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Abstract—Cognitive radio is a promising technology to miti-
gate spectrum shortage in wireless communications. It enables
secondary users (SUs) to opportunistically access low-occupancy
primary spectral bands as long as the primary user (PU)
access is protected. Such a protection requirement is particularly
challenging for multiple SUs over a potentially wide geographical
area. In this paper, we study the fundamental limit on the
throughput performance of cognitive radio networks under the
PU packet collision constraint. With perfect sensing, we develop
an optimum spectrum access strategy suitable under genericPU
traffic patterns. Without perfect sensing, we quantify the impact
of missed detection and false alarm, and propose a modified
threshold-based spectrum access strategy that achieves close-
to-optimal performance. Moreover, we develop and evaluatea
distributed access scheme that enables multiple SUs to collectively
protect the PU while adapting to changes in PU activity patterns.
Our results in this paper provide useful insight on the trade-off
between the protection of the primary user and the throughput
performance of cognitive radios.

I. Introduction

Cognitive radio technology can potentially mitigate spec-
trum shortage in wireless communications by letting SUs to
opportunistically utilize spectral white spaces of PUs. Because
legacy users have access priority, secondary cognitive radio
networks are required to exert minimal effect on PUs if and
when PUs become active. For example, in the DARPA XG
project [1], one of the three major test criteria in the field test
is “to cause no harm” [2]. The protection of PUs is vital to
the success of cognitive radio system because no PU would
be inclined to accommodate secondary cognitive networks
without such assurance. Thus, the spectrum access strategy
of the SU should aim to maximize the performance of SUs
while operating under the protection requirement of PUs.

In some deployment, PUs may have much larger transmis-
sion power compared to SUs, i.e., TV stations vs. unlicensed
devices, as shown in Figure 1. In such cases, the protection
of PUs is more challenging when there are multiple SUs
accessing a PU channel. Because these SUs are widely spread
in the area, one SU may not be able to sense all other
SUs’ transmissions. On one hand, this enables spatial reuse
among secondary users, which increases SUs’ capacity. On
the other hand, the collective protection of PUs becomes more
challenging because individual SU’s intrusion/interference can
accumulate to an unacceptable degree to the PU. To address
this issue, one may consider a centralized SU controller to
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Fig. 1. Overlaying a cognitive radio network to top of a legacy primary
network .

coordinate all SUs. However, a centralized controller may not
always be available or practical. Additionally, the communica-
tion and coordination among all SUs will incur much overhead
and delay, even if such inter-cooperation is possible. Thus, one
of our objectives is to achieve the collective protection ofthe
PU without a centralized controller while still enabling spatial
reuse.

In this work, we use PU packet collision probability as
the metric for PU protection. SUs access potential idle PU
channels using a sensing-based access scheme. Multiple SUs
can consider access to the idle primary band independently
or collaboratively. Regardless, in order not to upset the PU
performance, the total collision probability from all SU access
must be restricted to satisfy the collision probability constraint
set by the PU. Under such a protection requirement, we inves-
tigate the fundamental limit on the throughput performanceof
opportunistic spectrum access by SUs. Our contributions are:

• Development of an optimal spectrum access policy under
the assumption of perfect sensing by SUs.

• Derivation of (tight) lower and upper bounds on the SU
throughput.

• Analysis of the impact of imperfect sensing on the
SU throughput performance and the development of a
modified spectrum access policy.
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• Development of a distributed access scheme that enables
multiple SUs to operate under the PU protection require-
ment and to adapt to changes in the PU traffic pattern.

In summary, our results illustrate and quantify the effect of
the PU traffic pattern, the packet collision constraint, andSU
sensing capability, on the performance of multiple SUs.

We organize our paper as follows. Section II discusses
related work. Section III introduces our system model, the
protection metric for the PU, and the performance metric for
the SU. Section IV presents an optimal threshold-based spec-
trum access policy under generic PU idle time distributions
assuming perfect sensing. The impact of imperfect sensing
is studied in Section V. Section VI presents and evaluates a
distributed access scheme that adapts to changes in the PU
traffic pattern. The paper is concluded in Section VII.

II. Background and Related Work

Cognitive radio has attracted much research attention. Both
distributed and centralized schemes have been proposed to
facilitate the spectrum sharing between SUs and PUs. In
[3]-[4], centralized mechanisms are proposed to implement
spectrum leasing and real time spectrum auction of unused PU
bands in which spectrum brokers and infrastructure may need
to match “white space” between providers and consumers.
Spectrum sharing by cognitive radio devices in unlicensed
bands is also considered in [5]-[6]. Our works differ from
the above in that we address the asymmetrical relationship in
access priority and protection requirement of the PU and SUs
when designing spectrum access schemes of SUs.

In [7], the multi-armed bandit model is used to describe the
spectrum access problem of the SU. However, PUs in this case
do not consider interference from SUs. In [8], a CSMA/CA
based spectrum access scheme is proposed by exchanging the
channel reservation information on a separate control channel.
In [9], a distributed dynamic spectrum allocation,b-smart is
developed to allocate different sizes of time-frequency blocks
available in TV bands to multiple SUs with different traffic
demands. Still, neither work studies the impact of the PU’s
behavior on the performance and access protocol of the SU’s.

Other related works include designs of channel sens-
ing/probing, channel selection [10], flow control and schedul-
ing [11], and joint PHY-MAC design [12] for cognitive radios.
For example, in [10], authors show that the optimal joint
channel probing and transmission strategy has a threshold
based-structure. However, there is no explicit consideration of
the protection of the PU.

The work in [12] formulates the joint PHY-MAC design of
the opportunistic spectrum access with imperfect sensing as a
constrained partially observable Markovian decision process,
and exploits the whole observation history to decide the opti-
mal action. The optimal access policy obeys a separation prin-
ciple, which simplifies the joint design of the spectrum sensor
and MAC protocol. In comparison, in [12], it is assumed that
the primary channel has a slot structure with which SUs can
synchronize while we do not assume a slotted structure in this
paper. In addition, the authors assume Markovian transition

between idle and busy states in [12] while we consider general
PU traffic patterns.

In [13], the authors show that the maximum usable time
proportion for the SU cannot exceed the product of the
collision probability constraint and the idle percentage of the
PU’s traffic under the assumption that the PU’s idle time
distribution is exponential. In comparison, we do not have
the exponential idle time distribution assumption. In addition,
we consider imperfect sensing and distributed schemes. Our
model is more general and emphasizes the interaction between
the SU’s performance and the characteristics of the PU’s
behaviors.

III. System Model

Consider the scenario in which one spectrum band is
licensed to PUs while multiple SUs try to exploit spectrum
opportunities vacated by PUs under the protection requirement
of PUs. We assume that a SU does not distinguish different
PUs, and can only access the channel when no PU is active.
Thus, SUs treat the collective of all PUs as one “aggregated”
PU in designing SUs’ spectrum access schemes. SUs consider
the PU channel as either idle or busy. Multiple SUs can have
access to the idle primary band independently or collabora-
tively. Regardless, in order not to upset the PU performance,
the sum effect from all SU access must be constrained to
satisfy the protection requirement of the PU.

A. PU activity model

Because the PU does not operate at full capacity, the idle
interval of the PU band is random and depends on the PU
traffic pattern. Here, we denote the length of a PU’s idle
interval asVp, its probability density function asfVp

(·), its
cumulative distribution function asFVp

(·), and its mean asvp.
Denote the busy interval of the PU asLp with meanlp. The
idle percentage of the primary channel is thenα =

vp

vp+lp
.

In each busy period, there areNp consecutive PU packets.
Each packet has a fixed lengthL. We let Np be a random
variable with meannp. Thus, lp = npL. Note that here we
loosely use the term “packet” to denote the time granularity
of the PU’s traffic. For PUs which do not use packet-based
transmission scheme, they may be more interested in the
amount of overlapping time between them and secondary
users. It requires minor alteration to transform the packet
collision probability to the overlapping time constraint.

We assume that the aggregated behavior of PUs is ergodic
and stationary for the concerned time-scale of secondary users.
We also assume that the PU’s channel access is not affected
by SUs’ behavior. Whenever the PU has traffic to send, it will
access the channel without sensing. Additionally, even though
on rare occasions, collisions between the PU and SUs may
lead to retransmission by the PU, we ignore such impact on the
distribution ofVp andLp. (We note that such retransmission
can be accounted for in the PU behavior by increasing the
length of the busy period.)

Since the PU is the high priority legacy user within the
band, the SU’s transmissions must be conservative enough
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to protect the communication quality of the PU. One way
to quantify this objective is to limit the average collision
probability “perceived” by the PU, where the average collision
probability is defined as follows:

pc
p = Pr[PU packet collision]. (1)

Relying on the stationarity and ergodicity of the PU’s access
behavior, we have

pc
p = lim

K→∞

∑K
k=0 Nc(k)

∑K
k=0 Np(k)

, (2)

whereNc(k) is the total number of collided packets of the
PU in thekth busy-idle cycle. The collective access activities
from all SUs have to satisfy the following constraint:

pc
p ≤ η. (3)

The constraint can be imposed by either the PU or spectrum
regulators and is known to the SUa priori. When there are
multiple SUs, the overall collision probability at the PU needs
to be bounded belowη.

Note that when the SU and the PU transmit simultaneously,
it may still be possible for the primary receiver to decode
its signal if it is comparably strong. In addition, advanced
signal (and array) processing techniques can also be explored
to improve the interference tolerance capability of the PUs. In
this case, the PU may provide a looser collision probability
constraint η. Otherwise, the result here is a conservative
estimation of the true collision probability, and thus results
in better protection of the PU.

B. Access behaviors of SUs

For a group of SUs that want to access the spectral oppor-
tunity evacuated by inactive PUs, the goal is to maximize the
time proportion they can transmit successfully while limiting
their aggregated intrusion to an acceptable threshold. We
let the SUs’ transmission be packet-based, as is commonly
practiced today. For simplicity, the length of the packet,∆,
is assumed to be fixed as a small value∆ ≪ vp, and
∆ ≪ Lp. The results in this paper can be generalized to other
distributions of the packet length. We also assume that SUs
always have packets to transmit, consistent with most related
works.

Each SU is equipped with a cognition engine to facilitate
the opportunistic spectrum access on the primary band. The
cognition engine makes decisions for the SU to interact with
the PU, but does not participate in channel competition or/and
cooperation among SUs. The introduction of cognition engine
divides the medium access protocol of SUs into two separate
domains: an outer state machine that focuses on the spectrum
opportunity detection and assessment; and inner state machine
that focuses on the opportunity sharing among SUs. In other
words, the cognition engine constructs a virtual channel over
the spectrum holes in the primary band. Multiple SUs in
vicinity share the virtual channel using existing well-designed
protocols. This greatly simplifies the design of cognitive radio

devices since the design of the inner state machine can inherit
from the existing MAC protocols.

PU BUSY

Decision Maker

PU IDLE

Constraints
Inputs

Inner State Machine

Transmit
Success

Collision with PU

Spectrum
Sensor

Fig. 2. Cognitive Components of Secondary Users

As illustrated in Figure 2, the cognition engine includes
the following three components: spectrum sensor, decision
maker, and transmitter. The spectrum sensor listens to the
channel and detects whether the primary user is present.
The decision maker is the focus of this paper. It determines
whether to transmit based on the protection constraint fromthe
PU, sensing results, and previous transmission history at the
instance. From the viewpoint of the practical protocol stack,
sensing and transmission can be implemented at PHY layer
while the decision maker can be implemented at MAC layer.

We assume that a SU can detect its collision with the PU,
and can distinguish collisions with the PU from collisions with
other SUs. Several mechanisms can be used to detect collisions
with the PU. For example, the SU can perform sensing after
each packet transmission. Since we have∆ ≪ Lp, if the SU
senses the presence of PU signal after the SU’s transmission,
a collision is detected. An alternative way is to check the ac-
knowledgment (ACK) from the secondary receiver. Normally,
the absence of ACK indicates a likely collision. Then the SU
can perform additional sensing to determine the occurrenceof
collision with the PU by exploiting features of the PU signal
transmission. Omitting lengthy discussion on this matter,we
assume that the SU can detect the collision perfectly.

The cognition engine follows the listen-before-talk princi-
ple. Basically, as illustrated in Figure 3, before the SU accesses
the channel, it senses the channel to detect the activities of the
PU. If the PU is active, the virtual channel is suspended, and
the SU should freeze its inner state machine. The cognition
engine continues to sense the PU channel. After detecting the
PU is idle, the SU will make access decision. If the decision
is to access the spectrum band, it will reactivate the virtual
channel, and the inner state machine will control the access
activities over the virtual channel. When a collision with the
PU happens, the inner state machine informs the decision
maker, and returns the control flow to the cognition engine.
Consider the example illustrated in Figure 1. When the PU
is idle, the cognition engines at SUs 1, 2, and 3 detect the
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opportunity, declare the virtual channel, and reactivate the
SUs’ inner state machines. SU 1 and SU 2 may interfere with
each and thus they use their inner state machine to decide
their channel sharing (such as using CSMA/CA). On the other
hand, they are not interfering with SU 3, which enables the
spatial reuse. The synchronization among SUs due to imperfect
sensing will be considered in Section VI.

We consider both perfect and imperfect sensing of the
SU’s spectrum sensor. The perfect sensing means that there
is no sensing error and the sensing time is negligible; while
imperfect sensing considers both sensing error and sensing
time. There are two types of collisions with the PU in the
opportunistic spectrum access. As illustrated in Figure 3,a
type-I collision happens when the SU has not finished its
transmission when the PU returns the channel. This type
of collisions happens because wireless radio cannot receive
and transmit on the same spectrum at the same time. Even
if the sensing at the SU is perfect at the beginning of the
transmission, type-I collisions exist unless that the SU can
predict when the PU returns to the channel. Type-II collisions
are caused by the imperfect detection of the spectrum sensor
at the SU. Specifically, the SU may mistakenly declare a busy
channel as idle and transmit its packet; thereby causing addi-
tional collisions to the PU. In order to satisfy the protection
constraint from the PU, the SU may not transmit even when
the PU is inactive at current time instance due to the potential
collision. The constraint reduces the available transmission
time (opportunities) of the SU.

Type−II
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Fig. 3. Illustration of Opportunistic Spectrum Access Schemes

The performance metric of the SU is the percentage of time
during which the SU can transmit without colliding with the
PU. Specifically, the throughput of each SU is defined by

Cs = lim
T→∞

SU’s successful access time in[0, T ]

T
. (4)

Obviously, the throughput has an upperbound:Cs ≤ α (where
α is the percentage of PU idle time). This capacity upper
bound is achievable if the SU knows exactly when the PU
starts and ends its transmissions, which is not realistic in
general. Our object here is to study the fundamental limit
on the achievable throughput of SUs’ and to develop access
schemes for SUs to maximize the throughput,Cs, while
satisfying the constraintpc

p ≤ η.

IV. Optimal Access for Primary Idle Time of General
Distribution

In this section, we reveal the close relationship between
the optimal throughput performance of SUs and the idle time
distribution of the PU. We propose a threshold-based spectrum
access policy for SUs to achieve the maximum throughput
performance under the PU packet collision constraint. Bounds
on the achievable throughput performance with regard to the
idle time distribution are presented. Several examples are
used to demonstrate the optimal scheme for various idle time
distributions. We also discuss the implications of these results
on practical system designs. We assume perfect sensing and
focus on the single SU case in this section, and extend the
result in Sections V and VI.

A. Definition of spectrum access policy

In general, the optimal policy at time instanth depends the
current and the historic channel activities of the PU. Therefore,
we express the spectrum access policy as a function ofh
and Λ, whereh is the current (absolute) time, andΛ is the
observation history of PU’s activities until now. Since the
PU can be either busy or idle, we haveΛ = {τ : Φ(τ) =
Busy, τ ≤ h}, whereΦ(τ) is the sensing outcome at timeτ .
Under perfect sensing, the sensing result always reflects the
real condition of the PU channel. Due to the uncertainty in
the PU’s traffic activities, the optimal spectrum access policy
for the SU is generally a probabilistic approach, rather than a
deterministic policy. Thus, we use transmission probability of
the SU, denoted byq(h, Λ), to model the spectrum access
policy. Obviously, we have0 ≤ q(h, Λ) ≤ 1. The listen-
before-talk principle imposes the following restriction on the
spectrum access policy:q(h, Λ) = 0 whenΦ(h) = Busy.

Let τmax be the beginning of the latest idle period; i.e.,

τmax = max
τ≤h

{τ : Φ(τ) = Busy}.

We define a time variablet that reflects the time elapsed since
the beginning of the latest idle period; i.e.,

t = h − τmax.

In particular,t = 0 indicates the beginning of the latest idle
period. For exposition convenience, we consider policies in the
form of q(t) instead ofq(h, Λ). Whenever it is not confusing,
we also useΦ(t) andΦ(τ) interchangeably.

Consider the case that the SU transmits at a sequence of
time instants from the end of the latest PU transmission,0 ≤
t0, t1, · · · , tk, · · · ≤ Vp, where there is no packet overlap, i.e.,
[ti, ti + ∆]

⋂

[tj , tj + ∆] = ∅ for any i 6= j. The transmission
strategies at different time instants may be dependent. Since
the sensing is perfect, we have only type-I collisions with the
PU, which only happens at the beginning of the PU’s busy
period. Because∆ ≤ L, at most one PU packet is collided in
each PU busy period. Note that ifη ≥ 1

np
, the strategy of the

SU is trivial; the SU always transmits until the PU returns.
Therefore, we consider the non-trivial case whenη < 1

np
.

Let Zp(k) be the event that the PU returns to transmit in
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[tk, tk + ∆). Then, the average number of collided packets in
an idle-busy period can be obtained as:

nc = EVp
[Nc]

=

∞
∑

k=0

1 · Pr[Zp(k), SU transmits attk]

=

∞
∑

k=0

q(tk)Pr[Zp(k)].

(5)

where Pr[Zp(k)] = Pr[tk ≤ Vp < tk + ∆]. For a given
policy q(·), we obtain the average packet collision probability
observed by the PU as:

pc
p(q) =

nc

np
=

1

np

∞
∑

k=0

q(tk)Pr[Zp(k)]. (6)

Note that, by settingnp = 1, the packet collision probability
defined here coincides with the collision probability defined
in [13]. Our definition in (2) is more general, because it can
capture type-II collisions due to imperfect sensing, as shown
in Section V.

The average achievable throughput of the SU, which is
the percentage of time that the SU successfully accesses the
channel, can be written as below:

Cs(q) =

∑∞
k=1 (

∑k−1
l=0 ∆ · q(tl)) · P [Zp(k)]

lp + vp
, (7)

where
∑k−1

l=0 ∆ · q(tl) is the total successful transmission time
when the PU returns during[tk, tk + ∆).

We have the following result.

Proposition 1. The throughput of the SUCs(q) increases as
∆ decreases.

The statement is quite intuitive. Whenever we split the
packet of the SU into two halves, the first half of the packet
has a higher successful rate while the total collision observed
by the PU remains unchanged. Therefore,Cs(q) increases as
∆ decreases. We omit the proof here.

Letting∆ → 0, we can convert the summation into Riemann
integral:

pc
p(q) =

1

np

∫ ∞

0

fVp
(τ) · q(τ)dτ . (8)

Correspondingly, the maximum achievable throughput of the
SU can be expressed as:

Cs(q) =

∫∞
0 fVp

(t) ·
∫ t

0 q(τ)dτdt

vp + lp
=

Gs(q)

vp + lp
, (9)

whereGs(q) =
∫∞
0 fVp

(t)
∫ t

0 q(τ)dτdt.
Therefore, we can maximize the SU throughput by solving

the following optimization problem:

max
q(t):0≤q(t)≤1

Cs(q)

subject to pc
p(q) ≤ η,

(10)

where the expressions ofCs(q) and pc
p are given in (9) and

(8), respectively. The dimension of the decision variableq(t)

in (10) is infinite, which renders the problem highly difficult,
if not impossible, to solve. However, we can exploit the
structure of the problem (in both the objective function and
the constraint) to obtain an optimal policy.

B. Optimal spectrum access policy

First, we define a time-related decision metric as follows:

g(t) =
1 − FVp

(t)

fVp
(t)

. (11)

Since
fVp (t)

1−FVp (t) can be regarded as the likelihood of the
conditional collision probability given that the SU transmit
at t, g(t) indicates the successful possibility when the SU
transmits a packet. We will show in the following that this
metric captures the connection between the packet collision
probability constraint and the throughput performance.

We have the following theorem on the optimal spectrum
access policy under a given distributionfVp

(·).

Theorem 1. For a given distributionfVp
(t) for the PU’s idle

time, the following listen-before-talk spectrum access policy
is optimal under the collision probability constraintpc

p ≤ η:

q∗(t) =











1, if g(t) > γ∗, Φ(t) = Idle

p∗, if g(t) = γ∗, Φ(t) = Idle

0, otherwise,

(12)

where the values ofγ∗ andp∗ are determined by
∫

τ :g(τ)>γ∗

fVp
(τ)dτ + p∗

∫

τ :g(τ)=γ∗

fVp
(τ)dτ = npη. (13)

A randomized strategy is required wheng(t) = γ∗.

Proof: Consider any policyq, we have:

Gs(q) =

∫ ∞

0

q(τ)

∫ ∞

τ

fVp
(t)dtdτ

=

∫ ∞

0

q(τ)(1 − FVp
(τ))dτ

=

∫ ∞

0

q(τ)fVp
(τ)

(1 − FVp
(τ))

fVp
(τ)

dτ .

Divide the whole integral interval in the above expression
into three disjoint sets as defined belows:

S1 = {τ : g(τ) > γ∗}

S2 = {τ : g(τ) < γ∗}

S3 = {τ : g(τ) = γ∗}.

In addition, since∀τ, 0 ≤ q(τ) ≤ 1, for q∗(τ) defined in
(12), we have the following relations:

q∗(τ) − q(τ) ≥ 0, τ : g(τ) > γ∗;

q∗(τ) − q(τ) ≤ 0, τ : g(τ) < γ∗.

Then, we have:

[q∗(τ) − q(τ)]g(τ) ≥ [q∗(τ) − q(τ)]γ∗, ∀τ ∈ S1;

[q∗(τ) − q(τ)]g(τ) = [q∗(τ) − q(τ)]γ∗, ∀τ ∈ S3;

[q∗(τ) − q(τ)]g(τ) ≥ [q∗(τ) − q(τ)]γ∗, ∀τ ∈ S2.
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Gs(q
∗) − Gs(q)

=

∫ ∞

0

[q∗(τ) − q(τ)]fVp
(τ)g(τ)dτ

=

∫

τ :S1

[q∗(τ) − q(τ)]fVp
(τ)g(τ)dτ +

∫

τ :S2

[q∗(τ) − q(τ)]fVp
(τ)g(τ)dτ + γ∗

∫

τ :S3

[q∗(τ) − q(τ)]fVp
(τ)dτ

≥ γ∗{

∫

τ :S1

T

S3

[q∗(τ) − q(τ)]fVp
(τ)dτ +

∫

τ :S2

[q∗(τ) − q(τ)]fVp
(τ)dτ}

= γ∗{

∫ ∞

0

q∗(τ)fVp
(τ)dτ −

∫ ∞

0

q(τ)fVp
(τ)dτ}

= γ∗(npη − npη) = 0.

(14)

The last equation above is true because we have:

[q(τ) − q∗(τ)]g(τ) ≤ [q(τ) − q∗(τ)]γ∗, ∀τ ∈ S2.

Using the above relations, we haveGs(q
∗) − Gs(q) ≥ 0 as

shown in (14).
BecauseCs(q) = Gs(q)

vp+lp
, we haveCs(q

∗) ≥ Cs(q). The
thresholdγ∗ and the randomized factorp∗ can be obtained
from the packet collision probability constraint (13).

We have shown that the threshold-based policy (12) is at
least one (not necessarily unique) optimal access policy for
the SU. This result is intuitive in that the SU should transmit
when the conditional collision probability is low. Interestingly
enough, the auxiliary variableg(t) in the optimal transmission
strategy, has the same form as the inverse of the “failure rates”
function, which is commonly used in the reliability study of
a system with multiple components.

For practical cognitive radio systems, Theorem 1 implies
that the optimal listen-before-talk spectrum access policy
for the SU is threshold-based, which greatly simplifies the
MAC layer implementation for the cognitive devices. Using a
reliable spectrum sensor at the PHY layer, the SU can detect
previous transmissions of the PU with high accuracy. When the
PU switches from busy to idle, the SU initializes an internal
timer t = 0, compute the value ofg(t), and then compares
g(t) with the calculated thresholdγ∗. Finally, the SU decides
whether to access based on the comparison result.

The values ofγ∗ and p∗ are determined by the protection
requirement and the idle time distribution as in (13). Next,we
consider a few examples of idle time distributions to illustrate
how to obtain the values ofγ∗ andp∗ in the optimal spectrum
access policy.

In particular, when the idle time of the PU is deterministic
and known to the SU, i.e.,

fVp
(t) = δ(t − vP ), whereδ(t) = impulse,

we have

g(t) =

{

∞, t < vp

0, t = vp.

Referring to Theorem 1, we haveγ∗ = 0 and p∗ = npη in
the optimal transmission policy. In other words, the optimal

strategy for the SU is

q∗(t) =

{

1, t < vp

η, t = vp.

In fact, p∗ = 0 can also achieve the maximum throughput,
since the measure of the set{fVp

(t) > 0} is 0. The corre-
sponding maximum achievable throughput for SUs isα. This
is intuitive, since collisions between the SU and the PU can
only happen at timet = vp, which is known to SU. SUs
can transmit as much asα fraction of the time (which is the
entire portion of white space) without violating the collision
probability constraint.

When the PU has a slot-structure, as assumed in [12], [14],
the idle time distribution followsfVp

(t) =
∑∞

k=1 pkδ(t − kσ),
whereσ is the length of the slot of the primary transmission.
Then, the optimal transmission policy will be to transmit
during the slot interval with probability 1, and transmit atthe
boundaries of slots with probabilityη. The threshold can be
obtained asγ∗ = 0, and the maximum throughput isα. Note
that this does not contradict with the results in [12][15] and
serves as an upper bound on the throughput performance for
imperfect sensing.

When the idle time of the PU is exponentially distributed,
we haveg(t) = vp, which is a constant, i.e,. the conditional
collision probability given that the SU transmits does not
depend on the length of idle time elapsed. In this case, we
haveγ∗ = vp, andp∗ = npη. Note that the randomization is
important here — SU transmits with probabilityp∗ when it
senses the channel being idle. The corresponding maximum
throughput of the SU isCmax

s = αnpη, which is the same
as in [13] when the SU uses VX scheme under busy period
collision constraintpc

pb ≤ npη.
The Weibull distribution is commonly used in the reliability

study. When the idle time of the PU follows a two-parameter
Weibull distribution with parametersβ andµ, i.e.,

fVp
(t) =

β

µ
(
t

µ
)β−1e−( t

µ )
β

,

whereβ > 0 is the shape parameter, andµ > 0 is the scale
parameter. The mean of the Weibull distribution isµ ·Γ(β−1+
1). Whenβ > 1, the “failure rate” is an increasing function
of t, while g(t) is a decreasing function oft, then the optimal
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transmission strategy is given by:

q∗(t) =

{

1, if t ≤ T ∗, Vp > t

0, otherwise.

The maximum throughput is
R

T∗

0
(1−FVp (t))dt

vp+lp
, whereT ∗ =

µ · (− ln(1 − npη))
1

β . The result forβ ≤ 1 can be obtained
similarly.

The above example for the Weibull distribution implies that
an optimal transmission policy with a simpler form exists for
a class of idle time distributions. Following Theorem 1, we
have the following result:

Corollary 1. For a given distributionfVp
(·) for the idle time of

the PU, wheng(·) is monotonically decreasing and continuous,
the following spectrum access policy is optimal under the
collision probability constraintpc

p ≤ η:

q∗(t) =

{

1, if t ≤ T ∗, Φ(t) = Idle

0, otherwise,

where T ∗ can be obtained from the collision probability
constraint

∫ T∗

0 fVp
(t)dt = npη. Specifically, the achievable

throughput is:

Cmax
s = Cs(q

∗) =

∫ T∗

0
tfVp

(t)dt + T ∗ ∫∞
T∗

fVp
(t)dt

vp + lp
.

Proof: Sinceg(t) is monotonically decreasing, relying on
Theorem 1, there exists aT ∗, such that for any0 ≤ t ≤ T ∗,
g(t) ≥ γ∗, andg(T ∗) = γ∗. Then, the Corollary follows.

We use two examples to illustrate the optimal time
threshold-based transmission policy for the SUs. For uniformly
distributed idle time of the PU, we havefVp

(t) = 1
2vp

(u(t)−

u(t − 2vp)). Since g(t) = 2vp − t, t ∈ [0, 2vp) is strictly
decreasing, relying on Corollary 1, we have the optimalT ∗

as:
T ∗ = 2vpnpη.

The corresponding maximum throughput of the SU is

Cmax
s = 2αnpη − αn2

pη
2. (15)

As another example, for exponentially distributed idle time
of the PU,g(t) = vp is flat. Relying on Corollary 1, we have

T ∗ = −vp ln(1 − npη).

The corresponding maximum throughput of the SU isCmax
s =

αnpη. This policy results in the same performance as the
randomized strategy indicated by Theorem 1 withp∗ = npη.

C. Optimal SU’s throughput for different idle time distri-
butions

We note that the distribution of the PU’s idle time is
determined by the PU’s behavior. It has significant impact on
the throughput performance of the SU. Therefore, we compare
the maximum throughput of different distributions of the PU’s
idle time in the following corollary.

Corollary 2. The optimal throughput performance of the
SU under the packet collision probability constraint,η,
is between[αnpη, α]. The upper boundα is achieved if
∫∞
0 fVp

(t)I{fVp
(t) > 0} ≤ npη; the lower boundαnpη is

achieved if the idle time follows the exponential distribution.

Proof: When the distribution of the idle time satisfies
∫∞
0

fVp
(t)I{fVp

(t) > 0} ≤ npη, by settingγ∗ = 0, p∗ =
0, i.e., the SU does not transmit whenfVp

(t) > 0, then the
SU achieves the upper bound. Example of such distributions
include deterministic distribution, and the slotted-structure, as
discussed in Section IV-B.

Next, we prove the lower boundαnpη. According to Theo-
rem 1, for any transmission policyq, we haveGs(q

∗, fVp
) ≥

Gs(q, fVp
). Then, we construct a random access policyq̂ for

the SU when the distribution of the idle time isfVp
(·) as:

q̂(t, f) =

{

npη, if Vp > t

0, otherwise
. (16)

The collision probability observed by the PU is:

pc
p =

1

np

∫ ∞

0

q̂(t, f)fVp
(t)dt = η.

We have

Gs(q̂, f) =

∫ ∞

0

q̂(t, f)(1 − FVp
(t))dt

= npη

∫ ∞

0

(1 − FVp
(t))dt

= npηvp.

It follows that Gs(q
∗, fVp

) ≥ Gs(q̂, fVp
) = npηvp. There-

fore, Cs(q
∗, fVp

) ≥ Cs(q̂, fVp
) ≥ npηα. Since the optimal

transmission strategy for exponentially distributed idletime
achieves throughputαnpη, it is one of the least favorable
distributions of the idle time of the primary channel for the
SU.

The random access policy in (16) has interesting properties.
In the absence of idle time distribution information, for any
distribution, the scheme in (16) achieves a capacity ofnpηα,
which is the optimal throughput for exponential distribution.
The implication is multifold. First, the knowledge of distribu-
tion is important. Knowing the distribution and exploring the
distribution may significantly improve the SU’s throughput.
For example, the maximum throughput obtained in (15) under
uniform distribution is much larger thannpηα. Therefore, in
order to fully utilize the spectrum opportunities in the primary
band, the SU should acquire knowledge of the PU behavior.
We propose such an adaptive scheme in Section VI when PU
idle time distribution is not availablea prior. Second, when the
distribution information is absent, a SU can exploit the random
policy in (16) to lower bound its throughput. Not knowing
the distribution is equivalent to the memoryless exponential
distribution. The random access policy in (16) is similar to
the VX scheme proposed in [13] in essence.

In summary, when we quantify the usefulness of the spec-
trum opportunities, important factors are the percentage of the
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idle time (α), the distribution of the idle timefVp
(·), the avail-

ability of such information, and the protection requirement of
the channel. When there are multiple spectrum bands available
for SUs to choose from, SUs should consider all these factors.

V. Opportunistic Spectrum Access with Imperfect
Sensing

In this section, we consider the impact of imperfect sensing.
As in previous section, we assume that the SU can always
accurately detect the collision with the PU through the use
of ACK, combination of ACK loss or/and additional sensing.
We also assume that the SU has knowledge of the idle time
distributionfVp

(·).
We denote the sensing time asσs. When the SU performs

sensing, it cannot transmit at the same time. In general,
the greater theσs, the more reliable the spectrum sensing,
and, unfortunately, the more opportunities the SU wastes.
Therefore, there exists a trade-off between the sensing time
and detection performance with respect to the throughput of
the SUs.

We model the sensing performance by the ROC (receiver-
operating characteristic) curve, i.e.,(Pf , Pm) pair, wherePf

is the false-alarm probability, andPm is the missed detection
probability. Both missed detection and false alarm pose new
challenges. As mentioned in Section III, missed detections
cause type-II collisions with the PU. On the other hand,
reducing the missed detection probability often increasesthe
false alarm probability, which will lead to a waste of the
spectrum opportunities.

We first discuss the impact of missed detection. As illus-
trated in Figure 4, the SU keeps sensing if it finds the channel
busy. The SU can only transmit packets after it senses the
channel being idle. Packet collisions happen after each missed
detection. Multiple packets may collide in a single busy period
due to multiple missed detections.
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1 1 11 1 1 0 0 1 1 1 1 0
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1 1 1 0 1 1

Collision!

Missed
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t = 0

VpLp

T ∗ t = 0 T ∗σS ∆

Fig. 4. Illustration of Imperfect Sensing

Assuming that∆ ≤ L and the sensing performance is inde-
pendent of PU’s behavior, we have the following expression
of packet collision probability due toPm:

pc
pm =

PmE[⌈ NpL
(1−Pm)σs+Pm(σs+∆)⌉Nc]

np
, (17)

where Pm⌈ NpL
(1−Pm)σs+Pm(σs+∆)⌉ is the average number of

missed-detections during a busy period of lengthNpL. Let

X denote the residual time of the PU’s packet when the
SU starts transmitting.X is uniformly distributed over[0, L].
Since∆ ≤ L, we have the number of collided primary packets
for each missed detection as:

Nc(X) =

{

1, if X > ∆,

2, if X ≤ ∆,

and
nc = EX [Nc(X)] =

L + ∆

L
.

In order to satisfy the collision probability constraint imposed
by the PU, we require that the sampling length of the spectrum
sensor,σs, be large enough to guaranteepc

pm ≤ η. Therefore,
the allowance for type-I collisions is:

η̂ = η − pc
pm.

Next, we focus on the impact of false alarm. As observed
in the previous section, the optimal transmission strategyis
a threshold based policy, which depends on the true status
of the channel and the knowledge of the beginning of the
idle period. However, because of imperfect sensing, the SU
knows neither the true status nor the beginning of the idle
period accurately. LetJ be the number of consecutive sensing
slots that the SU takes to detect the idle period after the PU
channel becomes idle. Assume that the sensing result from
each sensing period is independent and has the same false-
alarm probability,J follows a geometric distribution:Pr[J =
j] = P j−1

f (1 − Pf ), j = 1, 2, · · · .
Let pc

pf be the type-I packet collision probability, counting
the effect of false alarm. Note that since∆ ≤ L, a type-I
collision only leads to one packet loss for the PU. Define the
event that the PU returns duringtk +jσs < Vp ≤ tk +jσs+∆
asZp(k, j). Then, we have the following expressions ofpc

p and
Cs:

pc
pf =

1

np
EJ

{ ∞
∑

k=0

q(tk)P [Zp(k, J)]

}

=
1 − Pf

np

∞
∑

j=1

P j−1
f

∞
∑

k=0

q(tk)P [Zp(k, j)];

Cs =
EJ [
∑∞

k=0 ∆q(tk)(1 − FVp
(tk + ∆ + Jσs))]

vp + lp

(18)

where tk, k = 0, 1, · · · , is the amount of time elapsed after
the spectrum sensor detects the channel being idle.

When∆ → 0, we have:

pc
pf =

1

np

∫ ∞

0

EJ(fVp
(t + Jσs))q(t)dt

Cs =

∫∞
0 EJ [(1 − FVp

(t + Jσs))]q(t)dt

vp + lp
.

Following similar arguments as in Theorem 1, for a given
spectrum detector with(Pf , Pm), we define the following
decision metric:

g(t) =
EJ [(1 − FVp

(t + Jσs))]

EJ [fVp
(t + Jσs)]

.
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We have the following spectrum access strategy for the SU
whenΦ(t) = Idle,

q∗(t) =











1, if g(t) > γ̃∗

p̃∗, if g(t) = γ∗

0, otherwise,

whereγ̃∗ and p̃∗ are determined by:
∫

τ :g(τ)>γ̃∗

EJ [fVp
(t + Jσs)]dτ

+ p̃∗
∫

τ :g(τ)=γ̃∗

EJ [fVp
(t + Jσs)]dτ = npη̂.

Next, we examine the trade-off betweenPf andPm in more
detail. As in [16], relying on central limit theorem, we use
Gaussian distribution to approximate the detection statistic of
the spectrum sensor deployed at SUs. Specifically, we have

Pf = Q

(

ζ − Nsσ
2
w

√

2Nsσ4
w

)

PM = 1−Q

(

ζ − Ns(σ
2
w + σ2

x)
√

2Ns(σ2
w + σ2

x)2

)

,

whereQ(x) is defined as
∫∞

x
1√
2π

e−τ2/2dτ , ζ is the detection
threshold, Ns = σsfc is number of samples (fc is the
sampling frequency), andσ2

w and σ2
x are the power of noise

and primary signal, respectively. The ROC curve is jointly
determined byσs, fc, and SNR. By adjusting the value of
the detection thresholdζ, different trade-off betweenPf and
Pm on the ROC curve can be achieved. For a given spectrum
sensor (surely the length of sensing should be large enough to
guarantee that̂η > 0), the optimal operating point(Pf , Pm)
can be obtained by solving a non-linear optimization problem.

Last, we present numerical results on the SU performance
with imperfect sensing. Assume that the idle time is uniformly
distributed in [0, 2vp] and the number of packets in a busy
period, N , is a constant. We use the following parameters
in the numerical calculation:L = ∆ = 1ms, vp = 200ms,

lp = 100ms, Np = 100, fc = 10MHz, and SNR=
σ2

x

σ2
w

=
−3dB. Detector thresholdζ is adjusted to achieve trade-off
betweenPf and Pm on the same ROC curve. We setσs =
20, 30, 40, 50µs in our simulations, with their corresponding
ROC curves in Figure 5(a).

Figure 5(b) and Figure 5(c) show the achieved throughput
for the modified threshold-based spectrum access scheme
whenη = 10−3, andη = 8×10−3, respectively. For compari-
son, we also plot the throughput performance assuming perfect
sensing. It is easy to observe that, for smaller packet collision
probability constraint, the range of the feasible operating
points is smaller. Recall thatPm has to be small enough
to satisfy thatη̂ > 0. There is an optimal operating point
of the spectrum sensor to achieve the maximum throughput.
This point represents the optimal trade-off betweenPm and
Pf . For a givenPf , the longer the sensing time, the larger
the throughput (within a reasonable range). This implies in
practical systems, since the access of the SU has to be con-
servative to protect the PU, a longer sensing time is desirable.
In addition, for the benefit of the SU, the transmission given

a missed-detection contributes nothing to its throughput,but
“consumes” the collision probability allowance. So it is much
more important to ensure a small missed detection probability
than false-alarm probability. In other words, the capability
to protect the PU (measured by a small missed-detection
probability) can benefit the SU’s throughput performance. We
also observe that whenσs is large enough, the performance of
the optimal operating point is very close to that of the perfect
sensing. The larger the value ofσs, the larger the region where
the performance is close to optimal.

VI. Adaptive Opportunistic Spectrum Access

In Section IV, we presented an optimal spectrum access
scheme assuming perfect sensing, single SU, and knowledge of
the idle time distribution. In this section, we consider multiple
SUs without a prior knowledge of the distribution of PU
channel idle time.

As shown in Figure 1, the protection of PUs is more
challenging when there are multiple SUs accessing a PU
channel. Because SUs are widely spread in the area, one SU
may not be able to sense all other SUs’ transmissions or their
collisions with the PU. While this enables spatial reuse among
secondary users, the protection of the PU is more difficult
because the SUs’ disruption on the PU is cumulative. Consider
the case where two SUs cause random collisions with the PU.
Assume that the two SUs are not aware of each other and
η = 1%. If each SU causes 1% collision randomly (e.g.,
using the VX scheme in [13] or the random access policy
(16) described in Section IV-C,) the cumulative collision on
the PU could be close to2%. When there are more SUs,
the impact of such cumulative intrusion can be devastating.
Our objective is to protect the PU against the collective use
of SUs without a centralized controller while still enabling
spatial reuse. Our approach explicitly explores the structure of
the optimal scheme presented in the previous section.

A. Perfect sensing case

According to Theorem 1, the optimal transmission strategy
is threshold-based, where the threshold is obtained as a func-
tion of the idle time distribution. Assuming SUs have perfect
sensing and the knowledge of the idle time distribution, SUs
have the same knowledge about the radio environment or the
virtual channel. Basically, the decision maker at each SU (or
SU sub-group) has the same input, and thus each SU can
synchronize with the same virtual channel.

The remaining question is thus how SUs can obtain the
knowledge of the PU activity. While there are schemes to
estimate distribution functions [17], [18], [19], they usually
require a large number of observations. This is challenging
especially in the presence of multiple independent SUs. In
addition, the PU traffic pattern is time varying, and so does
the idle time distribution. Again, we explicitly explore the
structure of the proposed optimal scheme. We propose the
following adaptive approach for SUs to achieve the non-
intrusive spectrum access. Each SU independently executes
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Fig. 5. Throughput of SU in threshold-based spectrum accesspolicy with
imperfect sensing

the following adaptive algorithm and makes transmission
decisions.

Note that when the idle time distribution of the PU is such
thatg(·) is monotonically decreasing, the optimal transmission
strategy is a time-threshold-based approach. In this case,
we use the result in Corollary 1 to develop an adaptive
transmission strategy for SUs. Here, we assume that all
SUs have knowledge about the average number of the PU’s
packets in a busy period. Each SU, indexed bym, maintains
Nm

c (j), j = 1, · · · , the number of collisions caused by SUm
during thejth busy-idle period. Each SU begins transmitting
its packets after sensing the idle channel, and stops when the
internal timer t reaches the time thresholdT m(i) (the ith
estimate ofT ∗) or it collides with the PU. Each updating
interval for the time thresholdT m(i) consistsW idle-busy
periods of the PU. The SU estimates the collision probability
in the ith updating interval as:

η̃m(i + 1) =

∑iW
j=(i−1)W+1 Nm

c (j)

W · np
. (19)

Then the SU updates the time thresholdT m based on the
observed collision probability as follows:

T m(i + 1) = T m(i) + µ(i) · T m(0) ·
η − η̃m(i)

η
, (20)

whereT m(0) is the initial value, andµ(i) is the step-size.
A natural choice ofT m(0) is the value ofT ∗ when the idle

time distribution is exponential, i.e.,T m(0) = −vp ∗ ln(1 −
npη)/∆. Whenη̃m > η, the SU reduces its transmission time;
otherwise the SU increases its transmission time. The step-
size determines the trade-off between the convergence speed
and the variance of the updated values. For example, one can
show thatT m(i) converges toT ∗ when µ(i) = 1/i because
the estimation error has zero mean, using standard stochastic
approximation techniques.

As an illustration, we use numerical simulations where the
idle time initially follows the Weibull distribution withβ = 2
and changes to uniform distribution later without informing
SUs. Simulation parameters are set as:vp = 200ms, np =
100, ∆ = L = 1ms, η = 0.1%, W = 50, and µ(i) = 0.4.
Each SU has the knowledge ofnp andvp (both are set to be
constants), but notfVp

(·). Initially, there is only one SU in the
network. Another SU joins the network after50000 idle-busy
periods (about7500 seconds) and runs the proposed algorithm
independently without observing the collisions caused by the
first SU to the PU. The two SUs cannot sense each other.
After 150000 idle-busy periods, the PU’s idle time distribution
changes from Weibull to uniform distribution.

The performance of the proposed algorithm is shown in
Figure 6, where the value ofP c

p andCs is evaluated every5000
idle-busy periods, or100 updating periods. For comparison
purpose, we plot the optimal throughput and the optimal value
of T ∗ in the figure. From Figure 6, we can observe that
the proposed algorithm has several desirable properties. First,
it satisfies the protection requirement of the PU when there
are multiple SUs opportunistically accessing the spectrum.
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Second, it converges very quickly to the optimal value ofT ∗,
and obtains close-to optimal throughput performance derived
for ∆ → 0. Note that each SU independently achieves similar
throughputCs rather than shares the total available time,
thus achieves desirable spatial reuse. Third, it adapts to the
dynamics of the PU’s traffic pattern rapidly. Additionally,it
is a distributed algorithm with no central controller. EachSU
performs its algorithm independently.
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Fig. 6. Convergence of the Proposed Adaptive Algorithm (Unit of x-axis:
5000 idle-busy periods)

In comparison, the multi-SU VX scheme proposed in [13],
requires perfect sensing of other SUs’ signal to enable perfect
cooperation among SUs, which reduces the spatial reuse gain.
If SUs cannot hear each other perfectly, it is difficult to
guarantee that the cumulative collisions observed by the PUis
limited in the VX scheme. With our proposed algorithm, both
the spatial reuse and the collective protection on the PU are
possible.

This proposed adaptive algorithm works well for a wide
class of idle time distribution with monotonically decreasing
g(·). When this condition is not satisfied,T ∗ policy as in
Corollary 1 may not be optimal, so neither is the adaptive
scheme. However, the adaptive scheme can still guarantee the
collaborative protection of the PU in a distributed manner
while enable spatial reuse. In the future, we plan to extend
the adaptive scheme to general idle time distributions.

B. Imperfect sensing case

In the presence of imperfect sensing, the SU cannot track
accurately the status of the PU, neither the exact beginning
of the idle time. We propose the following modifications to
address the impact of the imperfect sensing in the above
adaptive scheme.

First, each SU estimates the collision probability caused
by missed detection, i.e.,pc

pm, using (17). It can estimate its
own type-II collision probability and calculate the marginleft
for type-I collisions as:̂η = η − pc

pm(j). Here, we assume
that a SU does not know the presence of other SUs outside
its sensing range, and has no knowledge about other SUs’

missed-detection probabilities or the information about other
SUs’ collisions with the PU. SUs update their time threshold
independently using (20) whereη is replaced bŷη.

If the SU transmits untilT m(i) without colliding with the
PU, the SU will only confirm the return of the PU after
detectingNf consecutive busy slots, whereNf is a design
parameter. This reduces the mistakes that the SU loses the
track of the idle-busy period of the PU, and initializes its timer
t = 0 after falsely detecting an busy-idle transition when the
PU is still idle.

Simulations are used to validate the performance of the
proposed algorithm. The simulation setup is the same as in the
previous section. We consider two SUs with different spectrum
sensing performances. The missed detection probabilitiesof
SU1 and SUs arePm(1) = 1.3203 × 10−8, Pm(2) = 10−6,
respectively. The false alarm probabilities arePf (1) = 0.67
andPf (2) = 0.2, respectively. The sensing time isσs = 50µs.
The number of packets in a busy period of the PU follows
a uniform distribution with meannp = 100. The design
parameterNf is heuristically set asNf =

np·∆
10σs

. Each updating
period for the SU consistsW = 50 idle-busy periods.

The performance of the proposed algorithm is shown in
Figure 7. The convergence toT ∗ is fast. Each SU achieves
close-to optimal throughput performance. The proposed algo-
rithm can approximate the PU protection requirement well.
It is slightly above the threshold after the second SU joins
the network. This is due to the fact that the type-II collisions
accumulates at the PU because each SU is oblivious to other
SUs type-II collisions. To address this issue, one can tune the
spectrum sensor to reduce the missed detection probability.
(We intently leave the missed detection probability of the
second SU high to illustrate this accumulative effect.) In
addition, SUs should be aware the potential existence of other
SUs and thus leave a margin on the collision probability
constraint. Because of the geographical area constraint, the
total number of SUs that are unaware of each other is indeed
limited.
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Fig. 7. Performance of the Proposed Adaptive Algorithm withImperfect
Sensing (Unit of x-axis: 5000 idle-busy periods)
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VII. Conclusion

We studied the fundamental limit on the throughput of
cognitive SU networks based on the primary packet colli-
sion constraint. Under the perfect sensing assumption, we
derived an optimal threshold-based transmission strategyfor
SUs under generic idle time distributions of the PU. We
showed that the idle time distribution and the packet collision
probability constraint of the PU have significant impact on
the throughput performance. Both lower and upper bounds on
the throughput performance of the SU are given. We analyzed
the impact of imperfect sensing on the SU performance, and
proposed a modified threshold-based spectrum access scheme
that achieves close-to-optimal performance. We showed that it
is critical to keep the missed detection probability (extremely)
low and it is desirable to have a relatively long sensing time
for good sensing performance. Moreover, we proposed a dis-
tributed scheme that adapts to the PU traffic pattern changes.
The proposed scheme works well in the case of multiple
secondary users, under both perfect sensing and imperfect
sensing assumptions. Our results in this paper provide insights
on the trade-off between the PU protection and the throughput
performance of SUs.
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