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Adaptive Blind Channel Estimation
by Least Squares Smoothing

Qing Zhao and Lang TongViember, IEEE

Abstract—A least squares smoothing (LSS) approach is pre- (TSML) approach [7], the linear prediction-subspace (LP-SS)
sented for the blind estimation of single-input multiple-output  algorithm [16], and the joint order detection and channel

(SIMO) finite impulse response systems. By exploiting the iso- : ; ; _ ; :
morphic relation between the input and output subspaces, this estimation algorithm (J-LSS) [20] converge quickly. Without

geometrical approach identifies the channel from a specially assuming a specific StOChf"‘S.tiC model of the input sequence,
formed least squares smoothing error of the channel output. LSS these methods have the finite sample convergence property.
has the finite sample convergence property, i.e., in the absenceUnfortunately, they suffer from high computation cost, which

of noise, the channel is estimated perfectly with only a finite js ysually associated with eigenvalue decomposition, and their

number of data samples. Referred to as the adaptive least squares P :
smoothing (A-LSS) algorithm, the adaptive implementation has a adaptive implementations are often cumbersome. On the other

high convergence rate and low computation cost with no matrix Nand, recently proposed linear prediction (LP) based algo-
operations. A-LSS is order recursive and is implemented in fithms [1], [4] are attractive for their efficient adaptive im-
part using a lattice filter. It has the advantage that when the plementations. The key component of these algorithms is the
ggﬁzt“uer'a‘l’L‘?gnvzrigfs'thceh?m”“g;‘gﬂgﬁfﬂs IC:?JT Sﬁcg?:;i;‘t%% ‘?‘gthlﬁ“t classical linear predictor that can be implemented recursively
sequence, the %roposed algorithm performs direct deconvolStion both in time and in filter order-usm.g, for example, lattice filters.
as a by-product. The modular structure of lattice filters makes them good can-
didates for VLSI implementation. Perhaps the most important
shortcoming of these LP-based algorithms is the relatively low
convergence speed. Relying on the statistical uncorrelation of
the input sequence, these LP-based algorithms fail to have
. INTRODUCTION the finite sample convergence property. Consequently, they
LIND channel equalization has the potential to increagéémand a relatively large sample size for accurate channel
data throughput for communications over time varyingstimation, which limits their application in the small data
channels. To achieve this goal, several requirements mustSh€ scenarios.
satisfied. First, blind channel estimation and equalization al-Aiming to satisfy the three design requirements at the same
gorithms must converge quickly. An important property is théme, we present in this paperdeast squares smoothin(gSS)
so-calledfinite sample convergengeoperty, i.e., the channel approach to blind channel estimation. Recognizing the isomor-
can be perfectly estimated using a finite number of sampleRic relation between the input and output subspaces, we first
in the absence of noise. This property is especially criticepnsider estimating the channel from the ingubspaceBy
in packet transmission systems where only a small humi@ejecting the channel output into a particular input subspace
of data samples are available for processing. Second, thethe channel is obtained from the least squares projection
adaptivity of the algorithm is important in tracking the channedrror. When Z is constructed from the channel output by
variation and maintaining the communication link. Third, lovexploiting the isomorphism between the input and output
complexity in both computation and VLS| implementation isubspaces, this projection leads to least squares smoothing.
desired. This geometrical approach to blind channel estimation also
Although many blind channel estimation and equalizatioprovides a simple and unified derivation of different LP-based
algorithms have been proposed in recent years, few cgmannel estimators and a clear explanation for the loss of
simultaneously satisfy requirements in convergence speédite-sample convergence property in LP-based approaches.
adaptivity, and complexity. Deterministic batch algorithms Based on the LSS approach, a nadaptive least squares
such as the subspace (SS) algorithm [14], the cross relat®noothing(A-LSS) channel estimation algorithm is proposed.
(CR) algorithnt [5], [22], the two-step maximum likelihood Like all deterministic methods, A-LSS preserves the finite
sample convergence property with high convergence rate.
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ey {h.} is the channel impulse response, dnt)} is the input
) _/L @ sequence. Givev samples of the system input and output,
Q) AN Y define the row vectos; and the block row vectok; as
t e A
S(t) : ' St = [S(t)v 3(t+1)7 T 3(t+N_1)]

— : (P) =1 /

: n . y(®) o x; 2 [x(8), x(t+1), -, x(t+ N —1)]. )

" hP) 2, é P: v With y; andn, similarly defined, we have, from (1)
Fig. 1. Single-inputP-output linear system. Xt = Z h;s;_;, vi=%¢+n;. 3)
=0

the filter with ne_ither structural change nor extra co_mputati_o&ur goal is to estimath N ), -
Implemented with commonly used basic modules in classical
lattice filtgrs, the structure of A-LSS is highly parallel an(b Assumptions and Properties
regular with only scalar operations. ] ] ] ] )
This paper is organized as follows. Section Il presents the TWO assumptions are made in this paper. The first one is
system model and two assumptions used in this paper. THPUt channel diversity.
geometrical approach to linear least squares smoothing channel Al: Channel DiversityThe subchannel transfer functions
estimation is introduced in Section Ill. A batch least squares do not share common zeros, i.¢4(*)(z)} are co-prime.
smoothing (B-LSS) algorithm and its connections with existingl is shared by all deterministic blind channel estimation
linear prediction-based approaches are obtained. In Section hvgthods. The co-primeness of the subchannel transfer func-
we present the data structure for the unknown channel ordiens ensures that the channel is fully specified (up to a
case followed by the adaptive least squares smoothing charsezlling factor) by the noncommon zeros of the channel output.
estimation and order detection algorithm. Simulation resullls A1 is not satisfied, although the noncommon zeros of
are presented in Section V to demonstrate the convergence tredsubchannel transfer functions can still be identified from
performance of A-LSS in channel estimation and tracking. the output, the common zeros cannot be distinguished from
zeros of the input. Therefore, the channel cannot be identified

o] from y;.

Il. PROBLEM STATEMENT without knowing the input sequence. The following property,
which has also been exploited in [13] and [21], reveals the
A. Notations and Definitions equivalence between the input and output subspaces under the

Notations used in this paper are mostly standard. Uppé:pannel diversity assumption. First, define the input and output

case and lowercase bold letters denote matrices and vecitdSPaces spanned y> 0 consecutive row (block row)
with (-)t, (-}, and (-)t denoting transpose, Hermitian, and/6Ctors as

Moore—Penrose pseudoinverse operations, respectively. Given St p ésp{st’ e Sipr1)
a matrix A, R{A} (C{A}) is the row (column) space of P 4
A. For a matrixX having the same number of columns tp = SPAXe, s Xeopra ). (4)

asA, Pa{X} £ XA/(AA)A (PE{X} 2 X — Po{X}) Note that forp < 0, we similarly defineS, , and X, , as the
is the projection ofX into (the orthogonal complement of)subspaces spanned ppy consecutive future data vectors. The
the row space ofA. We define £X 2 Pa{X} as the following property results directly from Al.

projection error matrix ofX into R{A}. For a set of vec- Property 1: Under Al, there exists a (smallest), >

torsxy, - -, X, sp{X1, - -+, X, } denotes the linear subspacéL/f_’— 1) such that fqr anyw > wyg, we have the isomorphic
Spanned by(b -+, X,. For a vectorx and a linear Subspacere|at|0n between the input and output subspaces
X, Xy 2 arg min,cy ||x—z||? is the orthogonal projection of X w =St wtlL- (5)
xinto X, andx, v 2 x—X| IS its projection error. Finallyj]-|| Proof: Let
and||- || denote the 2-norm and Frobenius norm, respectively. '
S Art ot t
t,w [St7 ’ St—w—l—l]
B. The Model A
. e . . . . . Xt, w = [Xia T xz—w—l—l]t' (6)
The identification and estimation of a single-ingedoutput
linear system shown in Fig. 1 is considered in this paper. TREOM (3), we have
system equation is given by Xy w = Fu()St, wrr (7)
L
. here thewP x (w + L) matrix F,(h) is thefiltering matrix
=S st — t) = x(t t W . S
x(?) ; st =), y(t) =x(t) +nlt) with the following block Toeplitz structure:
t=1,2,--- 1) hy --- hg
A . .
where x(t) = [x§1>, e x§”>]t is the (noiseless) channel Fu(h) = - - : (8)

output,n(¢) is the additive noisey(t) is the received signal, hg --- hg
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It has been shown in [9] and [19] that ALl implies the existence h;s,
of a smallestw, > (L/P — 1) such that for anyw > w,, ;
Fw»(h) has full column rank. Thus, from (7), we have

L
Xeri = D o MeSeik

Xt+i|z

R{X¢t wh=R{S¢t,wt+r} 9

which leads to (5). I A e Y
Property 1 plays an important role in the smoothing and

linear prediction approaches to blind channel estimation.

is this isomorphic relation between the input and output

subspaces that makes it possible to identify the channel from

the inputsubspacevithout the direct use of the input sequence.
To ensure channel identifiability, the input sequence mustConsider L + 1 consecutive output block row vectors

L
Zk:o,k;éi hiseri i

Fig. 2. Projection ofx;y;(: = 0, ---, L) onto Z.

be sufficiently complex in order to excite all modes of th&:+L, - -, Xt. From (3), we have
channel. This requirement is imposed on the linear complexity
[2] of the sequence. Xppr =hoseyr +husppr 1+ -+ hrse
 A2: Linear Complexity The input sequencgs(t)} has *t+L-1= hoseyr—1+---+hpise+hpsi

linear complexity greater thah. = 2wq + 2L.
With the definition of linear complexi®/[2], A2 implies that

for any N > 2L, — L + 1, we have Xy = hos; +---+hpsi—r.
(11)
s(L, —L+1) s(N)
rank: ; Toeplitz =L, +1. Suppose that we want to identihy;,, -- -, hg up to a common
scaling factor fromx,r, -- -, x;. One way to achieve this is
s(1-1) to eliminate inx:+r, -- -, x; all other terms except the ones
(10)  associated withs,. Consider projecting;4; (¢ =0, ---, L)

L ) . . . into a “punctured” input subspacgthat satisfies the following
This implication of A2 will be exploited in Section Il as two conditions:

we discuss the necessary number of input symbols for the. Cc1: { ycz
channel identification by the proposed algorithm. It has been Bty Tt Sty St=1s 1 Sl '

shown in [18] that whenP = 2, the necessary and sufficient * CZs ¢ 2.
condition for the unique identification of the channel and iote that A2 ensuress, ¢  sp{siir, -, s141,
input is Al and thafs(¢)} has linear complexity greater thanS:—1- -*» St—}. Thus, this punctured input subspace

9L. Because both future and past data are required in &StS- As illustrated in Fig. 2, ; is the summation oh;s;

. T L
smoothing approach, a stronger condition is assumed in A Vector outsideZ) and) ;" ;. .; hxs+; -k (a vector inside
in this paper. 2Z). The two shaded right triangles immediately suggest

it-l—ilz = hi§t|z- (12)
I1l. L EAST SQUARES SMOOTHING—A

GEOMETRICAL APPROACH Becauses,| = is independent of, we have the projection error

) ) ] ] _ matrix
In this section, we introduce a geometrical approach to linear

least squares smoothing channel estimation by exploiting the Xiyr|z hy,
isomorphic relation between the input and output subspaces. E=2 : =| ! |8Syz =hs;:. (13)
The same approach also leads to a least squares derivation of % h
. t|Z 0
the LP-based algorithms.
Note thatE is a rank-1 matrix whose column and row spaces

A. Channel Identification from the Input Subspace are spanned bl ands, =, respectively. Fronk, the channel

. . ) h can be directly identified. One approach is the least squares
The isomorphism between the input and output subspaqﬁﬁng of the column space oE

given in Property 1 implies that the input subspace can be
constructed from the output. The following question arises h= arg max ||h’E||2. (14)
from this property:Can we identify the channel from the input lInfl=1

subspace?f so, by constructing the input subspace from th¢he ahove optimization can be solved by the singular value
output, the channel is obtained from the output alone. Afecomposition of eithels or the sample covariance of the
answer to this question is presented below. projection error sequence. A simpler approach is to take the
row (e,,) with the maximum 2-norm irE as an estimate of

2 . . . o i
The linear complexity of the vectov with componentsyg, , Un—1 Sz Then, from (13), we have

is defined as the smallest value offor which a recursion of the form
v = =37 ajvi—j(i =c¢, -+, n—1) exists that will generate from . ~ )
its first c components. h = Ee), = ||5;z]°h. (15)
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Past Data_— Z ~—Future Data introduce two termssmoothing window sizand smoothing
s~ N order. The smoothing window size is defined as the number
Stw-L si1 ) [l S Strwil 'S”Pt;‘t of symbols in the current data, and the smoothing order is the
ubspace

number of symbols in the past data. For the case discussed
above, the smoothing window size and the smoothing order
are L + 1 and w, respectively.
hy h,, The price we paid for avoiding the direct use of input
sequence is that more input symbols are required to identify the

Si-1w+L Sii1,—(w+L)

X1 X - . S
= bl channel. From Fig. 3, we can see that the projection subspace
Xi w < Wl Sz Taze OUPU Zand the current data spar{Zw+2L+1)-dimensional input
Xi Xt Subspace g hspace denoted a3 as shown in
N, S
Past Data Current Data Future Data V = 5p{St-w LSt w L+1s s Stwil } (18)
—Ww—4in —w— ) ) i
Fig. 3. Isomorphism between input and output subspaces. s(t+w—|—L) s(t+w—|—L+ 1) . S(N)
=R : Toeplitz
To gain a better understanding of this geometrical approach s(t—w—1L)
to channel estimation, we make the following remarks. (19)

1) Whens; is orthogonal toZ, which is asymptotically
true for an uncorrelated zero-mean input sequence, thiee construction od’ imposes the full-row-rank condition on
projection errors, z converges tos; (see Fig. 2). In the matrix in (19). As a result, we requidev + 4L + 1 input
this case, the rank-one decomposition of the projecti@ymbols ¢w + 3L + 1 observation symbols) to be available
error matrix E provides the input sequeneg as well and the linear complexity of the input sequence to be greater
as the channel vectds, i.e., this geometrical approachthan 2w + 2L [see (10)].
to channel estimation performs direct deconvolution as 2) Batch Least Squares Smoothing Algorithi¥e consider
a by-product. here the problem of estimating a channel with orflérom a

2) The projections ok, ; into Z for differenti are inde- batch of vV observation symbols. The data structure is speci-
pendent of each other and can be carried out in paralléi&d, followed by some useful properties. Then, the batch least
This property is attractive in algorithm implementationsquares smoothing channel estimation algorithm is presented.

Given N > 4w + 3L + 1 observation symbolsg (), t =

B. Channel Identification from the Output 1,---, N, for a fixed smoothing orders and the known
Subspace—Least Squares Smoothing channel ordet., define the overall data matrix as
1) Construction of the Input Subspace from the Outpit: yRw+L+1) - y(N)
has been shown in Section Ill-A that the channel can be : 7
identified from the projection errors o1, - - -, x; into the ) I
input subspaceZ satisfying C1 and C2. To avoid the direct y(w+L+2)
use of the input sequence, we constrigctfrom the channel 11
output by exploiting the isomorphic relation between the input A y(w+L+1)
and output subspaces given in Property 1. V= : D (20)
Using the definition in (4), conditions C1 and C2 can be y(w+1)
written in the form
Z=8_1pUSi+1,—p (16) Y(,w)
for anyp > L. With the isomorphic relation between the input y(.l) Zp
and output subspaces given in (5), we haveafoe p — L >
wo from which we have specified
Z = S—1,wttUSt41, —(wrr) = X1, wUXg r41, —w- (17) * the past data matri¥, éiyb, e yils
) ) ) _» the current data matrio = [YZ+L+17 oy Vil
The isomorphism between the input and output subspaces is N . .
illustrated in Fig. 3. The projection af,,z, ---, x, into 2 ° the future data matri€; = [y5,4r41 = Vi r42l
is converted into the smoothing [6], [8] of the current data * future-past data matrif = (2)
XitL, - -, X¢ Dy the past data;_1, - - -, x;_,, and the future |n the absence of noise, the overall data maWixhas the
data x;ir+41, -+, Xe+7.+w- The projection errolE used to following relation with the input signal:
identify the channel [see (13)] now becomes the smoothing
error, which can be obtained from the output alone. Because s(2w+ L+1) s5(N)
of the least squares criterion used in the projection, thisV = Fayyr41(h) : Toeplitz
geometrical approach to blind channel estimation is referred s(1—1L)

to as theleast squares smoothin@.SS) algorithm. Here, we (21)
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3) Stochastic EquivalenceThe least squares smoothing ap-
proach presented above is based on the deterministic modeling
2. Obtain the orthogonal basis {us, -, ux+2)} that spans the 2(w + L)-dimensional signal  Of the input sequence. In order to obtain the consistent estimate
row space of Z. of the channel in the presence of noise, we consider a
3. Obtain the projection error of D into sp{uy, -+, w1} stochastic equivalence of the LSS approach. After replacing

Least Squares Smoothing Ct { Estimation

1. Choose w > wy > %, form data matrices Z and D.

u;
E2D -DUU, U= : .
U2(w+L)

the projection of data vectorg{, s;) into a Euclidean space by
the projection of corresponding random variable& ), s(t))
into a Hilbert space, the geometrical approach presented in

4. Identify the channel from the column space of the projection error E:

Section 11I-B1 can be adapted to the stochastic framework.
Specifically, consider the input sequenfgt)} as a white
random process with zero mean and unit variance. Define the
output random vectors

h=arg \H-l]?fl [|hW'Ef[%
Fig. 4. Batch LSS algorithm.

A

As direct consequences of (21) and Property 1, the relation Xe(t) = X (t+ L), - X (@)

among the data matrices in (20) and various subspaces i ,(t) 2 X+ L+w), -, xX't+L+1),x'(t-1)

summarized in Property 2. The rank conditions given below L X (E—w)] (23)

are useful in finding the least squares approximation of the

noisy data matrices. The error sequence(t) of the linear minimum mean square
Property 2: Suppose that the input sequence has linegfror (MMSE) estimator ok, (¢) based orx s, (¢) is then given

complexity greater tha®(w+L), w > wo, N > 4w+3L+1. py

We have the following properties in the noiseless case:

1) Overall Data Matrix V: e(t) =x.(t) - Re, ;RY x40 (1) (24)

RIVY = Xt Lo, 204 L4l = Sowt L+1, 2wt 2L41 whereRy, andR., ¢, are the covariance matrices defined as

rankV) =2w + 2L + 1. Ry, 2 E{x;p(0)%}, (1)}, Re, pp = E{x.(0)x},(1)}. (25)

Based on the principle of orthogonality, the error sequence
e(t) can be considered as the projection errorxeft) into
the Hilbert space spanned by the random variablesjs{t).
Similarly to (13), we then have, for the white input sequence

{s(},

2) Past Data MatrixZ,:

R{Zp} = Xw, w = Sw, w+L
rankZ,) =w + L.

3) Future Data MatrixZ:
e(t) = hs(t). (26)
R{Zf} = Xw+L+2, —w = S'w+2, —(w+L)
rank'Z;) =rankZ,) = w+ L. With R, and R. denoting the covariance of.(¢) ande(t),
respectively, we have, from (24) and (26)
4) Future-Past Data MatrixZ:
R. =R. - R, ;,R} R, ;, =hh'. (27)

RAZY = X oo | Xt 142,

= Sw, w+L U Sw+2, —(w+L)
rankZ) =2(w + L).

This implies thath can be directly obtained fronR.. For
a noise sequence independent {f(¢)} and with known
second-order statistics, the covariance matridgsR ¢, and
R., s, can be estimated consistently from the observation. The

As stated in the above property, the row vectors in tr{é)nsistent estimate of the channel can then be obtained.

future-past data matriZ span the2(w + L)-dimensional _ o o
projection spaceZ. Therefore, the projection errd@ in (13) C. Connections with Linear Prediction-Based Approaches

can be obtained as the least squares smoothing error of thghe main difference between the LP-based approaches and
current dataD by the future-past datd. Specifically, in the the |SS approach is the definition of the subspatento
absence of noise, we have which the projection is made. Naturally, LP-based approaches
include only the past data in the projection space. We now
draw connections with existing LP-based methods by using
Swillz = DSyy1)z the same geometrical approach to rederive them under the
deterministic model of the input sequence. We comment that
(22) the LP-based algorithms presented here are not identical to the
from which the batch least squares smoothing channel estimtachastic versions presented in the literature, although they are
tion algorithm (B-LSS) can be derived directly. One possibldosely related. LP-based channel estimators can be classified
implementation is summarized in Fig. 4. into one-step and multistep linear prediction algorithms.

YotI+1|2 h;

yw—l—l |Z hO
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1) One-Step LP AlgorithmMWe consider here the LP-squares smoothing channel estimation and order detection
based approach proposed by Abed-Meragh al. in [1] algorithm is then presented.
and [3] to which we refer as the linear prediction-least
squares (LP-LS) algorithm. Instead of projectirg,; into A. Data Structure and Order Detection
Z=X_1 wUJAXitr41, —w, let us consider projecting; into
Xi—1,w, Which contains only the past data. We then hav
again using the isomorphic relatioty_; ,, = S¢—1. w+L

In contrast with the data structure given in (20) where the
gmoothing window size is fixed, the data structure for an
arbitrary smoothing window size is now considered. Suppose

Xv, , . = hoSys, 1 ... (28) thqt an upper—boundu of the chan_nel order is knowp. For
a fixed smoothing ordey and a variable smoothing window
from whichs,s,_, ., can be obtained directly. By treatingsize /, define the overall data matrix as
St1S,_1. .. @S an estimate of;, the problem becomes conven-

tional channel estimation with known channel input. The least y(2w +_L“ ooy
squares criterion can then be employed to estimate the whole : Z(l)
channel, which is the reason that we refer to this one-step LP viw+1+4+1)
algorithm as LP-LS. Note that i, L S;_1 wyr, Which is
asymptotically true for uncorrelated zero-mean sequence, we y(w+1)
haves,s, , .., = st (see also Fig. 2). Hence, this approach vV, 2 : DY) (32)
provides consistent estimates for white inputs. Unfortunately, y(w'+ 1)
for a finite sample sizesys, , .., # st, Which causes the
loss of the finite sample convergence property in the LP-LS v(w)
approach. )
3) Multistep LP Algorithm: In contrast to the LP-LS ap- ! Z,
proach, the multistep LP approach proposed by Gesbert and y(1)
Duhamel [4] works simultaneously on predictions of several 0 A <zf(z)> 7 A <zf(z)> (33)
future data samples. By projecting; into &;_; .,, we have - Z, )’ ¢ A\ D)
the prediction error equations ) ]
from which we have defined the future data mat#x(l),
il Yooy, w =00Stils,_1 oy T F RSy, Ly the current data matriD(!), and the past data matri%,.
i=0,1,---, L. (29) The future-past data matrig(/) and the future-current data

matrix Z. are also defined. Compared with the ones defined

For the uncorrelated zero-mean input sequence, we hayg20), we can see that except B, andZ., the data matrices
asymptotically defined here are functions of the variable smoothing window
size I. We emphasize that in this particular data structure,

(30) Z. and Z, are independent of. This property leads to a

Interestingly, the above equation was also used by Slock aﬁ:ﬁpven!ent implementation of A-LSS, which will be discussed
Papadias in their extension of one-step predictiomstep N Section IV-B. _ .

prediction [17]. However, these equations were not exploited Similar to the case presented in Section I1l-B2, wheér>
jointly in [17]. Gesbert and Duhamel treated the above as# +2L. + L +1 ands, has linear complexity greater than

triangular system and constructed the error differentials 2w + Lu + L, in the noiseless case, we have the following
relation among the matrices defined in (32) and the various

~ N—oo A
XepilXy_y = BoStpi+ -+ hyse = e(t).

er(t) —er—1(t+1) spaces:
A : _ A
b= er(t) —eo(t+1) | e (1) Vi ERAVi} = XowtLo+1, 20+ Lo+l
eo(t) = Sowt Lu+1, 204 L+ L+1 (34)
A
The identification ofh from E becomes a familiar problem. 2 SR{ZW)} = X, w | Mottt —(w L, —151)

Note that unlike the one-step approach, the entire channel
parameter is identified at once.

The multistep LP approach again relies on the uncorrelate- parallel to the known channel order case in (22), we
ness of the input sequence, which, for the same reason as indbesider channel identification by a rank-1 decomposition of
LP-LS approach, causes the loss of finite-sample convergenge) 2 PO gince
property. ZW)

= Sw, w—+L U Sw—l—l—h—l—l, —(w+L,+L—1+4+1)- (35)

V= ZIUR{D()} = Z; + R{E(D)} (36)

IV. ADAPTIVE LEAST SQUARES

the rank-1 condition orE(l) requires that the orthogonal
SMOOTHING CHANNEL ESTIMATION

complement ofZ; in V, has the dimension 1. Comparing
In this section, we develop an adaptive LSS algorithm witie input subspaces in (34) and (35), we can see that this

unknown channel order. The data structure for a variablequirement onZ;, can only be met wheh = . + 1. When

smoothing window size is first specified. The adaptive least L + 1, Z; equals}y; there is no projection (smoothing)
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Z

S1-L Swhl S2wtL,+1 S1-L Sw | ] Il [ Sv+—2+1 Szwtri.t1 g‘upl;jstpace
Sw,w+L Sw+l—L+1,—(w+Lu+L—l+1) 8w,w+L wHl—L+1,—(w+Ly+L-1+41)
$ hi $ i ho hg ¢
Xw,w Xw+l+1,—(w+Lu—l+l) Xw,w wHi+1,~(w+Ly, —1+1)
X1 o |l Wl 5ot Xewil.l X1 o | B[ Xot5r Xeuilott gﬁgsuatce
Xw+1l Xwl Xw+1l Xw+i p
H_/ \"‘“_H
Past Data Current Data Future Data Past Data Current Data  Future Data
Z, D(l) Zf(l) z, D(l) Zf(l)
(A) (B)
Fig. 5. Isomorphism between input and output subspace$ fé6rL + 1.
error. The isomorphism between the input and output spaces e(l)
in this case is shown in Fig. 5(a). The case wlien L + 1
is shown in Fig. 5(b). Heres,y+1, -+ -, Sw4i—r are notinZ;.

Since each of these input vectors not lying3n contributes
to the smoothing error, we have the formulationkfl), as
given in the following theorem.

Theorem 1: Let E(I) 2 SIZD(%) be the least squares smooth-

ing error. With the data structure specified in (32), we have,
in the absence of noise

1w 12, P Lo

l

E(l) = Fig. 6. Energy of the smoothing error at different smoothing window kize
(0 l<L+1
hS'w+1|Zl l = L + 1 E(f,+ 1 A
h
hy .
‘ Z. Projecti R i
) i v Multistep “:z,, I'OJeCdIOI‘IS ecursive i
h‘ h S'w+l—L|Zl Oa:; Channel
e rder f———-
0 L L+1<I<L,+1. Predictions . Estimation A
: Detection m St
1].. Sw+1|Zl
0
‘4———— Adaptive —»’4— Channel —>{
— — Smoothing Estimation
\ {— L columns
(37) Fig. 7. Main structure of A-LSS.

Theorem 1 holds the key to the adaptive least squaigsoothing errors is compared with a threshold to detect the
smoothing channel estimation and order detection algorithghannel order. Finally, with the detected channel odethe
For order detection, we consider the energly) of the hannel is obtained fror(L + 1).

smoothing error defined a$l) = ||E(?)|%. Theorem 1 implies  Qur goal here is to develop an algorithm to implement the
that in the noiseless case(/) is zero when/ < L + 1. When above three components while simultaneously satisfying the
I =L+1, () jumps to a value related to the power of th@equirements in convergence speed, adaptivity, and complex-
channel and it increases (asymptotically) withas shown in jty. Since the LSS approach has the finite sample convergence
Fig. 6. Hence, the channel ord&rcan be detected by varyingproperty and adaptivity is a characteristic feature of linear least
[ from 1to L, +1 and comparing the energy of the smoothingquares based algorithms, we next concentrate on the efficient
error at eacH with a certain threshold. implementation of A-LSS.
The main computation cost of the A-LSS algorithm comes

B. Adaptive Least Squares Smoothing from the calculation of the smoothing errdg$!) at alll. Thus,

1) Key ComponentsWhen the channel order is unknownt is desirable to obtain the smoothing errors efficiently, which
there are three key components involved in the A-LSS aan be achieved by
proach to channel estimation. First, the smoothing erEii3 a) calculatingE(l) recursively;
at each smoothing window siZe= 1, ---, I, + 1 need to b) decomposing the smoothing into multistep predictions
be calculated. Then, based on Theorem 1, the energy of these followed by linear projections;
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y(t+Lutw) yit+1+1) yt+1) y@) R0 £ (t)
_@_ @,@_ m E Lattice ) Lattice | . g3
Stage |P1(t) Stage | p, (1) r
D] #1 @ _>@T #w
} B)
() +3—t g;(t-ﬂ)
U‘+ ) gf L ;L AR
U‘+ — i}— ﬁ?)i - g;(t+l+
% : Zs (1)
d‘/ - _ g;(HLu w)

Fig. 8. Lattice filter for multistep prediction.

c) sharing the same multistep predictions among the cal@tructure defined in (32), only a single predictor is necessary.

lation of the smoothing errors at dll This is because from (32), we have
Implementing smoothing by multistep predictions enables the Zf(l) 7
use of lattice filters that are modular, computationally efficient, D(1) = gzp (42)

and robust to round-off errors. Details are presented as foIIowsh bothZ 4z ind d o
2) Key Decompositionin A-LSS, smoothing is decom- Where bothZ. andZ,, are independent ot

posed into multistep predictions and linear projections base ) Main Strugture:_ Based on the de_composmon presented
on the following basic lemma. above, A-LSS identifies the channel in three steps, as shown

Lemma 1: For a matrixU and a partitioned matri = in Fig. 7. Specificall)g tr%e(;;nultistep predictor generates the
(&) with &4 # 0, the least squares projection errorfinto ~ Prediction errorstze = (13[(1))’ which are independent df
R{Q} is given by In the second step, the smoothing errors at all posgilales

cu obtained recursively, and the channel order is detected. Finally,
E§ =E.8. (38) with the detected channel ordér, the channel is estimated
o B_ _ from the smoothing errdE(L +1) with the approach given in
In words, the projection error dU into R{Q} is equal to the (15) to meet the requirement in adaptivity. The implementation
projection error of€g’ into R{£f}, where&y and &5 are  of these three steps is discussed below.

projection errors ofU and A in_to R{B}, respectively. a) Multistep predictions:A lattice filter shown in Fig. 8
Proof: In R{Q}, R{&#} is the orthogonal complementjs ysed to obtain the prediction errors of the future and current

of R{B}. Therefore dataZ. by the past dat&,. Various adaptive algorithms for
738 _ pg +PEA (39 Igét;:ge?iﬁresacan b_e applied here; see [10],_ [12], and [15].
ppealing properties mentioned in Section IV-B1,
which leads to the order-recursive property of lattice filters can be very useful

U A U_ U U U ey LY in saving computation cost for the unknown channel-order
€q =U~-Pq =& — 7)5{; =¢B 7’5;‘3 - 555' (40) case. Specifically, when the channel ordeis unknown, the
smoothing orderw (also the prediction order here) has to be
. ~— determined based on th b F I h
Based on the partition d&(1) = (%,") given in (33), we C2S'eMIned based on the upper- ound For example, when
apply Lemma 1 to the smoothing errpﬁ}(l) P =2, we chooseav = L,,. If L, is a poor bound of the chan-
pply nel order,.wv may be much larger than necessary, which leads
to a higher computation cost. Because of the order-recursive
property of the lattice filter, for a detected channel orflet.

w, only the first2L +1 prediction errors(f(%it>7 . S%E“’QE))
at the Lth lattice stage are required. This implies that the
computation involved in the latter stages and #é,, — /)
joint estimation €325 ... SQ’SHL“)) is saved with

B() 2 PO _ g7 _ gD 41
( ) - Z(l) - 5Zf(l) - Zf(l) ( )
Zp

where D(I) and Z,(l) are the multistep prediction errors
of D(I) and Z;(I) by the past datd,, respectively. The
smoothing errorE(l) is then obtained by projectind®(l)

into the row space oif(l), which implies that smoothing is »
decomposed into multistep predictions and linear projectior{g? structur_al <_:hange. . -

Although (41) appears to imply that separate linear predictors b) PZrOJeCt'()nS and qrder detectionfrom the pred|ct|pn
are required for differert it turns out that with the special data€TO's &z, the smoothing errorsi(l) at each smoothing
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Y —-
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Fig. 9. Recursive projection and order detection.

window sizel =1, ---, L, + 1 are obtained in this step forin I:
the order detection and channel estimation. A BO) Ex(it1)
An approach to obtainindt(l) recursively (both inl and E(0) =45 0 = %6 a1 (45)

in time) by applying the recursive modified Gram—Schmidt

(RMGS) algorithm [11] is presented with a simple exampl@here E(/ + 1) has been partitioned mtc@;gﬁ;) with

shown in Fig. 9. Suppose that the channel order is UPPBL(/ + 1) defined as the first row block ilE(l + 1). This

bounded byL, = 2, and we ChOtOS46 the Sm?Othi“g ordefecursion inl arises naturally from the data structure given
w = 2. From the prediction error&}’( o 8%’]5 ) obtained in (32).

?
r

by the multistep predictor, the smoothing err@gl) at ! = Once allE(]) are obtained, the channel order is detected by
1,2, 3 are calculated recursively. As shown in Fig. 9, byn energy detector. Since the energyigf. + 1) is calculated
applying Lemma 1 first tef%’itH) andggi“”)(i =0,---,3), forthe channel order detection, the index)(of the row with
we have the maximum 2-norm irE(ﬁ + 1) [see (15)] can be easily
eyt y(4) obtgined. This information will be used in the next step to
55;;,“) = Eiyltt4);2,] (43) estimate the channel froB(L + 1).

Finally, we want to emphasize that the structure shown in

where[y(t + 4); Z,] denotes the partitioned matr(g(f;réi)). Fig. 9 is particularly attractive for time-varying channels. For

i +3 i ) example, when the true channel order changes from 2 to 1, the
Applying Lemma 1 next t&¥ :+?) 1 and &Y+ (i =

[y(t4+4); Zp [y (t44); Zy) energy detector switches froEx3) to E(2). The channel with
0,---,2), we have the new order 1 can be identified without structural change or
oAU () () _extrg computa_tion. In ad_dition, the modula_r structurg shown
Eatrn = Eytihayyatsyz,] = $z(3) (44) in Fig. 9 is suitable for implementation using systolic array
Y7y processors.
which is theith row block of E(3). Similarly, E(2) andE(1) c¢) Recursive channel estimatioWith m obtained as the

can be obtained. In general, we have the following recursitwy-product of the energy detector in the second step, the
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First, this channel allows us to study the location of zeros and
how they affect the performance. Second, Hua showed that the
CR algorithm [22] and SS algorithm [14], along with the two-
step maximum likelihood (TSML) algorithm [7], approach to
the Cranegr—Rao lower bounfi.By comparing with CR(SS),
we can evaluate the efficiency of the algorithms listed in
Table I.

The second-order channel used by Hua in [7] is specified
by a pair of roots on the unit circle. The channel impulse
Fig. 10. Recursive channel estimation. response is given by

hi(z) = (1 — %271 (1 — e79% 271, t=1,2 (48)

=

TABLE |

ALGORITHMS COMPARED IN THE SIMULATION AND THEIR CHARACTERISTICS Whereﬁi are the angular positions of zeros on the unit circle.

Abbreviation | Name Finite-sample Order and time The relation between the zeros of the two subchannels is
a convergence property? | recursive property?  gpacified byf, = 61 + §, where é is the angular distance

SS [4] The Subspace Algorithm Yes No

CRI5L, (8] | The Cross Refaton Algorithm vee o between the zeros of the two subchannels (common zeros

LP-LS [1] Linear Prediction-Least Squares Algorithm No Yes occur When6 IS Zero)-

MSP [2] Multistep Linear Prediction Algorithm No Yes

A-LSS Adaptive Least Squares Smoothing Algorithm | Yes Yes C Performance and RObUStneSS Comparlson

The left side of Fig. 11 shows the performance of algorithms
channel is estimated from the smoothing efRfil, + 1) by listed in Table | against SNR. A well-conditioned channel was
the approach given in (15). In additios,, is an asymptotical used withé = 7, #; = 7 /10, as in [7]. All the deterministic
estimate of the uncorrelated input sequence. The structureatgforithms (CR, SS, B-LSS, and A-LSS) had comparable
this recursive channel estimator is illustrated in Fig. 10.  performance. In fact, it was shown in [7] that CR and SS

approached the CRB even at a very low SNR for this channel.
V. SIMULATION EXAMPLES The LP-based algorithms (MSP and LP-LS) leveled off as
SNR — oo because of the loss of finite sample convergence

A. Algorithm Characteristics and Performance Measure ~ Property. We noticed that B-LSS had the same performance
as CR (SS), but there was a gap between the performance

Simulation studies of the proposed A-LSS algorithm as & A-LSS and B-LSS at low SNR. This gap was caused
is compared with existing techniques listed in Table | ar the prewindowing problem in A-LSS' several symbols
presented n t_h|s section. _We remark_that onIy_ A'LSS_h_ ere discarded in the transient stage. Thus, the number of
easy adaptive implementations while still preserving the f|nl[ﬁe effective symbols used by A-LSS was less than that
sazple.tc;]onvergence propert)é. by Monte Carlo simulati used by the batch algorithms, which led to the performance

gorithms were compared by Vonte t.arlo SImua'O'Eiegradation.This performance gap will diminish as SNRx

using the normalized root mean square error (NRMSE) a3 2 more observation samples become available.

performance measure. Specifically, NRMSE was definéd as An ill-conditioned channel was used to compare the ro-

N, bustness of different algorithms with respect to the loss of
b Z ||f1(m) — h,|? (46) channel diversity. Withé = 7/100, 8; = 0, zeros of the
Nin||h]? =1 two subchannels were very close to each other. In fact, the
R condition number of the filtering matrix was around x6L0*
where h(™ was the estimated channel from theth trial, in this case. The right side Fig. 11 shows that CR and
andh, was the true channel. Noise samples were generated performed rather poorly for this ill-conditioned channel.
from i.i.d. zero mean Gaussian random sequences, and thgdently, B-LSS and A-LSS performed considerably better

NRMSE 2

signal-to-noise ratio (SNR) was defined as than all other algorithms. This improvement in robustness is
P probably because the input subspace may still be well ap-
SNR 2 1 SE Z |x§j)|2 ) (47) proximatgd by the output subspace when the channel diversity

Po assumption does not hold.

=1

The input to a single-input and 2-output linear FIR systefs Tracking of the Channel Order and Parameters
was generated from an i.i.d. binary phase shift keying (BPSK)

sequence. In this simulation, A-LSS was applied to a case when both

channel order and channel parameters had a sudden change.
) The initial channel was given in (48) with = =, 6; =
B. A Second-Order Channel 7/10. At time n = 151, both the channel order and channel

A second-order channel first used by Hua in [7] is consigrarameters were changed by adding zefps= 1, Z, = —1

ered here. There are several reasons to consider this channel. ] o ]
In [7], the CRB was derived based on a normalization that differs from

3The inherent ambiguity was removed before the computation of NRMSthe one used in this paper.
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NRMSE (db)

SNR (db)

Fig. 11. Performance and robustness comparison (100 Monte Carlo runs, 200 input symbols).
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Fig. 12. Channel order and parameter tracking performance (SNR dB).

to the two subchannels, respectively. The left side of Fig. 1Be simulation study of the performance of A-LSS with a
shows the energy of the smoothing error before and aftmultipath channel. The channel we used is a fifth-order 4-ray
the channel variation (the energy of the smoothing error wesised-cosine channel as shown in the top left of Fig. 13 with
calculated every 10 symbols). From Fig. 12(a), we can see thia even and odd samples corresponding to the two subchan-
before the channel changed, the energy of the smoothing emets. The upperbound of the channel order was assumed to be
was around zero dt< L 4+ 1 = 3 and was relatively large 6. The energy of the smoothing error at different smoothing
at! = L +1 = 3, as predicted by Theorem 1. Fig. 12(b)—(dvindow size is shown in the top right of Fig. 13. We can
are the snapshots of the smoothing error energy &t 160, see that the energy of the smoothing error jumped to a large
170, and 180, respectively. We can see that the energyvalue at the smoothing window size= 2. Based on this fact,
E(3) decreased to zero within 30 samples./At= 180, the the energy detector estimated the channel order as 1. In the
new channel order can be accurately detected. Consequemshttom left of Fig. 13, we also plotted the relative increment
the channel is estimated froiid(4) instead ofE(3). Neither of the smoothing error energy at two consecutive smoothing
structural change nor extra computation is involved in thigindow sizes, and we chose maximizing the relative increment
process. The NRMSE convergence of A-LSS is shown in thg an alternative criterion for the order detection. The same
right side of Fig. 12, where A-LSS tracked the channel ordektimated channel ordet = 1 was obtained. As shown in
and parameters nicely. the bottom right of Fig. 13, among all the possible channel
orders (from O toL,), A-LSS gave the best estimate of the
) ] channel at the detected order. In fact, as pointed out in [20],
D. Order Detection for Multipath Channels it is perhaps not wise to estimate the small head and tail
In order to evaluate the applicability of the proposed ordéaps in the multipath channel. Instead, it is better to find the
detection and channel estimation algorithm, we present hetennel order as well as its impulse response that matches the
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Fig. 13. Order detection and channel estimation with multipath channel (SNMR dB, 100 Monte Carlo runs, 200 input symbols).

data in some optimal way. In the case here, with the channgl] R. E. Blahut,Algebraic Methods for Signal Processing and Communi-

order detected as 1, A-LSS captured the four major taps ?é
the channel impulse response while ignoring the small hea

and tail taps.

VI. CONCLUSION
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approach preserves the finite-sample convergence property rgjt S. Kay, Fundamentals of Statistical Signal Processing: Estimation The-

present in LP-based approaches.

Based on the LSS approach, an adaptive channel estimatig)
(A-LSS) algorithm has been proposed. Compared with the pp. 892-895.
batch algorithms such as SS and CR, the A-LSS algoritrﬁjr?]
is efficient in both computation and VLSI implementation.
Because smoothing is computationally more expensive thia]
prediction, A-LSS has higher complexity than the LP-LS and
the MSP approaches, which is a price we paid for the finite

sample convergence property. The A-LSS algorithm does
assume the channel order ariori information. The order

2]

detector and the recursive property enable A-LSS to detect
and track the channel order without structural change or extial
computation. Although separate order detection techniques can
be applied to the deterministic batch algorithms such as SS g
CR, their ability to track the channel order variation demands

high implementation cost.
The future work involves the theoretical determination

15
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the threshold for the channel order detection. Maximizing®l
the relative increment in the smoothing error energy at two
consecutive smoothing window sizes may be considered as[an

alternative criterion.
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