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Sufficient conditions are derived for simultaneous stabilisability of any finite number of linear, time-invariant,
multi-input multi-output (MIMO) systems. Four general MIMO plant classes with arbitrary finite number of
plants are shown to be simultaneously stabilisable using simple proportional 4 derivative controllers. For some of
these plant classes it is also possible to achieve simultaneous stabilisation and asymptotic tracking of step-input
references with zero steady-state error by using integral-action controllers. Three of these general MIMO plant
classes are shown to be strongly simultaneously stabilisable.
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1. Introduction

Control problems involving simultaneous stabilisation
of a finite family of plants arise in many practical
applications. For example, linearisation of nonlinear
process models at various operating points results in a
set of models to be controlled simultaneously. The
requirement of maintaining stability under sensor or
actuator failures also leads to dynamic models
corresponding to failure modes to be all controlled
using a common controller for reliable operation
(Stoustrup and Blondel 2004). The robust control
problem deals with controller design for an infinite
number of plant models all within a neighbourhood of
a nominal model, which represent perturbations of the
nominal plant. Simultaneous control deals with finitely
many plants that may or may not be topologically
close (Sourlas and Manousiouthakis 1999).

The simultaneous stabilisation problem is recog-
nised as one of the hard open problems in linear
systems theory. Conditions for the existence of
simultaneously stabilising controllers have been
explored extensively, e.g. Vidyasagar (1985) and
Blondel (1994). The well established result that the
simultaneous stabilisation of n plants is equivalent to
strong stabilisation of (n— 1) plants leads to explicit
conditions for existence of simultaneously stabilising
controllers for n=2: two plants are simultaneously
stabilisable if and only if a related system is strongly
stabilisable, i.e. can be stabilised using a stable
controller. Strong stabilisability of this single system
can in turn be checked via the parity interlacing

property (PIP) of the positive real poles and (blocking)
zeros (Youla, Bongiorno, and Lu 1974; Vidyasagar
1985; Blondel 1994). Unlike the case of two plants,
there are no necessary and sufficient conditions
available for simultaneous stabilisability of three or
more plants (Blondel, Campion, and Gevers 1993;
Blondel 1994; Blondel, Gevers, Mortini, and Rupp
1994). An algorithm for simultaneous stabilisation of
four scalar plants in groups is given in Jia and
Ackermann (2001). Closed-loop performance issues
in addition to simultaneous stabilisation have also been
explored to a lesser extent, e.g. Sourlas and
Manousiouthakis (1999).

The problem considered here is the simultaneous
stabilisation of a finite class of linear, time-invariant
(LTI) multi-input multi-output (MIMO; unstable or
stable) plants using linear time-invariant output-feed-
back controllers. Since it is not always possible to
stabilise two or more plants with a common LTI
controller, alternative strategies such as time-varying
or sampled-data controllers have been developed to
overcome the limitations (see e.g. Kabamba and Yang
(1991) and Miller and Kennedy (2002)). This work
deals with the problem using time-invariant control-
lers. Recognising the fact that explicit existence
conditions for the general case of three or more
arbitrary plants are not possible to obtain (Blondel
1994), the goal of this work is to identify some
important classes of practically relevant plants such
that simultaneous stabilisation is achievable. An
additional objective is to design the common stabiliser
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as a low-order LTI controller with integral-action,
which provides asymptotic tracking of constant
reference inputs.

Simultaneous stabilisation is challenging even with-
out the order constraint on the controller. The
question we attempt to answer here is the following:
can we identify any classes of plants that can be
simultaneously stabilised using up to second-order
controllers such as proper Proportional + Derivative
(PD) controllers or proper Proportional + Integral +
Derivative (PID) controllers? In order to avoid
confusion regarding the use of the ‘derivative’ term,
we define the form of the controller considered
throughout this article as the (realisable) PID form
given in (1),

K Kps
Cpip = Kp + L+ =22
K s+ 1

()

where (the matrices) Kp, K; Kp are called the
proportional constant, the integral constant, and the
derivative constant, respectively Goodwin, Graebe,
and Salgado 2001. A (fast) pole is included in the
denominator of the derivative term (with 7>0) so that
the transfer-function Cpyp in (1) is proper. Any
controller designed with poles at s=0, duplicating
the dynamic structure of the exogenous signals that the
regulator has to process, obeys the well-known internal
model principle (Francis and Wonham 1975). So if the
integral term is non-zero, the PID controller has
integral-action and hence, a system stabilised by
using a PID controller achieves asymptotic tracking
of step-input references with zero steady-state error.
Equivalently, constant output disturbances are rejected
asymptotically due to the integral term in the PID
controller. Restricting the controller order to be one or
two by using PD/PID controllers makes the problem
clearly more difficult than simultaneous stabilisation
without the order constraint. The use of PD controllers
(or proportional controllers when also K =0) further
implies that the problem becomes strong simultaneous
stabilisation using a (stable) controller whose order is
restricted to be at most one.

Although PID controllers are widely used and
preferred due to their simplicity, they can stabilise only
certain plants. A basic necessary (but not sufficient)
condition for PID stabilisability is strong stabilisability
(Giindes and Ozgiiler 2007). While several rigorous
PID design methods exist mostly for single-input
single-output (SISO) systems or using numerical
methods (see e.g. Astrom and Hagglund (1995),
Silva, Datta, and Bhattacharyya (2002) and Lin,
Wang, and Lee (2004)), simultaneous stabilisation
while achieving asymptotic tracking or PID designs
that achieve simultaneous closed-loop stability of
MIMO systems have not been explored extensively.

A simultancous PID controller synthesis for stable
plants was presented in Giindes (2008). Since strong
stabilisability is necessary for the plant classes we aim
to simultaneously PID stabilise, we expect that there
will be certain restrictions on the positive real-axis
zeros and poles due to the PIP. On the other hand,
satisfying the PIP is not even sufficient. For example,
the simple SISO plant G = —— is not PID stabilisable

“=p)'
for any non-negative p afthough G is strongly
stabilisable for all p. Although a second-order con-
troller cannot be found, there exist third-order
controller (with integral-action) that stabilises G.
Since the goal is to identify plants that can be
simultanecously stabilised using controllers up to
second-order, we are imposing constraints on the
transmission-zeros in the extended right-half complex
plane (RHP), and we are limiting the number of zeros
at infinity. There are no limitations on the open
left-half plane (OLHP) zeros and the poles may also be
anywhere in the complex plane.

Three classes of plants are shown to be simulta-
neously PID stabilisable; another class is simulta-
neously PD stabilisable. The first is the class of plants
that have no extended RHP zeros, which is strongly
simultaneously stabilisable using PD controllers and
also simultaneously stabilisable using PID controllers.
The second class has any number of plants all with one
zero at infinity (i.e. relative degree one in the SISO
case) but no other RHP zeros; this class is strongly
simultaneously stabilisable using PD controllers and
under a sufficient condition, also simultancously
stabilisable using PID controllers. The third class
allows the plants to have two zeros at infinity
(i.e. relative degree two in the SISO case) but no
other RHP zeros; this class is simultancously stabili-
sable using PID controllers under a sufficient condi-
tion, but the methods used here cannot determine if
such plants are simultaneously PD stabilisable in the
general case. The fourth class includes plants with one
positive real-axis zero, which may be at the origin. We
also consider unions of these classes and determine
simultanecous PD/PID stabilisability of a finite set that
combines plants from some of these classes. In all cases
considered, there are no restrictions on the number or
location of the plant poles anywhere in the complex
plane; the sets to be simultaneously stabilised may
include any finite number of stable and unstable
plants. The zeros of these plants in the OLHP are
similarly unrestricted. In Propositions 1, 2, 3, 4, we
develop systematic methods of simultaneous PD/PID
synthesis for each of these plant classes. The synthesis
approach does not depend on numerical algorithms
and is not restricted to three or four plants; any
number of plants within the specified classes are
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simultaneously PD/PID stabilised. The PD/PID con-
trollers proposed here provide robust simultaneous
stabilisation of any finite number of plants in the plant
classes under consideration.

Although we discuss continuous-time systems here,
all results also apply to discrete-time systems with
appropriate modifications.

The following notation is used: U denotes the
extended closed right-half plane, ie. U={seC|
Re(s) >0} U{oo}; R, R, denote real and positive real
numbers; R, denotes real proper rational functions of
5; S C R, is the stable subset with no poles in U; M(S)
is the set of matrices with entries in S; M € M(S) is
called unimodular if M~'e M(S); I, is the mxm
identity matrix; we use I when the dimension is
unambiguous. The H,,-norm of M(s)e M(S) is
denoted by |[M(s)| (i.e. the norm ||| is defined as
|M]| := sup,cq, 0(M(s)), where o is the maximum
singular value and dlf is the boundary of U). For
simplicity, we drop (s) in transfer matrices such as G(s)
where this causes no confusion. We use coprime
factorisations over S; i.e. for GeRy™", CeRy™,
G =Y 'X denotes a left-coprime-factorisation (LCF),
C=ND"' denotes a right-coprime-factorisation
(RCF), where X,Y,N,DeS"™  detY(c0)#0,
det D(c0)#£0. Let rank G(s)=r<m; then zell is a
transmission-zero of G if rank X(z)<r and it is a
blocking-zero of G if X(z)=0. We refer to poles and
zeros in the region of instability ¢/ as U-poles and
U-zeros.

2. Problem description

Consider the standard LTI, MIMO unity-feedback
system Sys(G, C) shown in Figure 1, where G € Ry,
and Ce Ry denote the plant’s and the controller’s
transfer-functions, and it is assumed that the feedback
system is well-posed, G and C have no unstable hidden-
modes, and rank G(s) =m. The objective is to design a
single stabilising controller C that achieves asymptotic
tracking of step-input references with zero steady-state
error for a finite class of plants simultaneously.

Let G=Y 'X be an LCF and C=ND"" be an
RCF, where Y,X,D,NeS"" detY(c0)#0, det
D(00)#0. Then C stabilises G € M(S) if and only if

M:=YD+XN ©)

v
r e w y
(]

Figure 1. Unity-feedback system Sys(G, C).

is unimodular (Vidyasagar 1985; Giindes and Desoer
1990). Let the (input-error) transfer-function from r to
e be denoted by H,, and let the (input—output) transfer-
function from r to y be denoted by H,,; then

H,=({I+GO) ' =1—-GCUI+GC)™!
=I1—GH, =1—H,,. 3)

Definition 1:

(1) The system Sys(G, C) is said to be stable if the
closed-loop transfer-function from (r,v) to
(y,w) is stable.

(i) The stable system Sys(G, C) is said to have
integral-action if H,. has blocking-zeros at
s=0.

(iii) The controller C is said to be an integral-
action controller if C stabilises G and the
denominator D of any RCF C=ND""' has
blocking-zeros at s =0, i.e. D(0)=0.

Suppose that Sys(G, C) is stable and that step input
references are applied to the system. Then the steady-
state error e(f) due to all step input vectors at r(f) goes
to zero as t — oo if and only if H,,(0) =0. Therefore, by
Definition 1, the stable system Sys(G,C) achieves
asymptotic tracking of constant reference inputs with
zero steady-state error if and only if it has integral-
action. Write H,,=(+GC) '=DM™'Y. Then by
Definition 1, Sys(G,C) has integral-action if
C=ND"' is an integral-action controller since
D(0) =0 implies that H,,(0)=(DM 'Y )(0)=0.

The simplest integral-action controllers are in PID
form (with Kp=0 for first-order and Kp#0 for
second-order controllers). Here we only consider the
proper PID controller form given in (1), where a pole is
typically included in the derivative term due to
implementation issues so that Cpip in (1) is proper.
The only U-pole of the PID controller in (1) is at zero.
The constants Kp, Kp, K; may be negative; in the scalar
case, this would imply that the zeros of Cpip may be in
the unstable region U. The integral-action in the PID
controller is present when K;#0. Subsets of the PID
controller in (1) are obtained as Cp;, Cpp, Cip, C;, Cp,
Cp, by setting one or two of the three constants Kp, K,
Kp equal to zero.

3. Simultaneous controller synthesis

We now explore the problem of simultaneous PD/PID
stabilisation for finite sets of plants. The plant classes
we consider have restrictions on their U-zeros. The
poles are completely unrestricted, and there are no
restrictions on the OLHP zeros. The sets of systems
to be simultaneously stabilised include stable and
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unstable plants. Four specific plant classes are inves-
tigated in the next four sections.

3.1 Simultaneous controller synthesis for plants with
no U-zeros

Consider a finite set G" of plants that have no U-zeros.
The plants in this set have no zeros in the extended
right-half complex plane ¢/ including infinity; in the
SISO case, this implies that the relative degree is zero
for these plants. There is an arbitrary number of plants
in this finite class and they may have poles anywhere in
C. These plants may have (transmission and blocking)
zeros anywhere in C\ Y. There may be any number of
stable as well as unstable plants in the set under
consideration.

The plants in G" are strongly simultaneously
stabilisable using PD controllers and they are also
simultaneously PID stabilisable as shown in
Proposition 1, which presents a systematic simulta-
neously stabilising PD and PID controller synthesis
procedure for this plant class.

Proposition 1 (PD/PID synthesis for simultaneous
stabilisation of G,e€G"): Let G be a finite set of
plants with no U-zeros. Simultaneously stabilising PD
controllers and PID controllers exist for all plants
G €G", and can be designed as follows: Choose any
KpeR™™, 1eR,. Choose any non-singular
Kp € R™™  Choose any geR_. Define O e M(S)
and o, € Ry as in (4):

_ § o
O = <le +‘L’S—+1KD> Kpl’

4)

o, = max |[|Og].
Gregm

For any a>«, the PD controller Cpp given by (5)
and the PID controller Cp;p given by (6) both
simultaneously stabilise all plants G, € G":

- s
Cpp =aKp+—K,
PD = P+_CS+1 D> %)

Cpip = Crp +1K1 = aKp +LKD ~|—O{—g13p.
s s+ 1 s

(6)
Remarks: In Proposition 1, the choice of geR, is
completely arbitrary in the integral constant Kj:=
agKp . This is interesting because (6) implies that any
integral term can be added to a stabilising PD
controller to make it into a stabilising PID controller
as long as the sign of K; remains the same as that of the
proportional constant Kp := aKp.

In the PD controller (5) and the PID controller (6)
of Proposition 1, the choice of the derivative constant

matrix Kp is completely free. For Kp=0, (5) is a P
controller and (6) is a PI controller.

A major advantage of the simultaneous PD/PID
controller synthesis method in Proposition 1 is that if
additional plants join the original set G", then the
design does not need to start over. Instead, only the
scalar o has to be adjusted as needed in (5) and (6) by
calculating ||®,]| for the newly added plants. Another
implication is that the controllers Cpp and Cpip
stabilise any number of other plants that have no
U-zeros and whose ||©] is less than the o chosen to
simultaneously stabilise the original plant set.
Similarly, plants can be deleted from the set to be
simultaneously stabilised without any need to modify
the controller; if desired, a smaller « value can be
selected if «,, = ||®,|| of a deleted plant G,

Example 1: Consider the set G" = {G, G», G3, G4,Gs}
of non-strictly-proper (relative-degree zero) SISO
plants given in (7):

_ =D+ 0)f

G . k=1,2,3.4,
g (s —3)F 7
e —0.1(s> + 8s +25)
ST =25 -95)

Following Proposition 1 to design PD/PID controllers
for G", choose Kp=5, 1=0.05, K, =20 completely
arbitrarily. By  (4), @, = maxizy,s{1O]} =
max{4,6,4,6,4.995} = 6; we choose a«=8>«,. Then
the PD controller
A Kps Ss
Crp=aK,+—— =160 + ——— 8
PD =Rt Toost1 @
as in (5) strongly simultaneously stabilises the plants in
G". We add an integral term to this PD controller by
choosing any g € R, ; for example, if g=2, then

og - 5s 320
Cpp =C —K,=1600+ ———+—. (9
PID pD + v +0.05s+1+ B ©)

The design offers flexibility in the various free
parameter choices. With the current parameter choices,
the closed-loop poles of Sys(G;, Cpip) are {—1.848,
8.951+,2.543}, of Sys(G,, Cpip) are {—13.91, —1.81,
—4.494;3.52}, of Sys(Gz, Cpip) are {—1.784,
—3.074£,2.718, —12.659 £ 5.616}, of Sys (G4, Cpip)
are  {—16,—1.76,—6.31 +;7.44, —-2.53 £;2.16}, of
Sys(Gs, Cpip) are {—8.49, —6.87, —3.26 £;0.59}, which
all have reasonable damping.

Now append the plants G, for k=6,7,8 given
in (10) to the set G"°, where

(s 5)(s+2z)’
(24 16)(s—10)° (10)
zr=1, fork=6; 0.5fork=7; 0.4for k=S8.

G
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We compute [|®¢]|=5.05, ||©,]|=6.40, ||©g]=10.0.
Since ||®gll, [|®7]| are both less than «o=8, the
controllers Cpp and Cpip in (8), (9) stabilise G, and
G5 simultaneously with the original set of five plants.
In order to simultaneously stabilise the entire set
including Gg, we need o> 10. For example, choosing
a =16, the controllers 2Cpp, and 2Cpp simultaneously
stabilise all eight plants.

3.2 Simultaneous controller synthesis for plants with
one zero at infinity

Consider a finite set G'*° of plants that all have exactly
one blocking-zero at infinity and no other (transmis-
sion and blocking) U-zeros. There is an arbitrary
number of plants in this set and they may have poles
anywhere in C. These plants may have (transmission
and blocking) zeros anywhere in C\U. There may be
any number of stable as well as unstable plants in the
set under consideration. In the SISO case, the relative
degree is one for these plants. More specifically, what is
meant by one blocking-zero at infinity for the MIMO
case is that the plants G;€ G'™ are expressed as

—1
=y 'L [y ap
"s+a s+a ! s+a

where G; = Y;' Xis an LCF, with X = - I for each G,
and Y; = - G; ! is stable for any a € R,

Each individual plant G; as described in (11) is PD
and PID stabilisable (Giindes and Ozgiiler 2007).
However, existence of a single integral-action con-
troller that simultaneously stabilises all plants G; € G'™

requires additional conditions. For G; e G'™, let
Yi(00) ™' = [(s + @) Gi() Il - (12)

Designate an arbitrary plant G, = Y, 'X € G'™ as the
nominal plant, with Y,(00) ™" =[(s + @)Go(5)]ls co. It is
shown in Proposition 2 that the plants in G'™ are
strongly simultaneously stabilisable using PD control-
lers and they are also simultaneously PID stabilisable if
all eigenvalues of W, are real and positive for all
G,;€G'"™, where W;eR™ "™ is given by

Wi = Yi(00) Y,(00) ' = (G;'G,)(o0).  (13)

Furthermore, the finite set G'*°UG"™ consisting of
plants with one blocking-zero at infinity as in (11) and
plants with no U-zeros is also strongly simultaneously
stabilisable using PD controllers and is also simulta-
neously PID stabilisable under the same assumptions
for G;€ G'™ (no additional conditions are required for
the plants G, e€G"). Proposition 2(i) presents a
systematic simultaneously stabilising PD and PID
controller synthesis procedure for the plant class G'™

and Proposition 2(ii) extends the procedure to the
combined class G'*UG".

Proposition 2 (PD/PID synthesis for simultaneous
stabilisation of G'* and of G'*UG"™):

(i) Let G'™ be a finite set of plants as in (11). Let
G,eG'™ be an arbitrary member designated as the
nominal plant. With Y{oo) as in (12) and W; as in (13),
suppose that all eigenvalues of W; are real and positive
for all G;eG'"™. Under these assumptions, simulta-
neously stabilising PD controllers and PID controllers
exist for all plants G;€ G, and can be designed as
follows: Choose any KpeR"™™ " 1eR,. Choose any
geR,. Define ®,€ M(S) and B, € R as in (14); define
W, e M(S) and ps. € R, as in (15):

@ = (G +—Kp ) Yo(00) — s,
TS+1 (14)
Boo = max ||,
G,‘ng
S S
v = Gi'+———Kp | Yo(c0)™" —sW,
s—i—g(’ +‘L’S+1 D) (c0) s
Poo i= max [[Wi. (15)

GieG

For any B> B, the PD controller Cpp given by (16)
simultaneously stabilises all plants G; € G'*:

s
Cpp =BY. ——Kp.

pp = B O(OO)+1s+1 D (16)

For any p> poo, the PID controller Cpyp given by (17)

simultaneously stabilises all plants G;e G'*°:

Crip = pY,(00) + ——Kp + 2 ¥,(00).  (17)
s+ 1 S

(i) Let G'* be a finite set of plants as in (11). Let
G" be a finite set of plants that have no U-zeros as in
Proposition 1. Under the assumptions and definitions of
part (1) above, simultaneously stabilising PD controllers
and PID controllers exist for all plants G;,
G€G'™UG"™, and can be designed as follows: Let
G,€G'"™ and Y, be as in part (i) above. Choose any
KpeR™" teR,. Choose any geR,. Define
®;e M(S), B €Ry, Wie M(S) and pc€Ry, as in
(14), (15). Let Kp = Y,(00) in the definition (4) of
O e M(S) and a,, € R, and for G € G"°, define p,, € R,
as in (18):

S s S
O = Gl + K)Y(,ool,
s+g k s+g< k 1P (c0) (18)
S
= Okl
Pn gle%x s+ g k

For any B>max{B., @,}, the PD controller Cpp
given by (16) simultaneously stabilises all plants
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G, GLeG'™UG™. For any p>max{pwo, pu}, the PID
controller Cpip given by (17) simultancously stabilises
all plants G;, G, € G'>UG".

In the PD controller (16) and the PID controller
(17) of Proposition 2, the choice of the derivative
constant matrix Kp is completely free. For K, =0, (16)
is a P controller and (17) is a PI controller.

In Example 2, we apply the systematic design
procedure of Proposition 2(i) to a set of three SISO
plants each with one zero at infinity. We then combine
this class with the plant set considered in Example 1
and follow Proposition 2(ii) to design PD and PID
controllers stabilising all eight plants.

Example 2:

(i) Consider the set G'™ = {G}, G», G5} of strictly-
proper (relative-degree one) plants:

1 01 +3)
T2065-3) 7 (5—-2)(s—5)
B s+ 10
©25(s2 + 65+ 18)°

G

(19)
G;

The plant G5 is stable and the others are unstable.
Since Y(0c0)=20, Y,(c0)=10, Y3(c0)=25 are all
positive, W;= Yi(o0)Y,(c0) >0 for any of these
plants that might be designated as the nominal plant.
Let G,=G,; then W, =1, W,=0.5, W5=1.25. Since
these choices are completely arbitrary, let’s choose
Kp=5, 1©=0.05 By (14), Bo=max{d, O,,
@3} =max{3,3.5261,2.25} =3.5261; we choose S=

5> fBoo. Then the PD controller Cpp = 100 + 552

as in (16) simultaneously stabilises the plants in G'™.
We design a PID controller for the plants in G'™ by
choosing any geR,. For example, if g=4,
Poo =max{W;, W,, W3} =max{5.8722, 93, 90} =93 by
(15); we choose p=100> p.. Then the PID controller

Cpip = 2000 + 527 4+ %% as in (17) simultaneously

stabilises the plants in G'*. The closed-loop poles
of Sys(Gy,Cpip) are {—99.23,—-18.38,—4.39}, of
Sys(G,, Cpip) are {—196.86, —18.53, —4.96, —2.65}, of
Sys(Gs, Cpip) are {—76.35,—17.83, —11.85, —=3.97}.

(ii) Append the set G" of five plants as in (10) of
Example 1 to the set G'™ of the three strictly-proper
plants in part (i) of this example, and design PD/PID
controllers for the set G'uUg™ following
Proposition 2(ii). Since our choice of Kp =20 in
Example 1 is in fact the same as 12}, = Y,(c0) here,
the value of «,, = 6 is the same as computed in Example
1. But the choice of =35 is no longer valid for the set
G'*°Ug" since B>max{Boo, @, =max{3.5261, 6}; we
choose B=8. Then the PD controller Cpp =
160 + 552 as in (16) strongly simultaneously stabi-
lises the plants in gl>eugr. Continuing on to a PID

design with the choice of g =4, we see that the choice
of p=100 is still valid since ||Sjg Okl < ||$ Okl =
1©kll, and hence, p, <«,. With the previous choice of
p=100>max{p,, p,} =93, the same PID controller
Crip = 2000+ 5527+ 2% as in (17) simultaneously
stabilises the plants in G"° U G'*. The closed-loop poles
of Sys(G;, Cpip) for G;€G'™ in (19) are the same as
above since p has not changed. The closed-loop poles

of Sys(Gy, Cpip) for the five plants G € G" in (7) are

{—18.78,—6.27,—3.92},

{—18.84,—3.72, —6.05 +;1.48},
{—18.73,—-9.28, —3.46, —4.84 +;2.05},
{—18.92,—3.22, —8.18 +;3.65, —4 £ 2},
{—18.79,—4.19, —3.98 £,2.91}, respectively.

In Example 3, we have a class of 2 x 2 strictly-
proper MIMO plants with no transmission-zeros at
s=0. These plants represent linearised models of an
unstable batch reactor with different sensor settings,
each resulting in a different output matrix. This model
was considered as an example of an unstable plant also
in e.g. Munro (1972), Rosenbrock (1974), Green and
Limebeer (1995) and Tabbara, Nesi¢, and Teel (2007)
only for the case of f;=1, where the goal was not
simultaneous stabilisation.

Example 3: A two-input two-output linearised pro-
cess model of an unstable batch reactor is given by the
state-space representation in (20):

1.38 —0.2077 6.715 —5.676
—0.5814 —4.29 0 0.675

1.067 4273  —6.654 5.893

0.048 4.273 1.343  -2.104

0 0
5679 0
1136 —3.146 |
1136 0
L0 fi —fi
_ , 20
4 [0 10 o}x (20)

Consider the class of three MIMO strictly-proper
plants G'*={G; : fi=1,2, 3}. The transfer-matrix is
obtained as a function of f;

1 |:g11 +fihu g +fihlZ]

G =—
td 821 822

where

d=s*+11.6680s> + 15.7538s> — 88.291 Ls + 5.5406,
211 =0.0008s> +29.22565 + 233.6673,

212 =— (21.12545% + 111.0942s + 26.2766),

221 = 5.6790s> + 42.66655> — 68.8304s — 106.8024,
22> =9.4304s+ 15.1503, hy; =0.00085 +29.7745,
iy =—3.1460 s* — 11.5490s° + 21.2688s — 5.5279.
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The poles of G; are {1.9910, 0.0635, —5.0566, —8.6659}.
With Yj(oo) =[* 1/3.146/; 1/5. 679] the sufficient condition
on W;in (13) for Proposition 2(i) is satisfied since f;>0
for all G;eG'™. Choosing G,=G, corresponding to

fi=1 ~as the nominal plant, we have

Y,(00)" = [05.679 _3'“(1)6] and  Wi= [01 1(/)f,-]' We
choose Kp=0 and compute

Boo = max || ;]| = max{13.9450,20.2716,32.1792}.

Choosing B= 46>ﬂoo, the proportional controller

Cp=BYo(00)=[" 1,7 ©'0] as in (16) strongly
simultaneously stabilises the plants in G'*. For a PI
controller, we choose  g=2. Then by
(15), Poo = Max;—123 || W;]| = max{5.0585,6.7951,
8.7595}. Choosing p=46>p,, the PI controller
Cpr=(1+5pY,(00) =(1+2C, as in (17) simulta-
neously stabilises the plants in g1°° Other values for
the various parameters can be chosen based on
additional performance specifications to be satisfied
in addition to closed-loop stability and asymptotic
tracking of constant reference inputs.

3.3 Simultaneous controller synthesis for plants with
two zeros at infinity

Consider a finite set G°*° of plants that all have exactly
two blocking-zeros at infinity and no other (transmis-
sion and blocking) U-zeros. There is an arbitrary
number of plants in this set and they may have poles
anywhere in C. These plants may have (transmission
and blocking) zeros anywhere in C\U. There may be
any number of stable as well as unstable plants in the
set under consideration. In the SISO case, the relative
degree is two for these plants. More specifically, what
is meant by two blocking-zeros at infinity for the
MIMO case is that the plants G; e G>* are expressed as

-1
Gi=1" (s-l—la)zlz |:(s-|—1a)2 Gi_l} |:(s-|—1a)2 I]’
1)

where G; = Y7 lXls an LCF, with X = —— +) > I for each
G,and Y, = (+ - is stable for any a e R,.

Each individual plant G; as described in (21) is PD
and PID stabilisable (Giindes and Ozgiiler 2007).
However, existence of a single integral-action con-
troller that simultaneously stabilises all plants G; € G**

requires additional conditions. For G; € G>>, let
Yi(00)™! =[(s + a)> Gi(5) Il c0- (22)

Designate an arbitrary plant G, = Y, !X € G*® as the
nominal plant, with Y,(c0) ™' =[(s+ @)*G,(5)]lsmee. It
is shown in Proposition 3 that the plants in G** are

simultaneously PID stabilisable if all Y(co) are equal
for all G;e G, i.e.

Wi = Yi(00) Yo(00) ™' =(G;'Go)(o0) =1 (23)
Furthermore, the finite set G**°UG"™ consisting of
plants with two blocking-zeros at infinity as in (21) and
plants with no U-zeros is also strongly simultaneously
stabilisable using PID controllers under the same
assumptions for G;€G** (no additional conditions
are required for the plants G, € G"°). Proposition 3(i)
presents a systematic simultaneously stabilising PID
controller synthesis procedure for the plant class G*>
and Proposition 3(ii) extends the procedure to the
combined class G**°UG"™.

Proposition 3 (PID synthesis for simultaneous stabili-
sation of G** and of G U g"):

() Let G*° be a finite set of plants as in (21). Let
G, G be an arbitrary member designated as the
nominal plant. With Y{oo) as in (22), let W;=1 as in
(23) for all G;e G*°. Under these assumptions, simulta-
neously stabilising PID controllers exist for all plants
G, € G*°, and can be designed as follows:
Choose any zi,z,€R. Define T;e M(S) and
Uoo €R, as in (24):

S
T+ Zz)
Moo :=2 max [Tl
GeG™>

,1 Y (00)7
(24)

For any > [Lso, the PID controller Cpip given by (25)
simultaneously stabilises all plants G;e G*°:

12 (s 4+ 21)(s + 22)
s(s+2w)

Cpip = Y,(00). (25)

(i) Let G** be a finite set of plants as in (21). Let
G" be a finite set of plants that have no U-zeros as in
Proposition 1. Under the assumptions and definitions of
part (1) above, simultaneously stabilising PID controllers
exist for all plants G;GreG**UG"™, and can be
designed as follows: Let G, € G*>° and Y, be as in part
(1) above. Without loss of generality, suppose that zy =
max{zy, z2}. Define I'; € M(S), oo € R, as in (24). For
Gr€G", define O, € M(S), u, R, as in (26):

2
Gk Y, (OO) My = — max ”@k”

Ok =
s+ 2z Z1 GreG"

(26)

For any p>max{0.5z, oo, n}, the PID controller
Cpip given by (25) simultaneously stabilises all plants
G, GreG>uUgr.
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Example 4: Consider the class of seven MIMO
strictly-proper plants G**° ={G,, i=1,...,7}:

—(s—4) s(s+59)

G — d,‘ (S — 1)dl
: —10 —(s+5) |’ 27)
d; d;

di=@G—pls—a)y+b), i=1,...,7,

where p1=5, a;=1, by=2; p»=6, a,=2, b,=3;
p3=06, az=—2, b3=3; py=—06, ag=—2, by=3;
ps=1,as=3, bs=4; ps=7, ag=—3, be=4; p;=—7,
a;=3, b;=4. All of these plants are unstable with
poles at {1, p;, a; £ jb;}, with G4 having only one U-pole
at s=1. Any number of other choices for the poles at
pi»a;xjb; can be considered for a larger plant set.
These plants are in the form of (21), where, for any
aclR,,

y! 1
" (sta)

4 —(s—1) —s -
= 0 14 5| 10(s=1) —(s—=1)(s—4)
S+Ds+4(s+a) G+5) G+9)
X ;2]
(s+a)
With Yi(c0) = [’Ol _’11] for all i=1,...,7, the suffi-
cient condition for Proposition 3 is satisfied since all
W;=1. Choosing z; =0, z, =9 completely arbitrarily,
from (24) we compute

Gi= 1

(28)

,,,,,

= max{32.5723,35.5196,27.6902, 16.3810,
38.4762,26.720,24.7885}
= 38.4762.

Choosing = 100> 2., we obtain the PID controller
as in (25):

~100(s + 6)(s +9) [—1 —1]‘ 29)

C =
PID 5 (s + 200) 0 -1

3.4 Simultaneous controller synthesis for plants with
one non-negative zero

Consider a finite set G° of plants that all have exactly
one blocking-zero at s=ze€{R, U0} and no other
(transmission and blocking) U-zeros. There is an
arbitrary number of plants in this set and they may
have poles anywhere in C. These plants may have
(transmission and blocking) zeros anywhere in C\ U.
There may be any number of stable as well as unstable
plants in the set under consideration. In the SISO case,

the relative degree is zero for these plants since they
have no zeros at infinity. More specifically, what is
meant by one blocking-zero at s=z for the MIMO
case is that the plants G; € G° are expressed as

, (=2

Gi=Y 'l ——
"a(s—2)+1

[ =2 1T 6-2
_I:a(s—z)—i-lGi:I |:a(s—z)+11:|’ G0

where G; = Y;'X is an LCF, with X = a(g:jlll for

each G;, and Y; = U= G- is stable for any a € R,

a(s—z)+1 i

a<z ' If z=0, then (30) becomes

O 1—[(S_Z)G—1}I[L1} 31)
! as + 1

as+1  |as+1 1
where G; = Yi_lX is an LCF, with X = g for each
G, and Y; :assﬁG;l is stable for any a€R,. Each

individual plant G; as described in (30) or (31) is PD
stabilisable under certain sufficient conditions on the
location of the zero at s=z>0. Existence of a single
PD controller that simultancously stabilises all plants
G; € G° requires additional conditions. For G, € G°, let

rer =[5 00|

(s—2)
If z=0, then (32) becomes Y;(0)"' = [ Gis)]l,0-
Designate an arbitrary plant G, = Y;'X € G° as the
nominal plant, with Y,(2)”" =[5 G,(s)]|,.. Define
Zi e Rmxm as

(32)

S=z

Zi:=Y(2) Yo(2)' = (G G,)(2). (33)

It is shown in Proposition 4 that the plants in G° are
strongly simultaneously stabilisable using PD control-
lers if Z;=1 when z>0, and the plants in G° are
strongly simultaneously stabilisable using PD control-
lers if all eigenvalues of Z; are real and positive when
z=0, for all G; € G°. Furthermore, the finite set G°U G"’
consisting of plants with one blocking-zero at s==z as
in (30) and plants with no U-zeros is also strongly
simultaneously stabilisable using PD controllers under
the same assumptions for G;€G". Proposition 4(i)
presents a systematic simultaneously stabilising PD
controller synthesis procedure for the plant class G
and Proposition 4(ii) extends the procedure to the
combined class G"U G".

Proposition 4 (PD synthesis for simultaneous stabilisa-
tion of G° and of GGUG"™): Let G° be a finite set of
plants as in (30). Let G,€ G be an arbitrary member
designated as the nominal plant. Let Y{z) be as in (32)
and Z; be as in (33).

(1) (a) If z>0, suppose that Z;=1 for all G;€ G".
Under these assumptions, simultaneously stabilising PD
controllers exist for all plants G;€ G, and can be
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designed as follows: choose any KpeR"™™ " teR,.
Define A;e M(S) and ¢. € R, as in (34):

A= L [(s=2)G ' Y,(2) ' = 1]
(s—2)
s —1
TR Yol 9

: -1
.= min || A,
¢ = min | A/

I
%

z< 5 (35

then for any ¢ e R, 9 <(¢.—z), the PD controller Cpp

given by (36) simultaneously stabilises all plants G; € G*:

1 s
Cpp=—-—1Y, —Kp. 36
=T (Z)+TS+1 D (36)
(b) If z=0, suppose that all eigenvalues of Z; are
real and positive for all G;€ G*. Under these assump-
tions, simultaneously stabilising PD controllers exist for
all plants G; € G*, and can be designed as follows: Choose
any Kp e R™" teR,. Define A; € M(S) and ¢, € R,
as in (37):
1
A =[G Y, () = Zi+——Kp Yo (2) ",
s s+ 1
;= min [|AY] 37
po == min A/, (37)

i

For any 9 e R, ¢ <@y, the PD controller Cpp given by
(38) simultaneously stabilises all plants G;€ G

B

s
s+ 1

1
Cpp = ” Y,(0) + Kp. (38)

(ii) Let G° be a finite set of plants as in (30). Let G
be a finite set of plants that have no U-zeros as in
Proposition 1. Under the assumptions and definitions of
part (1) above, simultaneously stabilising PD controllers
exist for all plants G;, G, € G°UG", and can be designed
as follows: Let G,€ G and Y, be as in part (i) above.
Choose any KpeR™"" teR,. If z>0, define
AN, e M(S) and ¢.eR, as in (34); if z=0, define
AY € M(S)} and gy € R, as in (37). For G, € G", let ©
and o be defined as

O:= (G,;‘ TR KD> Yo(z) ™",
s + 1 (39)
«, ;= min || O
erglm
If z satisfies (35) and
z <o, (40)

then for any 9eR,, ¢p<min{g,—z, a.—z}, the PD
controller Cpp given by (36) simultaneously stabilises all

plants G, G, e GUG™. If z=0, then for any peR_,
p<min{gg,a.}, the PD controller Cpp given by (38)
simultaneously stabilises all plants G;, G, € GZUG"™.

In the PD controller (36) for z>1, and the PD
controller (38) for z=0, the choice of the derivative
constant matrix Kp is completely free. For Kp =0, (36)
and (38) are proportional controllers.

Remarks (Robustness of the simultaneously stabilising
PD/PID controllers): It follows from standard
robustness arguments that the simultaneously stabilis-
ing PD and PID controllers in Propositions 1 and 2,
the simultaneously stabilising PID controller in
Propositions 3, and the PD controller in Propositions
4 all achieve robust simultancous stability under
‘sufficiently small’ plant uncertainty for the plant
classes considered in those propositions. Let
AeS"™" be a stable additive perturbation. For the
plant class G", the PD controller Cpp in (5) and the
PID controller Cpip in (6) of Proposition 1 simulta-
neously stabilise all G, € G". The PD controller Cpp
and the PID controller Cpip also robustly simulta-
neously stabilise the additively perturbed plants
G+ Ay for all A, eS" such that

1ALl < Il Con( + GiCpp) " 171,

1 -1 (41)
1ALl < | Cpip(I 4+ Gk Cpip) ™ I,
respectively. For multiplicative perturbations, the PD
controller Cpp and the PID controller Cpip robustly
simultaneously stabilise the plants G(I+ Az) under all
pre-multiplicative perturbations A, € S">" such that

ALl < ICppGr(I + ConGr) 17,

g (42

Il Acll < ICripGi(I + CoinGr) ™ 11,
respectively. Similarly, the PD controller Cpp and the
PID controller Cpip robustly simultaneously stabilise
the plants (/4 A;)G, under all post-multiplicative
perturbations A, € S”*” such that

Akl < IGxCpp(I + GrCpp) |17,

1y (43)
Al < 1GkCrin(Z + Gk Cpip) 17,
respectively. Some of the free parameter choices in the
proposed controller synthesis method may be used to
maximise the allowable perturbation magnitudes in
(41), (42) or (43). For example, to maximise ||A;| in
(41), the choice of the parameters I%,,, Kp should then
be formulated into an H,, problem to minimise the
norms || Cpp(I+ GxCpp) ' Il |Coin(I + GxCrip) .

Entirely similar robust stability conclusions apply
to the plant class G'*. The PD controller Cpp in (16)
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and the PID controller Cpip in (17) of Proposition 2,
which simultaneously stabilise all G;eG'™, also
robustly simultaneously stabilise the additively per-
turbed plants G;+ A, for all A;e S"" such that ||A,]| <
ICeo( + GiCep) ™ 7", 1Al < I Con(I + GiCrin) 1l
respectively. For multiplicative perturbations, the PD
controller Cpp and the PID controller Cprp robustly
simultaneously stabilise the plants G,(/+ A;) under all
pre-multiplicative perturbations A;€S™*" such that
IANI<ICppGAI+ CenG) ' II7Y, AN <1 CoinGAl +
CoinG) 7L respectively. Similarly, the PD control-
ler Cpp and the PID controller Cpjp robustly
simultaneously stabilise the plants (/4 A;)G; under all
post-multiplicative perturbations A;€S”>" such that
IANI<1GCop(I+GCrp) ' II7", AN <11GiCrin(I +
G,Cpp) 1L, respectively.

For the plant class G**°, Proposition 3 proposes
simultaneously stabilising PID controllers Cpyp in (25),
which robustly simultaneously stabilise the additively
perturbed plants G;+A; for all A;eS"" such that
1Al < | Cpin(I + GiCpip) "I ~!. They robustly simulta-
neously stabilise the pre-multiplicatively perturbed
plants G{I+A;) under all A;eS™ such that
1A < | CpinGAI+ CpinGy) |7, and the post-multi-
plicatively perturbed plants (/4+A;)G; under all
A;e 8" such that Al <|IG:Crin(I+ G,Con) '™
The PD controllers in Proposition 4 also achieve
similar robust simultaneous stabilisation. O

4. Conclusions

This article identified some important plant classes
such that any finite number of plants can be
simultaneously stabilised using a common PD con-
troller or PID controller. The plant classes considered
here have restrictions on the zeros in the region of
instability. These restrictions are due to the difficulties
involving simultaneous stabilisation of three or more
plants with order-restricted controllers whose only
unstable pole may be at the origin (PID controller).
The plant classes with at most one blocking-zero at
infinity can be simultaneously stabilised using both PD
and PID controllers. The existence of PD controllers
implies that these plants are strongly simultaneously
stabilisable. The existence of simultaneously stabilising
PID controllers implies that asymptotic tracking of
constant reference inputs is achieved with zero steady-
state error. The plants with two blocking-zeros at
infinity can be simultaneously PID stabilised. The
synthesis method proposed here does not determine
existence of PD controllers for this plant class. The
class of plants with one (small) non-negative real-axis
zero can be simultaneously stabilised using PD
controllers. If the zero is at the origin, then these

plants would not allow integral-action controllers.
Systematic synthesis procedures are proposed for
each plant class, where the PD/PID parameters and
the design choices are explicitly defined. The proposed
designs allow freedom in the parameters, which should
be used to satisfy additional performance criteria that
the design may require. In each of the illustrative
examples, we selected a set of parameters out of
infinitely many satisfying the conditions of
Propositions 1, 2 and 3. These parameter choices
resulted in closed-loop poles in the left-half plane
sufficiently far from the origin. While asymptotic
tracking of constant reference inputs is achieved with
the PID controllers due to the integral term, perfor-
mance objectives beyond tracking (and equivalently
disturbance rejection) were not considered within the
scope of this work. The goal of this study was to
establish simultaneous stabilisability using PD/PID
controllers, and it was shown that these controllers
achieve robust stability under sufficiently small addi-
tive and multiplicative plant uncertainty.
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Appendix (Proofs)

Proof of Proposition 1: Let Cpp, be as in (5). For G, € " we
can write Gy = Y, 'X=(G")'L. So with X,=I,

Cpp=ND"'=Cppl!, (2) becomes

~ s
My =Y+ XCpp =G, ' +aKp+ Kp
s+1

e A 1 N
:|:[+5<Gk +]KD>K :|Ole:|:1+&®ki|Oth
For a>a,>0, | 1©; | <1 implies that M, is unimodular
(since Kp is non-singular); hence, Cpp, stabilises all G. Let

Cpip be as in (6) and write Cpip=ND ™! as

~1
Coip=ND™' = | = (Kp+——Kp +—1 K s
s+e rs—l—l s+e s+e

1
s s
|:7S+EC91D} [73—}—3[} . (44)

Then (2) becomes

s s
My =—Y+—XCpip

s+e s+e

s 2\ 2 s .
- 1+ 8)akp+ > Kp+G

s+e|:( +sa P+rs+1 ot k]

(s+g) = K - K
(s—i—e)a P+s+e G +rs+1 P
1 s _ K 1] (5+8) 4
=[I+———(G'+——Kp | K5 K
Tl CatEsa v L e 1

1 (s+2) »
=|I+= O o K
[ a(s+g) k] s+e) "
For a>a,, |10 <L) ||||ok|| < 1|©¢] < 1 implies

(s+g (\+
that M, is ummociular hence, éplD = Cpp —|— "g Kp stabilises
all Gk.

Proof of Proposition 2: (i) Let Cpp be as in (16).
For  G,eG'™ as in (1), with X=-L7]
Cpp=ND"'=CppI", (2) becomes

M; = Y+ XCop = Y + XBY,(00) + X~ Ko
:%i;”[(mswn”ﬂu(W,-s+ﬂf)’l((s+“)yf
+ +1KD)Y(OO) 17,(00)
:M[L{_(V%s—kﬂ”_l@]y"(m)'
(s+a)

By assumption, W; has real positive eigenvalues implying
that  (Wis+pI)~'e M(S); then |(Ws+BD)"'=1/B.
If B> B, then

_ _ 1
[(Wis + BD) ™ @il < |(Wis + BI04l = g1l <1
implies that M; is unimodular; hence, Cpp stabilises all G;.

Let Cpip be as in (17) and write Cpip = [He C1>1D][g+el]_1 as
in (44). Then (2) becomes

M= it = XCon
:giig(sie)[(sig)(KP+§KP+m°ﬁKD+(s+a)y,)]
=l O g )
:%(Wiﬁ-pl)

S
x |:(W;S+p[)_],01+(WfS+,01)_l(G,—" + KD>
s+ 1

Yo(00)™ ] Yo(00)

(é+ g)
(st -1
—(s+a)(s+e)(W,S+,01)[1+(WIS+p1) ;1Y (00).
Following similar steps as for Cpp, (Wis+ pI)~' € M(S);
then ||(W,-s—|— oD~ =1/p. If 0> Poos then
||(W3+,01)7‘1’||<||(WA+,01) ||||‘I’||—1||‘I’||<1 implies

that M; is unimodular; hence, Cpip stablhses all G;. (ii)
By (1), the controllers Cpp and Cpip in (16) and (17) stabilise
all G;€G"°. It remains to show that they also stabilise all
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G, €G". For Cpp in (16), (2) becomes

My = Yx + XCpp = Gy +ﬁY(OO)+ﬁ

= |:I—|— % O 1BY (0).

For B>a,, |10 <1 implies My, is unimodular; hence,
Cpp stabilises all Gk. For Cpip in (17),

N )
M, =Y, —+XCpip——
k k ste + PID

g s —1
1 Y, Kp+G
He[( + )p () + Kb +G ]

_G+9) s
oy o0+ +e(Gk +U+IKD)

:[l+1 S (G,;‘+ +1KD>Y(oo) :|(s+g)Y0(oo)

p(s+g) (s+e)
1 s (s+g)
[ PIeE) "]”(s+e) ()
If p> p,,, then ||+ Ai, Ol < 1 implies that M, is unimodular;
hence, Cpip staﬁlhses all Gy. O

Proof of Proposition 3: (i) Let Cpip be as in (25) and write

Coip = ND™! = [1? Yo (00)|[15345 117" Then (2) becomes
st
Tt AT
o s(s+2w) 1 R
T (st+z)s+ ) (s+a) i (s+a) Yo(o)
2r 2
:(S+'u)2 14 21 S‘(Y—i_zl“L) —1 Y (OO) :|
) (A A T e P
x Y,(c0)
s+ (S+2u)( s - )]
=orarl T orer \Grmerm T -
X Y,y(00)
:(H—M) H_(H-z#) }Y( ).
(s+af L (s+p)?

If > poo then {2 Til < ER NITH = 2Tl <1
implies M; is unimodular; hence, Cpip stabilises all G,.

(ii) By (i), the controller Cprp in (25) stabilises all G; € G>* for
> loo. It remains to show that they also stabilise all
G € G" for u>max{0.5z1, (oo, i, }. Writing Cpip as in proof

of (i) above, for G, € G"°, M, becomes

s(s+2p) 2
=—— 2 Y+ XY, (00
S G TG o) AR Ye(e0)
s(s+20) 1 o
=T G4 )Y, (00
G+ 2o ) Ok FHY()
(s+2u) K G-y~
=+ Y, ' (00)]1? Y (o0
[ 6T 6T ) G'Y, (00)]i Y,o(o0)
(s +2p)
=+ ——"L 6, 1 Y,
7+ 212 K 11* Yo (00).
If w>0.5z;, then || (;'giw | =2(uz)"". In addition, p> u,,
then || ﬁﬁ“?@ I <211kl < 1 implies that M is unim-

odular; hence, Cpip stabilises all Gy. O

Proof of Proposition 4:

(a) If z>0, let Cpp be as in (36). For G €g as 1n (30)

with X—ﬁl Cop=ND"'=Cppl™!, (2)

becomes

1 K

Mi=Y+XCop =Y+ X——Y,(2) + X——Kp
Z+g s+ 1

__Gt9) (6=2), C+o)

(a(s—2)+1) (s+¢) (s—l—(p)

R

_ (ste)
@G-+t

[(a(s—2)+1)Y;

(+>
@+@@—ﬂwm—a+nnn@rh4
(s+9) (s—2)

Y,(2)

KpY,
+ +1D o(2)7!

ECER)
“@—n+n!T

1
( +9)
s— 1
(z+o)s Z)A,-)
(s+9) (z+o)
For¢p>z, | (thi(;) 2 || = (z + ¢). If z satisfies assumption (35),
then for z<g<|A|'—z we have |00 DAL <
| EE26=D 11 Ayl = (z + )]l Al < 1 which imphes that M, is

(s+¢)
unimodular; hence, Cpp stabilises all G,.

(b) If z=0, for G;eG as in (31), with X' =51,
Cpp=ND"'=Cppl!, (2) becomes

Y, (2).

1 s
M;i=Y +XCpp =Y, +X-Y,(0)+ X——Kp
7 s+ 1

(I +9Z)
© o (as+ D)
2
s+ 1
_(sI+¢Z)
T o(as+1)
1
+—"KpY,(0 ~Y,(0
Sikero ) Dvo
(sl +9Z))
T o(as+1)
By assumption, Z; has real positive eigenvalues

implying  (s/+¢Z) '€ M(S); then |o(sI+¢Z) 's|=¢.
If 9> ¢y, then

((SI+¢Z) "'sI+ (sI+¢Z) "¢l (as + 1)Y;

+ KD] YO(O) ) Yo(o)

(as+ )Y Y,(0)" —
S

(1 +(sI+ wZ,-)’1</>S[

(I+@(sI+¢Z) s AY)Y,(0).

lo(sI+9Z) " s Al < llp(sT+9Z) sl A | =@l A7) < 1

implies that M, is unimodular; hence, Cpp stabilises all G..
(i1) By (i), the controllers Cpp in (36) and (38) stabilise all
G;€G for z>0 and z=0, respectively. It remains to show
that they also stabilise all G, €G"™. For Cpp in (36), (2)
becomes

1 S
My =Y+ XCrp =G +—— 7, K
k «+XCpp =G + P (2) + S+1 D
= A ——Kp)Y,
U+G+oG + = D0 ]y Vil
=+ G+ 9] ——Y,(2).
(z+9)

For ¢p<a.—z, ||(z+¢))®k|| < 1 implies that M) is unim-
odular; hence, Cpp stabilises all G. O



