VLSI Arithmetic

Lecture 10:
Multipliers

Prof. Vojin G. Oklobdzija
University of California

|

; == http:/www.ece.ucdavis.edu/acsel

pr——

(i

ECCLE POLYTECHNIQUE
FEDERALE DE LAUSANNE




Algorithm.:

P

11 May 2004

Multiplication

P:XYZXXNZ_iyiViZEXXin/

p(o) =( znzttally

.  IESamsEs |
U = _(pf + "Xy ) for j=0,....
r

pm)=XY after n steps

Multiplier Design

47



Multiplication Algorithm*

Notation for our discussion of multiplication algorithms:

a Multiplicand ay_18_op - - - @48y
X Multiplier Xj_1Xp_o - - - X1X
p  Product(axXx) oy 1Pok2 - P1Po

Initially, we assume unsighed operands

®98® = Multiplicand
L E N N X Multiplier
=S Partial
ot x;321 rcon::lucts
ettt X,a22 Eit—matrix
290 0@ X,a23
20000000 Product

Fig. 9.1 Multiplication of two 4-bit unsigned binary nhumbers
in dot notation.
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Multiplication Algorithm*

Multiplication with right shifts: top-to-bottom accumulation

pi*1) = (pi) + x;a2k) 27 with p® =0 and
|_add_| p(k) =p = ax+ p(U)z—k
|—shift right—|

Multiplication with left shifts: bottom-to-top accumulation
pi*h) = 2p0 +x,; 4a with p® =0 and
|shift| pk) =p = ax + pl0)2k
| add——|

*from Parbami
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Multiplication Algorithm

Right-shift algorithm Left-shift algorithm

a 1010 a 1010

X 1011 X 1011

p(0) 0000 0) 0000

+X,a 1010 2p(0) 0 0000
+X3a 1010

2p) 01010

pM 0101 O (1) 0 1010

+X4a 1010 2pt1) 01 0100
+Xoa 0000

2p? 01111 0

p'2) 0111 10 (2) 01 0100

+X,a 0000 2p2) 010 1000
+X4a 1010

2p® 00111 10

p3) 0011 110 pd 011 0010

+X3a 1010 200110 0100
+Xpa 1010
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Basic Hardware Multipliers

Shift

>

Multiplier x [

Hardware realization of the sequential multiplication
algorithm with additions and right shifts.  xg,m p3rhamj
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Multiplication®

Adder’s Adder's sum Unused
carry-out |
p i/k _ part of the
_L multiplier x

I
Partial productlp”ﬂ

k K—1

w
To adder To mux control

Combining the loading and shifting of the double-
width register holding the partial product and the
partially used multiplier.

.( |’ fl- *from Parhami m
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Multiplication™

< Shift
If“' Multiplier x
I
g +
| Doublewidth partial product p
I -4
| Shift
1
I
I
i XK1 2k L Multiplicand a
:
I
1
L

2k-bit adder

2K

Hardware realization of the sequential multiplication
algorithm with left shifts and additions. *trom Parbami
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6 Bit Multiplication
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Figure 6.3 The schematic circuit diagram of a 5-by-5 unsigned array multiplier (Braun [5]).
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Generating Partial Products
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Multiplicand ()

*from G. Bewick
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Generating Partial Products

Multiplicand

Lsh

b
Multiplier

[ bit

Py

A /
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Multiplicand
Partial Product Generator

Compression Tree Using
Any Redundant Form

Translator To Conventional Form

Multiplier Design
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m BITS OF MULTIPLICAND

TOP VIEW OF
TREE

n multiples

PRODUCT o +" ;“1 i
_ ‘
SLICE OF TREE
FOR MIDDLE
BIT OF TREE
ENTRIES .
FROM TREE 2 bits
{1 R
CPA
- 2 mbits —————
product

Figure 4-6. Wallace tree



Fast Parallel Multipliers

b 1918

Wallace:

Prof. Vojin G. Oklobdzija Advanced Logic Design
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Parallel Multipliers

Step 2

Step 3

Step 4

Pecedseces0ns

c /S oee
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Fast Parallel Multipliers

11 May 2004 Multiplier Design



Bit Reduction Using "Dadda" Counters
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Minimum Number of Stages (Dada’s Rule)

Number of bits in the multiplier Minimum number of stages

3

4

4<n<é6
6<n<9
9<n<13
13<n<19
19<n<28
28<n<42
42 <n <63

O W0 1IN AW -

11 May 2004 Multiplier Design



11 May 2004

Use of 4:2 Compressors

A. Weimnberger 1981
M. Santoro 1988

Multiplier Design
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4.2 Compressor

4-2

Multiplier Design
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Re-designed 4:2 Compressor with 3 XOR

Delay (Nagamatsu, Toshiba)

Cin

11
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13
14

11 May 2004
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Critical Path: (Equivalent XOR Gate Delays)

4:2 Compressor (Redesigned)

9to2 Compressor (Redesigned)

Delay (XOR Gates)

3,2 Counter

50 60
Multiplier Width (bits)

11 May 2004 Multiplier Design




Tree Multipliers

“‘ L i il 1y
CoA ‘4-10-2 H 4-10-2 H 4-10-2 H 4-t£}-2\
_|

CSA 4-t0-2 4-{0-2

4-to-2 reduction madule
implemented with two 4-t0-2
levels of (3; 2)-counters |

Tree multiplier with a more regular structure based
on 4-to-2 reduction modules.

% .
.(Pf [- . from Parhami m

11 May 2004




Reduction using 4:2 Compressors

Row of 4-2 Counters

Each box represents a
single 4-2 counter

First Level of
4.7 Counters

olololo || eSS S|S S ® & & Second Level of
S| 90 e SS9 e e 4-2 Counters

@ i *from G. Bewick

A A AL A L L L LA LLAL A Final output to
2000000000000 OON Adder
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(ol |
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Use of Higher-Order
Compressors

D. Villeger, V.G. Oklobdzija 1993

Multiplier Design

69



Design of a 13:2 Compressor from a 9:2 Compressor

13 inputs

a b dn a b cin

i

bl ©
J@ L Slow full adder due to the s-b
connection

@ J Fast full adder due to the skip
of the previous stage

11 May 2004 Multiplier Design



Compressor Family Characteristics

Con-pres Sor
Counters

No of Full Adder Levels No XOR Gates
4-2

6-2
9-2

11 May 2004 Multiplier Design






Partial Product Martix Divided into Vertical Compressor Slices

Vertical Slices\g7 B
\¥’7 I
7 | ¢<:-
47 ( ¢<ﬁ-
{_‘e
4T
< Horizontal Propagation
TT T ITI1TTI1ITI3IT1TT1 71T Carry and Sum Connection
to the Final Adder
C Carry Propagate Adder )
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3-Dimensional View of Partial Product Reduction

Time

Example of a 12 X 12 Multiplication
(Partial Product for X*Y = B54 * B1B)

Final Adder

11 May 2004 Multiplier Design 79



Signal Delays in a Full Adder
(3,2) Counter

A D) ) D
B @, / |
Cin Sum
* Fast Input
> ¢ Fast Output
& |

Carry

11 May 2004 Multiplier Design 81



Three-Dimensional optimization Method: TDM
(Oklobdzyja, Villeger, Liu, 1996)

[
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Worst Case TDM Arrangement

Multiplier Design
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Two cases of signals passing through the next level

Best Balanced Case Average Case

11 May 2004 Multiplier Design



Example of Delay Optimization

S >

Example of a Optimized Interconnection | Example of a not Optimized Interconnection

bit (n) position bit (n-1) position | bit (n) position bit (n-1) position

a b cin

0 xor 0 xof

1 xor

- |

3 xor 3 xor

| 3 xor 4 xor
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Competing Approaches




Their Schemes
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Delay (XOR Levels)

18
16
14
12

10

11 May 2004

Equivalent XOR Delays

3,2

4:2

9:2

Fadavi-Ardekani

TDM

20 40 60

Multiplier Width
Multiplier Design
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Tree Multipliers
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Floor Plan of a Multiplier
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