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Abstract—The listen-Before-Talk (LBT) strategy has been
prevalent in cognitive radio networks where secondary users
opportunistically access under-utilized primary band. To min-
imize the amount of disruption from secondary users to primary
signals, secondary users generally are required to detect the
presence of the primary user reliably, and access the spectrum
intelligently. The sensing time has to be long enough to achieve
desirable detection performance. When the primary signalsare
relatively weak, long sensing time is needed which reduces the
secondary transmission opportunities. In this paper, we gener-
alize the packet-level LBT strategy by allowing the secondary
user to potentially transmit multiple packets after one sensing,
and study the optimal control policy to determine the conditions
under which the secondary user should sense the channel.

In spectrum overlay systems, a secondary receiver can provide
feedback information (through acknowledgement) on whether
a collision with the primary user is detected. However, such
detection and the corresponding feedback may not always
faithfully report all collisions observed by the primary user in
practice. Therefore, we also consider the impact of imperfect
collision detection on the access control policy. We show that the
optimal spectrum access control policy has a simple threshold-
based structure, where the secondary user transmits consecutive
packets until the estimated probability of the primary user being
idle falls below a threshold, and senses the channel otherwise. We
also obtain a closed-form solution on the optimal access policy for
a special case when there is no acknowledgement in the network.

I. I NTRODUCTION

We consider opportunistic spectrum access by secondary
users when the spectrum is allocated to a legacy user (primary
user). The primary user (PU) owns the spectrum; hence, the
transmission from the secondary user (SU) should lead to little
interruption to the PU. In other words, the secondary spectrum
access should be non-intrusive. We consider the spectrum-
overlay (or spectrum weaving) scenario for cognitive radio
networks, where the SU is allowed to transmit with full power
when the PU is absent.

In a spectrum-overlay system, it is critical that the SU is
capable to detect the presence of the PU reliably. Therefore,
the spectrum access of the SU often adopts the Listen-Before-
Talk (LBT) principle, according to which the SU performs
sensing before transmission. While this principle is well jus-
tified, many existing works on opportunistic spectrum access
assume a typical packet-level sensing model (as illustrated in
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Fig. 1) implicitly or explicitly, i.e., before transmitting every
packet, the SU senses the PU channel for a fixed amount
of time [1], [2], [3], [4]. The sensing cost in terms of time
overhead is often neglected in the problem formulation for
packet-level sensing.

While packet-level sensing simplifies the design of
PHY/MAC layer protocol, it is not necessarily optimal, es-
pecially when the sensing may occupy a large portion of
the transmission time. For example, when the PU signal
strength is weak, it requires a larger number of data samples
to achieve a good detection performance, which is crucial
to the protection of the QoS of the PU. Alternatively, when
cooperative sensing schemes are used by a group SUs, the time
spent on exchanging sensing information could be in the order
of packet length. In these scenarios, the overhead introduced
by fixed sensing time per transmission is no longer negligible.

Additionally, perfect collision detection is often assumed
in previous works. Perfect acknowledgement can accurately
reflect whether the SU packet collides with the PU. However,
this is not true in practical systems. In other words, it is
difficult to detect the collision with the PU without error. The
difficulties result from the captured effects at both the primary
receiver and secondary receiver. The captured effects are often
observed in multiuser wireless communication systems due to
the random fluctuation on the power of desired signal and
interference power from other users.

Therefore, two questions remain of strong interest to us in
this work:

• What is the optimal sensing-transmitting strategy? Is it
optimal to perform LBT on packet level, especially when
the sensing time is large?

• What is the impact of imperfect acknowledgement, which
may not faithfully indicate the presence/absence of the
PU, as well as the interruption to the PU?

In this paper, we try to answer the above two questions.
First, we consider the cost of sensing in terms of time, and
formulate the control of the SU spectrum access using a
Markov decision process. We adopt average reward per time
unit as the objective function of the optimal control problem.
With this generalization on the access model, we address the
question of whether the packet-level LBT is optimal. It is clear
that the packet-level LBT is a special case of the optimal
policy. We also consider imperfect acknowledgement from the
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Packet−level Sensing Structure
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Fig. 1. Two Sensing Structures

secondary receiver, which is different from most of existing
works. Therefore, the results obtained here are more general.

Using the optimal stopping theory [5] [6], we show that the
optimal spectrum access policy has a simple threshold-based
structure, where the posterior probability of the PU being idle
is compared to the threshold. This result coincide with the
heuristic that the SU should continue transmitting packetsuntil
the estimated idle probability falls below the threshold. For a
special case, we derive the closed-form solution for the optimal
control on the SU’s spectrum access.

II. RELATED WORKS

Encouraged by the potential spectrum policy reform in FCC
[7] and the progress made in DARPA XG program [8], the
field of cognitive radio has thrived in recent years (see [9],
[10], [11] and references therein).

Both centralized spectrum leasing/auction schemes (e.g.
[12]-[13]), and distributed channel allocation and scheduling
algorithms (e.g. [14], [15], [16]) have been proposed to en-
able the spectrum sharing among users with cognitive radio
capabilities in different network scenarios. For example,in
[16], authors consider the cross-layer optimization on theflow
routing, scheduling, channel allocation, and power control of
cognitive radios to improve the spectrum efficiency of the
multihop software defined networks. However, there is a lack
of consideration on the interplay between the PU behavior and
SU access, which is important especially for the opportunistic
spectrum access of the SUs within the spectrum overlay
framework, where Listen-Before-Talk principle is emphasized.

There are also works studying the schemes where the cog-
nitive radio actively relays the packet transmission of thePU
in the hope of creating more spectrum opportunities [17], [18]
for itself. However, it requires that the SU can decode the PU
packets and the PU transmission adopts some retransmission
mechanisms, which is difficult for PUs offering broadcast
services and SUs which are not in favourable locations.

The closest related works within the framework of spectrum
overlay include the joint PHY/MAC designs of channel selec-
tion, channel sensing/probing, operating points of spectrum
sensor for cognitive radios [1], [2], [3], [19], [20], [21],[22],
[4]. For example, in [21], adaptive queueing and Lyapunov
optimization are used to design online access control and
resource allocation schemes for secondary users under the
collision probability constraint imposed by the PU. In [3]

, authors use optimal sequential decision process theory to
show that the optimal joint channel probing and transmission
strategy has a threshold based-structure. However, there is
no penalty on the collision with the PU. In [1][19] [20] ,
partially observable MDP theory (POMDP) is used to derive
the structure for the optimal opportunistic spectrum access
policy (including channel selection, operating point of the
spectrum sensor, and the access decision) with constraint on
the collision probability observed by the PU. It was shown that
myopic policy is often optimal for many cases by exploiting
the inner structure of the spectrum access problem. In [22],
throughput limit of SU access under the collision probability
constraint is found when the PU idle time follows exponential
distribution. However, they assume perfect sensing which
does not have a time overhead. In [4], a simple periodic
sensing scheme for choosing primary channels with high idle
probability is proposed for the SU to exploit the spectrum
opportunities.

However, all of the aforementioned works adopt a packet
level LBT structure, and/or do not consider the sensing costor
overhead. Also, they often assume that the collision detection
is perfect with the acknowledgment mechanism, which is
unrealistic in many practical systems. Our work differs on that
we use a more flexible sensing/transmission structure basedon
LBT principle, and consider the impact of imperfect collision
detection on the control policy of the opportunistic spectrum
access.

III. SYSTEM MODEL

We consider a system consisting of a PU, and a SU that
opportunistically accesses the PU channel. The PU state is
either busy or idle, with the duration of the idle and busy
states following exponential distributions. The means of the
busy and idle time are denoted by1/µ and1/λ, respectively.
The PU transmits its traffic at will. In other words, it does not
perform any sensing functionality.

The SU uses a spectrum sensor to detect the state of the PU.
The access of the SU follows a slotted-structure, as shown in
Fig. 2. We assume that the SU transmits a packet with a fixed
length ∆. We further assume thatλ∆ ≪ 1, µ∆ ≪ 1, i.e.,
the duration of SU packet is set to be much shorter than the
PU busy/idle cycles. Since shorter SU packet duration is more
favorable for the SU to exploit the spectrum opportunities,this
setting is reasonable. The sensing time is denoted byTs. The
PU state transition can be described as in Fig. 3. Here, we
assume that the SU is aware of the transition probability of
the PU states, obtained through measurement. We assume that
the sensing time is long enough such that the sensing error is
negligible.

After each ST’s transmission, the secondary receiver may
feedback an acknowledgement upon receiving the packet.
Different from the traditional means of acknowledgement, the
acknowledgement mechanism here serves dual purposes. First,
it validates the packet transmission of the SU in the MAC
layer. More importantly, it provides some information to the
secondary transmitter on whether a collision with the PU may
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Fig. 3. Primary user’s state transition

have occurred. This information assists the SU in controlling
its access such that the interruption (here collision) observed
by the PU is contained. Since the secondary transmitter cannot
sense the channel during data transmission, if the PU returns
the channel, the PU traffic will be interrupted. In an ideal
scenario, an ACK signifies that the SU packet is successfully
received and the PU is idle; while a NACK (or absence of
ACK) means the loss of the SU packet or the return of the PU.
In other words, the secondary communication pair coordinates
to detect the collision with the PU perfectly.

However, under what is known as the captured effect, it is
possible that the SR can decode the ST’s packet even when
the PT is transmitting in practical systems. Moreover, the lack
of ACK could be a result of collision with the PU, or deep
channel fades between the ST and SR, or interference from
other users. It is also possible that the ACK itself is weak.
Therefore, we view the acknowledgement as inaccurate (in
the sense of collision detection), which is different from [1]
[23] [24]. We define the following two probabilities:

γ1 = Pr[NACK|Collision with PU]

γ0 = Pr[NACK|No Collision with PU].

With perfect ACK, we haveγ0 = 0 and γ1 = 1. Here, we
assume thatγ1 > γ0, i.e., the ACK/NACK feedback can offer
at least some information on the collision status with the PU.

We also assume a steady channel data rate for the SU, and
the SU always has packet to send. The objective of the SU
is to maximize its average transmission rate by intelligently
deciding whether to transmit a packet or perform sensing at
each time slot. Within the framework here, the SU acquires
more design freedom to intelligently access the spectrum. Note
that, the listen-before-talk slot structure is a special case of the
spectrum access policy considered here.

Since the PU is the legacy user of the spectrum, the SU
should generate nearly imperceptible interruption to the PU.

Therefore, we introduce a penalty on the SU if the SU collides
with the PU traffic. This collision cost, denoted byC, is
important to control the aggressiveness of the SU’s access
activities. For each successful transmission, the SU receives
a rewardR∆, whereR could be the data rate of the channel.
For notational convenience, we normalizeR∆ = 1.

IV. PROBLEM FORMULATION

Under normal assumptions, the SU cannot sense the channel
when it is transmitting. However, since observing (or sensing)
is one of two decision outcomes, the secondary user cannot
observe the state of primary activity directly and completely.
In other words, the decision process at the secondary user is
a partially observable decision process.

Though it is natural to formulate the spectrum access
problem as a partially observable Markov decision process
(POMDP) problem, we find it here easier to define the state
of the system as the posterior probability that the PU is
idle and the problem becomes a MDP problem with fully
observable state and uncountable state space. We usept

to denote the state at time slott, pt ∈ [0, 1]. It can be
proved thatpt is a sufficient statistic to determine the optimal
policy for the originally partially observable Markov decision
process [25]. The action space of the SU is denoted by
A = {1(Transmit), 0(Sense)}. With imperfect ACK, we define
the immediate rewardrt(pt, at) at time slott with statept and
actionat as follows:

rt(pt, 1) = pt(1 − γ0) + (1 − pt)(1 − γ1 − C)

rt(pt, 0) = 0.

The value ofC can be adjusted to achieve required protection
on the PU. To prevent the extreme case where the SU never
stops transmitting, we assume thatγ1 > γ0, andp̄−(1−p̄)C <
0, wherep̄ is the limiting distribution of channel being idle.
Then we havēp = µ

µ+λ
, and we haveC > µ

λ
R∆.

With the assumption thatλ∆ ≪ 1 and µ∆ ≪ 1, we have
e−λ∆ ∼ 1 ande−µ∆ ∼ 1, i.e., when the PU is idle (busy), it
will remain idle (busy) with high probability. We assume that
the SU should start the access activities only after sensing
the channel being idle. The question is how many consecutive
packets should the SU transmit before it senses the channel
again. As shown in Fig. 2, at the end of decision slott, the
SU will update its estimation on the PU idle probability asp̃t

based on the observation it receives after its chosen action.
The observation can be either the sensing outcome or the
ACK/NACK. Specifically, we have the following observation
model:

p̃
(at=0)
t (pt) =

{

1, sensing “idle”

0, sensing “busy”

p̃
(at=1)
t (pt) =

{

p̃t(ACK), ACK

p̃t(NACK), NACK,

(1)
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where

p̃t(ACK) =
pt(1 − γ0)

pt(1 − γ0) + (1 − pt)(1 − γ1)
,

p̃t(NACK) =
ptγ0

ptγ0 + (1 − pt)γ1
.

The system changes to statept+1 following the following
rules:

pt+1 = p̃te
−λ∆ + (1 − p̃t)(1 − e−µ∆). (2)

The access policy of the SU is denoted byπ =
[d0, d1, · · · , dt, · · · ], wheredt is a function which defines a
mapping from state spaceP = {pt} = [0, 1] to the action
spaceA at time t. Assuming that the time scale of the SU’s
opportunistic access is much larger than the packet length,the
spectrum access in a long time duration can be treated as a
repeated trial of a stopping problem. The object of the SU is
to maximize the average reward over the whole access period,
which consists ofL repeated trials, i.e.,

maximize lim
L→∞

(
∑L

l=1

∑Nl

t=1 rt)/L

(
∑L

l=1 (Ts + Nl∆))/L
, (3)

where Nl is the number of packets transmitted in thelth
trial of the decision process. When it causes no confusion,
we useN to denote stopping rule which decides whether
to stop transmission based on the whole observation history
Ht = {x1, a1, x2, · · · , xt}, or equivalently, on the current
system statept. For stopping ruleN , define

YN =

N
∑

t=1

rt, TN = (Ts + N∆), (4)

i.e.,Yn is the accumulated reward until stagen, Tn is the total
time spent to reach stagen.

Since the exponential distribution is memoryless, and the
SU always “restart” the access from sensing the channel being
idle, i.e., p̃0 = 1, for fixed policy π, the expected sum of
reward is identically and independently distributed (i.i.d.),
as well as the number of packets transmitted in each run.
Therefore, maximizing the average reward per unit of time
is equal to maximize the rate of returnE(YN )/E(TN ) [5],
i.e.,

lim
L→∞

(
∑L

l=1 YNl
)/L

(
∑L

l=1 TNl
)/L

=
E(YN )

E(TN )
almost surely. (5)

Therefore, the optimal spectrum access problem can be ex-
pressed as:

max
N∈C

E(YN )

E(TN )
, (6)

where
C = {N : N ≥ 1, E(TN ) < ∞} (7)

is the set of stopping rules for whichE(TN ) < ∞. Since the
collision with the PU has a penalty, we can expect that the
optimal stopping rule always resides inN ∈ C. The optimal
average reward per time unit is then expressed as:

α∗ = max
N∈C

E(YN )

E(TN )
. (8)

V. OPTIMAL ADAPTIVE ACCESSCONTROL

Optimal stopping theory [5] [6] is used to characterize
the structure of the optimal stopping rule for the secondary
spectrum access. Define

Sn(p) = Yn − αTn, (9)

where p is the initial state, andα can be regarded as a
cost per time unit to reach stagen. According to Theorem
6.1 in [5] , if for some α, supN∈C E(SN ) = 0, then
supN∈C E(YN )/E(TN) = α. In addition, the policy which
attainssupN∈C E(SN ) = 0 achieves the maximum rate of re-
turn, i.e.,α∗. Then, we transfer the problem of maximizing rate
of return to an ordinary stopping time problem with reward at
stagen denoted bySn. Define V ∗

0 (p) = supN∈C E(SN (p))
as the maximum expected return given we start from state
p. First, we show the existence of the optimal rule for the
ordinary stopping time problem:

max
N∈C

E(SN ). (10)

Specifically, we have:

Proposition 1. There exists an optimal stopping ruleN∗ for
problem (10).

Proof: See Appendix .
Relying on the optimality equation, the optimal rule has the

following form:

N∗ = min{n ≥ 0 : Sn ≥ V ∗
n (x1, · · · , xn)}, (11)

where V ∗
n (x1, · · · , xn) = supN≥n SN (x1, · · · , xn) is the

maximum expected reward given the observationX1 =
x1, · · · , Xn = xn. Notice that, the optimal value obtained at
decision stagen is determined by the statepn+1 (as illustrated
in Fig. 2), which abstracts all the observed information from
(x1, x2, · · · , xn). This indicates a time invariance property of
the optimal value function, and the expected payoffs at stage
n after observingX1, · · · , Xn is the same as it was at stage
0, except that we have an additional cost (or reward) to reach
statepn+1. Similar arguments can be found inSection 4.5of
[5]. Specifically, we have the following results:

V ∗
n (X1, · · · , Xn) = V ∗

n (pn+1)

= V ∗
0 (pn+1) − αn∆ +

n
∑

t=1

ri,
(12)

where−αn∆ +
∑n

t=1 ri denotes the total “reward” accumu-
lated up-to stagen. Then, the rule given by the principle of
optimality is reduced to the following form:

N∗ = min{n ≥ 0 : Sn = V ∗
n (pn+1)}

= min{n ≥ 0 : Sn = V ∗
0 (pn+1) − α∆n − αTs}

= min{n ≥ 0 : V ∗
0 (pn+1) + αTs = 0}.

(13)
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A. A Threshold-based Policy

For general stopping time problem with uncountable state
space, it is very difficult to find the structure of the optimal
stopping rule using (13). In this section, we show that for
the spectrum access model considered here, the optimal policy
has a threshold-based structure. With this simple structure, the
calculation for the optimal policy becomes the search for the
optimal threshold, which greatly simplifies the calculation of
the optimal solution.

First, we introduce the following Lemma.

Lemma 1. V ∗
0 (p) is a convex function ofp.

Proof: See Appendix VI-B.

Theorem 1. The optimal stopping rule to maximize the rate
of return is as belows:

π∗ : at =

{

1(Transmit), if pt ≥ p∗

0(Sense), o.w.
, (14)

wherep∗ = max{p : V ∗
0 (p) + αTs = 0}.

Proof: See Appendix VI-C.
Generally, it is difficult to obtain the closed-form expression

for the optimal thresholdp∗ due to the complexity of obtaining
the optimal value functionV ∗

0 (p). However, the optimal value
of p∗ can be found by Monte-Carlo simulations. The result is
intuitive. When the channel is more likely to be idle (> p∗),
the SU should continue packet transmission rather wasting
spectrum opportunity on sensing. On the other hand, it worth
mentioning that the typical challenge of finding optimal se-
quential decision is to balance between the immediate reward
and all possible future payoffs. Without any structure in the
optimal policy, it requires an exhaustive search over the set of
all possible policies (which is practically impossible) toobtain
the maximum throughput per time unit for the SU. However,
with the shown well-defined structure for the optimal policy
here, the complexity is significantly reduced since we only
need to search overp ∈ [0, 1].

B. Without Acknowledgement

We consider a special scenario where we can obtain a
deterministic optimal control on the spectrum access for the
SU. Suppose that there is no acknowledgement mechanism to
facilitate the SU to detect the collision with the PU, then the
state transition probability can be easily calculated by setting
p̃t = pt.

Here, we assume thatγ1 = 1 andγ0 = 0.
To simplify the description, we setTs = ∆, and assume

that λ = µ. Obviously, if we perform LBT for each packet,
the maximum throughput we can obtain is reduced by half
because of the sensing overhead. Since the SU access cycles
always start with the sensing idle channel, the state evaluation
is deterministic with random stopping time. We show that
the optimal policy for this scenario is a pure policy which
has a fixed stopping time, and the solution for this simplified
problem has a clean structure. Specifically, we defineu(i) as

0 20 40 60 80 100
0

0.05

0.1

0.15

0.2

0.25

0.3

0.35

0.4

Time index

u(
i)

λ = 0.05
µ = 0.1
∆ = 1
C = 2.1
R = 1

Fig. 4. Optimal Time to Stop Transmission

the average reward of transmitting until timei (note that we
have normalizedR∆ = 1), i.e.,

u(i) =

∑i−1
k=1[pk − (1 − pk)C]

i
. (15)

Let i∗ = min{i : u(i) > u(i+1)}, then we have the following
Lemma (proof in Appendix VI-D).

Lemma 2. For function u(i) defined in (15), and state
transition defined as in (2) with̃pt = pt, we have∀j > i∗,
u(j + 1) < u(j).

This result indicates thatu(i) reaches its peak at certain
value ofi, and then monotonically decreases. The value ofi∗

can be easily calculated using numerically. As an illustration
of this Lemma, we plot the value ofu(i) in Fig. 4. It follows
directly that

Theorem 2. The optimal policy in the spectrum access prob-
lem without acknowledgment is to transmiti∗ packets and
then sense the channel, wherei∗ = min{i : u(i) > u(i + 1)}.

The optimal policy for the special case is simply a one-
step-look-ahead policy, and has a closed-form expression.
Numerical method can be used to evaluate the value ofu(i),
and obtain the optimal solution.

When there is an acknowledgement (though imperfect)
mechanism, the SU can obtain more information about the
PU activities, and thus we expect the SU to achieve a higher
average throughput per time unit than the case without ac-
knowledgement.

VI. CONCLUSIONS ANDFUTURE WORKS

We generalize the Listen-Before-Talk sensing/transmission
structure at the packet level. We develop an adaptive control
policy to decide whether to sense/transmit in each decision
stage. We also consider the impact of inaccurate collision
detection with the PU traffic on the spectrum access policy.
We found the optimal spectrum access policy to have a
simple threshold-based structure. The optimal access decision
is to continue transmitting a packet when the posterior idle
probability of the PU is higher than the threshold, and to
sense the channel otherwise. With this structure, the optimal



6

policy can be found by simply searching for the optimal
threshold, with which the computation complexity is greatly
reduced. In a special case when there is no acknowledgment,
we derive a closed-form solution for the optimal control over
the opportunistic spectrum access. This further reduces the
computational complexity. One possible direction for future
work is to study the problem for general idle/busy time
distributions. In addition, it is also of interest to develop
an adaptive MAC protocol which can adapt to the dynamic
changing PU behavior.
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APPENDIX

A. Existence of Optimal Stopping Rule

Proof: In Chapter 3 Theorem 1of [5], it is shown that
an optimal stopping rule exists if the following two conditions
hold:

A1. E{supn Sn} < ∞.
A2. lim supn→∞ Sn ≤ S∞ a.s.

First, since C > µ
λ
R∆, we have S∞ = −∞, and

lim supn→∞ Sn → S∞. Therefore, condition A2 is satisfied.
For condition A1, suppose that there is a prophet who can

foresee the idle/busy state of the PU, andγ0 = 0, it will only
stop at the end of thenth idle period and obtain reward:

zn = l1 · (R − α) +
n

∑

k=2

lk · (R − α) − (
bk

∆
+ α)C, (16)

where lk and bk are the length of thek idle/busy time with
means1/λ and1/µ, respectively. Ifn = 1, zn = l1(R − C).
Obviously,sn ≤ zn, andsupn Sn ≤ supn Zn. Define

M = sup
n

{

n
∑

k=2

lk · (R − α) − (
bk

∆
+ α)C}, (17)

Note thatWk = Lk ·(R−α)−(Bk

∆ +α)C are i.i.d. with mean
as:

E(Wk) =
R − α

λ
− C(

1

µ∆
+ α)

≤
R

λ
−

C

µ∆

< 0,

(18)

where we used assumptionC > µ

λ
R∆, and the fact thatα∗ ≥

0. Next, we prove thatE(W+)2 < ∞, where

W+ = max{W, 0}.
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Let Wk = Uk−Vk, whereUk = Lk ·(R−α), Vk = (Bk

∆ +α)C,
then we have(W+

k )2 ≤ (Uk +Vk)2. SinceUk andVk are two
independent exponential random variables with finite mean,
E(W+

k )2 < ∞.
Using the result in inChapter 4. Theorem 2in [5], i.e., let

W , W1, W2, · · · , be i.i.d. with finite meanE(W ) < 0, then
E(M) < ∞ if and only if E(W+)2 < ∞. Then, we have

sup
n

Zn = sup
n

(Z1 +

n−1
∑

k=1

Wk)

=

{

Z1, if Z1 > Z1 + M

Z1 + M, o.w..

(19)

Since Z1 is exponentially distributed with a finite mean
E(Z1) = R−α

λ
< ∞, and E(M) < ∞, then we know

that E(supn Zn) is finite. Thus, we haveE{supn Sn} ≤
E{supn Zn} < ∞, i.e., condition A1 is satisfied. Therefore,
there exists an optimal stopping ruleN∗ for the ordinary
stopping problem defined in Eq. (10).

B. Convexity ofV ∗
0 (p)

Proof: For 0 ≤ β ≤ 1, 0 ≤ p1, p2 ≤ 1, we want to
show thatV ∗

0 (βp1 + (1− β)p2) ≤ βV ∗
0 (p1)+ (1− β)V ∗

0 (p2).
This is accomplished by following the same argument as in
Chapter 3 Lemma 3.1in [6]. Suppose that the initial statep is
determined by flipping a biased-coin with probabilityβ that a
head appears. If a head appears, we choose initial state asp =
p1, else,p = p2. If we know the outcome of the coin flipping,
the most reward we can get isβV ∗

0 (p1) + (1− β)V ∗
0 (p2). On

the other hand, the most reward we can get if we do not know
the outcome of the coin flipping isV ∗

0 (βp1+(1−β)p2). Since
we can always do no worse with more information, we have
the result thatV ∗

0 (p) is convex inp.

C. Optimality of Threshold-Based Policy

Proof: By the principle of optimality, the optimal policy
has the following form:

N∗ = min{n ≥ 0 : Sn = V ∗
n (x1, · · · , xn)}

= min{n ≥ 0 : Sn = V ∗
0 (pn+1) − α∆n +

n
∑

t=1

rt}

= min{n ≥ 0 : V ∗
0 (pn+1) + αTs = 0}

(20)

based on the definitionSn =
∑n

t=1 rt − α∆n − αTs. Note
that V ∗

0 (0) = 0 − αTs, and

V ∗
0 (1) = max{S1, V

∗
1 (x1)}

≥ S1

= (1 − γ0)R∆ − α∆ − αTs.

(21)

As long as(1−γ0)R ≥ α, we haveV ∗
0 (1) ≥ V ∗

0 (0). Note that
the maximum return of rateα∗ is upper bounded by(1−γ0)R,
which is achieved when there is a genie telling the SU the
exact state of the PU in the future. Furthermore, sinceV ∗

0 (p)
is convex inp, V ∗

0 (p) is a function having the shape as in
Fig. 5. Definep∗ = max{p : V ∗

0 (p) + αTs = 0}, then for
all p ≤ p∗, we haveV ∗

0 (p) = −α∗Ts, and the policy which

−αTs

p∗0

V ∗

0
(p)

p

Fig. 5. Illustration of FunctionV ∗

0
(p)

transmit zero packet after sensing is optimal. This completes
the proof.

D. Property ofu(i)

Proof: Since the SU starts from sensing the channel being
idle, i.e., p0 = 1, we can first show that with assumption
λ = µ, for pi−1 ≥ 1/2, we havepi ≥ 1/2. According to (2)
and p̃t = pt, we have:

pi = pi−1e
−λ∆ + (1 − pi−1)(1 − e−λ∆)

= pi−1(2e−λ∆ − 1) + 1 − e−λ∆

≥ 1/2.

(22)

By induction, we can prove that∀j > i∗, u(j + 1) < u(j).
By the definition ofi∗, we haveu(i∗) ≥ u(i∗ + 1), which is
the same as having

C +

i∗−1
∑

k=1

pk(1 + C) ≥ i∗pi∗(1 + C). (23)

For j > i∗, we want to show thatu(j + 1) ≤ u(j), which is
equivalent to showing that:C +

∑j−1
k=1 pk(1 + C) ≥ j ·pj(1+

C). Whenj = i∗ + 1, we have

RHS= (i∗ + 1)[pi∗(2e−λ∆ − 2) + 1 − e−λ∆)](1 + C)

LHS =

i∗−1
∑

k=1

pk(1 + C) + C + pi∗(1 + C) + C

≥ i∗pi∗(1 + C) + pi∗(1 + C) + C (by 23)

Then, using (23) and the conditionpi∗ ≥ 1/2, we have

LHS− RHS≥ (i∗ + 1)(1 + C)(2pi∗ − 1)(1 − e−λ∆)

≥ 0

Following the same procedure, we can prove that∀j > i∗,
u(j + 1) ≤ u(j).


