e 7
sM (s 4+ p1)(s + p2)
where 71 > 1, p1,p2 € Ry, z € R\ {0}, and h > 0; Note

that z may be positive or negative, i.e., G may have a finite
zero in the right-half complex plane. Write G=Y"'X as

~ S’Yl

~ _ K(s+ z)ehs
— 1y —
G=Y Xﬁ((s+b)’ﬂ

(s +0)7 (s +p1)(s+p2)

)

for any b € Ry . With X (0)~" = 22122 and & as in (26),
let 3 € R, satisfy (27), i.e., B < %H ®||~1, where

b71p1p2K(s + Z) —hs _ 1]”—1
Kz(s+b)"(s+p1)(s+p2) '
_ 1 _(71 12 (s Y1 _g71

Then C = X(0) 1[(s+6) Sy = oz pK[z( (—:fz);)n :
in (29) is a controller that stabilizes G. The controller C' is
statﬂe, and its order is 71, the same as the number of poles
of G at s = 0, which is less than the plant’s order. Let g €
Ry satisfy (30), ie., 0 < 1+ﬂ/ | ®||~!. Then an integral-

action controller C' as in (32) that stabilizes Gis C =
1 [(s+ﬂ)“’1+1—571+1]

(K —IH

as

b1 py s Y1+l _gv1+1
X(O) sv1+1 = L pi{[(zjé).l,_b)’n ] . For
example, if 7y = 1, then C and C become C =
X(O)’lQY = 7};?(515), where 3 < || @7, and C =
20 s b 20 s _
X(0) 122y = bopaCOtT) yhere 5 < L@,

V. CONCLUSIONS

We proposed finite-dimensional controller designs for cer-
tain classes of SISO and MIMO systems subject to delays.
These designs achieve closed-loop stability and integral-
action. The controller order matches the relative degree of
the finite-dimensional part of the plant for the plants in
Sections III-A-III-B or the number of plant poles at the
origin in Section III-C. Performance specifications beyond
asymptotic tracking of constant references are not within the
scope of this study. Future work will focus on expanding the
plant classes to those that allow finite right-half plane zeros
while not restricting the location of unstable poles.
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