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Abstract—We consider the design of opportunistic spectrum the access strategy, leading to simple closed-form solutions
access (OSA) strategies that allow secondary users to searchthat do not require the knowledge of the underlying Markov
for and exploit spectrum opportunities in unslotted primary \,o4el. It is further shown in [4] that when primary traffic is
systems. We formulate the joint design of OSA as a constrained . .
partially observable Markov decision process (POMDP). A mdependent and homogenequs across (_:hann(_els, the optl_mal
separation principle for the joint design of OSA is established S€Nsing strategy for opportunity tracking is again the myopic
under certain conditions on the false alarm probability of the policy with a simple semi-universal structure that obviates the
spectrum sensor. This result extends the sepqration principle need to know the the precise knowledge of the underlying
for OSA in slotted primary systems to unslotted primary systems. \1arkov model. These results reveal the existence of simple

yet optimal solutions to OSA that are robust against model
Index Terms—Opportunistic Spectrum Access (OSA), Partially mismatch and variations.
observable Markov decision process (POMDP).
B. Opportunistic Spectrum Access in Unslotted Primary Sys-
tems

I. INTRODUCTION The objective of this paper is to extend the separation

A. Opportunistic Spectrum Access in Slotted Primary SysteRf#1CiPle to OSA in unslotted primary systems. The occupancy
o _of each channel by primary users is modeled as a continuous-
Opportunistic spectrum access (OSA) based on the cognitiy@e Markov chain, which has been shown to match well

radio technolo_gy addre_sses several critipal challenggs facipgh the spectrum usage in wireless LAN [5]. The secondary
future generations of wireless systems, including radio Spggsyywork adopts a slotted transmission structure. At the begin-
trum scarcity, interference management, and coexistence aith of each slot, a secondary user decides which channel to
interoperability [1]. OSA in slotted primary systems has beefQynse and potentially transmit over. The problem appears to
addressed in [2]-[4], where the channel occupancy is modelgd gjgnificantly more complex than its counterpart in slotted
by a discrete-time Markov chain. A decision-theoretic framesiimary systems due to the arbitrary starting and ending times
work based on the theory @bnstrained Partially Observable ¢ 1o primary transmissions and the half duplex mode of the

Markov Decision ProcestPOMDP) is developed in [2], [3]. gecondary user that prevents it from sensing the channel during
This framework integrates the design of the spectrum senspf4nsmission.

for opportunity detection, the sensing strategy for opportunity |, o previous work [6], a certain equivalency between

tracking in multiple channels, and the access strategy 85 in unslotted primary systems and that in slotted primary
transmission decisions based on imperfect sensing outcomgsiems has been established. This equivalency points to the
It sets the system design of cognitive radio networks within &,qqihility of reducing the design of OSA in unslotted primary
stochastic optimization framework that systematically tac"'%%tems to that in slotted primary systems, a significantly sim-
the tradeoffs between gaining access and limiting interferen%?er problem. Specifically, it is shown in [6] that even though
learning the communication environment and exploiting dypq underlying primary systems are modeledcastinuous-

namic spectrum opportunities. _ _ time Markov chains, the joint design of OSA fits into the
While POMDPs often suffer from the curse of dimensionaligcrete-timeconstrained POMDP framework developed in

ity, a separation principle has been shown to exist that Ieads[é(])_[4] for the slotted case. This result is based on the
simple, robust, yet optimal design [3]. Specifically, the deSi%Ilowing two key observations: (i) Opportunity detection
of the spectrum sensor and the access strategy can be sepaggigiq be formulated as detecting the channel state during
from that of the sensing strategy. Furthermore, the myoRige transmissionperiod of a secondary user's slot based on
policies are optimal for the design of the spectrum sensor ajifl measurements taken in thensingperiod of the slot; (ii)

N under this formulation of opportunity detection, the difference
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instants — simply contributes to sensing errors. where®,, (k) € {0 (no access)] (access) denotes the access
Based on the constrained POMDP framework developeecision of the user, an@,,(k) denotes opportunity defined
in [6] for OSA in unslotted primary systems, we show iras

this paper that the separation principle is preserved for the ) { 1, Su(t)=1Vte [ty + Ls,tr, + L)

unslotted case under certain conditions. This result is not a 0, otherwise

straightforward outcome following [6] and the separation prin-
ciple for the slotted case given in [3]. The main difficulty here
is that the operating characteristics (probabilities of false alarmin this section, we show that even though the channel
and miss detection) of the optimal spectrum sensor is timecupancies are given by continuous-time Markov processes,
varying and dependent on the observation and decision histdhg joint design of the spectrum sensor and sensing and access
This significantly enriches the design space and complicatgsategies can be formulated as a discrete-time POMDP.

the analysis of the optimal solution. In this paper, we shO)g/
that when the variation of the false alarm probability with™
respect to the observation and decision history satisfies certaiffUppose that channelis chosen in slok. The objective of
conditions, the separation principle is preserved; the saff€ spectrum sensor is to decide, based on the measurements

simple, robust, and optimal design of OSA can be achievedt@ken infty, tx + L), whether channet is an opportunity for
unslotted primary systems. transmissioni.e., idle during [t + Ls, tx + L). The spectrum

sensor thus performs a binary hypothesis test:

) o . Ho: On(k) =1 (idle) vs. Hip:O,(k) =0 (busy) (2)

Consider a spectrum consisting 8f channels, each with )
bandwidth B, (n = 1,---,N). The occupancies of theselLet O, (k) € {0 (busy),1 (idle)} denote the sensing outcome
N channels by primary users are modeled as independérg., the result of the binary hypothesis test). The performance
continuous-time Markov processes with two statgg(t) = 0 of the spectrum sensor is characterized by the probability of
(busy) andS,, (t) = 1 (idle). More specifically, for channel, false alarm (PFAY, (k) and the probability of miss detection
the sojourn times in the busy and idle states are exponentialh(k):
distributed with rates:,, and \,,, respectively. A R

We consider an ad hoc overlay network where secondary en(k) = Pr{On(k) = 0] On(k) = 1}, (32)
users independently search for and access spectrum oppor- 5 (k) 2 Pr{O, (k) = 1|0, (k) = 0}. (3b)
tunities in theseN channels. This overlay network adopts a ) . .
slotted transmission structure with slot lengthin each slot, ~FOF @ given PFAe, (k), the (Ig)rgest achievable probability
a secondary user chooses one of Mehannels to sense and®f detection (PD), denoted &3, ;... (en(k)), can be attained
decides whether to transmit over the chosen channel base¥rih€ optimal NP detector with the constraint that the PFA
the sensing outcome. Consider a slot starting at timighe IS No larger thare, (k) or an optimal Bayesian detector with
beginning of each slot is used for spectrum sensing whiéhsuitable set(n())f risks [7, Sec. 2.2.1]. All operating points
takesL, seconds. The remaining tinje+ L,, ¢ + L) of the (€, 9) above Py, ... are thus infeasible. The feasible set of
slot is used for transmission if the user chooses to. If tiRPerating points of the spectrum sensor is this ) : 0 <
channel remains idle for the whole period[pf- L, t+L), the € <1 -0 < Pé’fﬁm(e)} as illustrated in Fig. 1. Note that
transmission is successful. Otherwise, a collision with primagyery sensor operating poittt,,, J,,) below ngr)nax lies on
users occurs. The receiver acknowledges each successful trankae that connects two boundary points and hence can be
mission at the end of the slot. Note that even if the channeldshieved by randomizing between two optimal NP detectors
idle during the sensing peridd t+ L), it may become busy in with properly chosen constraints on the PFA [7, Sec. 2.2.2].
any segment of the transmission perjo¢t L,, t+L), resulting Therefore, the design of spectrum sensor is reduced to the

I[1l. A CONSTRAINEDPOMDP RRAMEWORK

The Spectrum Sensor

II. NETWORK MODEL

in a collision. For convenience, we uge(k = 1,--- ,T) as choice of a desired feasible sensor operating point. Note that
the slot index,i.e., slot k£ starts attké(k: — 1)L and ends at both the feasible set and the optimal operating point may vary
kL. from slot to slot.

Our goal is to develop an optimal OSA strategy for thE
secondary user, which sequentially determines which channél
in the spectrum to sense, how to design the spectrum sensof\t the beginning of slok, the secondary user first chooses
and whether to access based on the sensing outcome. aghannela(k) € {1,..., N} to sense and a feasible sensor
focus on an individual selfish user. The design objective is &P€rating point(e, (k), da(k)). It then determines whether to
maximize the throughput of this user during a desired peri@§cess®.(k) € {0 (no access)] (access) by taking into
of T slots under the constraint that the probability of collisioAccount the sensing outcon®@, (k) € {0 (busy),1 (idle)}

C, (k) perceived by the primary users in any channeand provided by the spectrum sensor that is designed according

slot ¢ is capped below a pre-determined threshglde., to the chosen operating poittt,(k), d.(k)). At the end of
this slot, the receiver acknowledges a successful transmission

Co(k) 2 Pr{®,(k) =1]|0,(k) =0} <, V¥n,k, (1) U.(k)e {0 (no ACK), 1 (ACK)}.

The Sensing and Access Strategies



1 ‘ : : : for channel selection. Since sensing errors may cause different

0sl pa sensing outcomes at the transmitter and the receiver, the
Tosl ] acknowledgement, (k) is the common observation.
2, Tom | Reward A natural definition of the reward is the number of
= RV bits that can be delivered by the user. Given sensing action
§ ol a(k) and access actiof,(k), the immediate rewardy, (1)
5 can be defined as
‘? 0.4 T
g 0.3 ey 1 R‘lfa,(k) = \I/a(k)BaLm = Oa(k’)q)a(k)BaLm, (6)
[=)
o Zj €2.8%)  allfeasible operating points whereL;, = L — L, is the transmission time in each slot.
' Belief Vector Due to partial spectrum monitoring and
% 02 01 05 o8 1 sensing errors, a secondary user cannot directly observe the
Probability of False Alarm € . .
system stateS(k). It can, however, infer the state from its
Fig. 1. Feasible set of sensor operating poifts, dy.). decision and observation history. The statistical information
on the system state provided by the entire decision and
observation history can be encapsulated in a belief vector
C. A Constrained POMDP Formulation Q(lc)é [w1(k),- - ,wn(k)], wherew, (k) denotes the condi-
We show here that the joint design of OSA can be formﬂii-onal probability (given the decision and observation_ history)
lated as a constrained POMDP defined as follows. that S,,(k) = 1. Note that we have used the channel indepen-

State Space The underlying system state is given b);jence to reduce the dimension of the belief vector frdin
the stite of each channel at the beginning of each slot. Itb%)tlzi\clzy[Z]. A joint design of OSA is given by policies of the
Sn(k)=Sn(t) [t=k-1)r- The systen;v sta’ge n S.Idi s thus above POMDP. Specifically, a sensing poligy specifies a
S(k) = [91(k),--- . S (k)] € {0,1} 7. It is straightforward sequence of functions (one for each slot), each mapping a
that {S,,(k)} is a discrete-time Markov chain with transition '

matrix PV (L)2 Pr[S, (k+1) = 7| Sp(k) = i] = exp(Q. L),
where

belief vector(k) at the beginning of slok to a channel
a(k) to be sensed in slot. Similarly, a sensor operating

B policy 75 specifies, in each slot, a spectrum sensor design
Q. = ( )\“” _”)’\‘ ) . (eq(k),d,(k)) based on the current belief vect@(k) and the

" " chosen channel(k). An access policyr. specifies an access

is the transition rate matrix of the continuous-time Markodecision®, (k) € {0,1} in each slotk based on the current
process that models the occupancy of chanmnel belief vectorQ(k) and the sensing outcont@, (k).
The above defined policies are deterministic. For uncon-

Lemma 1:The transition matrix for the discrete-timesirained POMDPs, there always exist deterministic optimal
Markov chain{5, (k)}, is given by the following expression: ,,jicies For constrained POMDPs, however, we may need

1— 1—cxp<1—<;;7;+xn>L> 1—cxp(1—<;;1+xn)L> to resort to rar}d.omized pollicies to achie\_/g op.tim.alit)./. For
P (L) = ( N 1—exp<—(+u’2%n>L> L 1_9;;(1,2%“")” random|zed policies, we design the probapllllty dIStl’Ipu.tIO.n of
T TSI T 12m the action to be taken, rather than a specific deterministic ac-
(4) tion. Due to the uncountable space of probability distributions,
Proof: omitted due to space limit. B randomized policies are usually computationally prohibitive.
Lemma 2:In un-slotted primary system, under any choseDbjective and Constraint We aim to develop the optimal
slot length L, for each channeh: joint design of OSA{7s, =%, 7}} that maximizes the expected
total number of bits that can be delivered by the usér slots
Pi(L) > P& (L) (5) under the collision constraint given in (1):
Proof: Easy to check formemmal. ] L. d
These two lemmas lead to certain structures in the Valué™:Ts»Te} = arg max Eir;r, .} > Ry Q1)
function which is used to prove separation principle. k=1
S.t. Cy(k) = Pr{®,(k) =1|04(k) =0} < (¢,  Va,k,
Action Space The action in each slot consists of three ™
parts: a sensing decision(k), a spectrum sensor designwhereQ(1) is the initial belief vector, which can be set to the
(€a(k),da(k))), and an access decisidn,(t) € {0,1}. stationary distribution of the underlying Markov process if no

Observation SpaceOptimal channel selection for opportunityinformation on the initial system state is available.

tracking relies on the exploitation of the entire observation

history of the user. To ensure synchronous hopping in the IV. THE OPTIMAL JOINT DESIGN

spectrum without introducing extra control message exchangeThe first step to solving (7) is to express the objective
the user and its desired receiver must cs@mon observations and the constraint explicitly as functions of the actions. We



establish first the optimality of deterministic sensing aniflarkov chain:
sensor operating policies, which significantly simplifies the
action space. wn(k+1) = PM(L)w, (k) + PS(L)(1 - wa(k))  (10)

A. The Optimality of deterministic policies Where P(")(L) is the transition matrix of the discrete-time

Theorem 1:For the optimal joint design of OSA given'vIarkov chain for thenth channel and: 7 a.

by (7), there exist deterministic optimal sensing and sensénd for the channel that is chosen in sloto sense we have:
operating policies.
Proof: omitted due to space limit. n Lemma 3:Belief Update for the chosen channel
As a result of Theorem 1, the user needs to choose, [NV, = 1:
each slot, a channel to sense, a feasible sensor operat-
ing point (¢,,d,), and a pair of transmission probabilities wa(k+1) =1. (11)
(fa(0), fa(1)), where

A ) If ¥, =0:
fu(0)=Pr{®,=1|0, =0}

1 (a)
o+ (1—5)(1—we))(P,{(L)—Us1(A
is the probability of accessing channelgiven sensing out- w,(k+1) = ZS:O(SWl + (191~ wa))(Fen (E) 1(4)
comeO, = 6 € {0,1}. > s—o(swa + (1= 5)(1 —wa))Us 0(A)

Proof: Omitted due to space limit. [ ]

B. The Objective Function

Let Vi (Q(k)) be the value function, which represents th&: The C(.)Il.ision Cons.traint . .
maximum expected reward that can be obtained starting from! he collision probabilityC,, (k) is determined by the sensor
slotk given belief vectof2(k) at the beginning of slat. Given operoatmg 1p°'nt(€a’ d,) and the transmission probabilities
that the user takes actioh = {a, (¢4, da), (f2(0), fo(1))} and (£a(0), fa(1))-
observes acknowledgemehy, = ¢, the reward that can be ac- Ca(k) 2 Pr{®a(k) = 1| Oa(k) = 0}
cumulated starting from sldtconsists of two parts: the imme- = (1= 62)£a(0) + 8a fu(1) < C. (12)
diate rewardRy, = ¥ B, L, and the maximum expected fu-
ture rewardV. 1 (Q(k+1)), whereQ(k+1) éT(Q(k) | A, 9) o ) ) .
represents the updated belief vector after incorporating the Principle, by solving (8) recursively (starting from the last

action A and the acknowledgemeritin slot k. We thus have slot T" using (8b)) under the constraint of (12), we can obtain

the following optimality equation the maximum overall throughput; (€2(1)) of the secondary
user and the corresponding policies!, 5, 7 }. However, (8)

C

! is generally intractable due to the uncountable action space.

Vi (QUK)) = max Z(swa + (1 —5)(1—w,y))

5=0 V. SEPARATION PRINCIPLE
: In this section we prove that among policies with the
Z Usw(A) ¥ BaLta + Viers (T(QUR) [ A, 9))] same channel to sense, the one that maximizes the immediate
v=0 (8a) reward, maximizes the value function, hence it is optimum
. to first choose sensor operating poligy, and access policy
_ m. 10 maximize the immediate reward subject to the given
Vr((T)) = mEXZO(sw“ + (1= 5)(1 = wa))Us,1(A) BaLia, constraint, then solving an uncostrained POMDP to obtain
- (8b) the optimum sensing policy;. But first let consider how the
belief vector is updated in the un-slotted primary systems.
where U, ., (A) EY Pr{¥, = ¢|S, = s} is the conditional Note that in the following we assume that the channels are
distribution of the acknowledgement given the current stakéd, so we will not have the superscripit) and subscript
S, of channele and actionA. Since¥, = O,®,, we have in the following.

Uso(A) =1-Us1(4) Theorem 2:The Separation Principle for OSA in
Usi(A) =Pr[®, = 1,0, = 1| S, = ] unslotted primary systems with single-channel sensing
=Pr[®,=1]|0,=1,5, =s|Pr[0, =1|S, =s]. Under the following conditions on the variation of Probability
of False Alarm §),
Due to space limit, we omit the detailed derivation’af; (A).

The updated belief vectof2(k + 1) = T(Q(k)| A k) Pi1(Ls) — Po1(Ls) 1
can be obtained from Bayes’ rule, more specifically, for the 1 — Poi(Ls) - eXp(*)\Ltz)Pu(Ls))
channels except the one that is chosen in Bjahe updated ¢ Pi1i(Ls) — Poi(Ls)

belief value is just simply updated by the discrete-time < [ P (L)

(13)



Probability of False Alarm vs. Belief

0.3

2{P11(LS) — P01 (LS)}GI S min{fe”Pu(Ls), 7E”P()1(LS)} (14)

1
€ n min{ Pi1(Ls)e”, Pi1(Ls)e”} :
1—e  (Pu(Ls) = Poi(Ls))(1 =€) 4 B
P11(L) P01(L) < H
> SO 5] L
= 1 — Pll(L) (15) & 0.15 :
where ¢’ and ¢’ are, respectively, the first and the second o1r !
derivative ofe with respect to belief value, the joint design i
of OSA given in (8) can be carried out in two steps without R S PO o
losing optimality. 0 ‘ ‘ ‘ ‘
0 0.2 0.4 0.6 0.8 1
Belief Value

Step1: choose the sensor operating poliey and the access
policy 7. to maximize the instantaneous throughput subject k. 2. Probability of False Alarma vs. beliefw (L = 1, Ls = 0.05,03 =
the collision constraint. Specifically, for any chosen channdloi = 10,{ = 0.4, P1; = 0.8, Po; = 0.2)

a, the optimal sensor operating poffat;, 5}) and transmission
probabilities(f(0), f*(1)) are given by

{(€5.62), (£2(0), f2(1))} = argmaxE [ Ry, (1) | ()]
= argmax e, f,(0) + (1 — €4) fa(1) Fig. 2 showsPFA as function of belief value frond to 1.
1 In here we consider a simple spectrum sensing scenario where
st Cu(k) = (1—04)fa(0) + dafa(l) < C. the background noise and the primary signal are modeled as
Step2: Using the optimal sensor operating and access policiebite Gaussian processes. At the beginning of each slot, the
{m},m}} given by Theorem 2, we choose the sensing poligpectrum sensor takes two samples from the chosen channel
to maximize the overall throughput. Specifically, the optimaind performs the following binary hypothesis test:

sensing policyr? is given by

Separation Principle are.

HO(On(k) = 1) N Y ~ N(OQ,O’%'Q)

(7 Hi(On(k) = 0) Y ~N(Os, (02 +02)ls).  (18)

*
T, = argmax E-.
s

T
Z Ry, | Q1
k=1

Proof: The proof is based on the convexity of value funcfor an energy detector under tinP test.
tion V;(©2(k)) in each direction (when only one componenNote that in here we only want to consider the variation of
of belief vector varies) with respect to the belief vecttfk) PFA as a function of belief and that is why we have relaxed
under the given conditions, and the structure of belief updathe collision constraint = 0.4 in order to have a better and
We omit the proof here due to space limit. B faster simulation results for our two samples.

Theorem 3:For any chosen channel in any slot, the As We observe, for a wide range of belief values fronto
optimal sensor should adopt the optimal Neyman-Pearsabout0.9, PFA changes very slowly as a function of belief
(NP) detector with constraind? = (. Correspondingly, the meaning that our conditions on the variation (first and the
optimal access policy is to trust the sensing outcome given $igcond derivative) oPFA are hopefully always satisfied, but

the spectrum sensor, i.ef;(0) =0 and f(1) = 1. as the belief value increases frodm to 1 it varies much
Proof: omitted due to space limit. m faster than before, so conditions may not be satisfied anymore,
This theorem gives us a closed form expression for tkand in order to make sure that separation principle holds, we
optimal spectrum sensor and access policies. should use suboptimal sensor operating point policies that do

Note that the design of the sensing strategy has been redugetivary very fast for high belief values.
from a constrained POMDP in (7) to an unconstrained oo for a wide range of belief values conditions are hopefully
with finite action space. This is because the sensor operat#ajisfied.
points and the transmission probabilities determined by (16)
have ensured the collision constraint regardless of channel
selections. Unconstrained POMDPs have been well-studied.
The optimal sensing policy can thus be readily obtainedIn this paper, we have developed a POMDP formulation
by using computationally efficient solution procedures in thier the joint design of OSA in unslotted primary network. We
literature. have shown that the separation principle developed in [3] for
OSA in slotted primary systems can be extended to unslotted
VI. SIMULATION RESULTS primary systems under certain conditions. This result leads to
In this section, we show the simulat&FA to see how it simple closed-form solutions to the joint design of OSA in
really changes vs belief and how restrictive the conditions fanslotted primary systems.

VIl. CONCLUSION
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