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Abstract

We consider multi-armed bandit with distributed playerbgwe each player independently samples
one of N stochastic processes with unknown parameters and accewssdr in each slot without
information exchange. Users choosing the same arm coliidd, none or only one receives reward
depending on the collision model. This problem can be foatad as a decentralized multi-armed
bandit problem. We measure the performance of a decemttafinlicy by the system regret, defined as
the total reward loss with respect to the optimal perforneamaeder the perfect scenario where all arm
parameters are known to all users and collisions among asemliminated through perfect scheduling.
We show that the minimum system regret grows with time at #maeslogarithmic order as in the
centralized counterpart, where users exchange obsamsatitd make decisions jointly. A decentralized
policy is constructed to achieve this optimal order. Funth@re, we show that the proposed policy
belongs to a general class of decentralized polices, fochvhi uniform performance benchmark is

established.

Index Terms

decentralized multiarmed bandit, order-optimal policygwitive radio networks

I. INTRODUCTION

In this paper, we study a multi-agent stochastic controblenm based on the model of multi-

armed bandit processes. Considérusers independently sampling (N > M) i.i.d. random
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processes parameterized by the ®et= (0y,---,0y), where sampling theth arm yields a
random observatior(¢) drawn from a univariate density functiofi(s;6;). We assume the
parameter se® = (4, - - ,0y) is unknown to all players. At each time, a player decides am ar
to sample based on its own observation and decision hidtisgrs do not exchange information
on their decisions and observations. Collisions may ocduenvmultiple users choose the same
arm, and none or only one receives reward depending on thisiaolmodel. The objective is
to maximize, under any parameter et the long-term total expected reward obtained by all
players.

The above problem motivates an extension to the classid-amafted bandit (MAB) problem
that considers only a single player. In the classic MAB, thseace of the problem lies in the
well-known tradeoff between exploitation (choosing an anwst likely to offer high immediate
reward) and exploration (choosing an arm to learn the unknparameter in its distribution
for better future decisions). A commonly used performanceasare under a non-Bayesian
formulation is the so-called regret: the performance logh wespect to the genie-aided case
where the distribution of each arm is perfectly known. Thassic MAB with a single user
under the assumption of single play (only one arm can be chasesach time) was solved
by Lai and Robbins in 1985 [1], where they showed that the mmimh regret grows with time
at a logarithmic order and constructed a policy that aclsiehe optimal regret growth rate.
Anantharamet al. extended Lai and Robbins’s results to MAB with multiple @ayexactly
M (M < N) arms can be played simultaneously at each time [2]. They stidivat allowing
simultaneous multiple plays changes only the constant duthe logarithmic order of the regret
growth rate. They also extended Lai and Robbins’s policydinieve the optimal regret growth
rate under multiple plays.

The single-user MAB with multiple plays considered in [2figuivalent to aentralizedMAB
with multiple users when th&/ best arms have nonnegative means (details see Sec. IM)Mf al
users can exchange their observations and make decisiatig, jthey act collectively as a single
user who has the freedom of choosiff) arms simultaneously. As a direct consequence, the
optimal regret growth rate established in [2] provides adptound on the optimal performance
of a decentralizedMAB where users cannot exchange observations and must neisiahs
independently based on local observations.

Decentralized MAB with multiple distributed players hast iaeen clearly formulated or
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optimally solved in the literature. In [3], a heuristic potihas been proposed for Bernoulli
processes. This policy, however, only achieves the linederoof the system regret and thus
cannot achieve the maximum time-average reward. The masstigms we aim to answer in

this paper are the optimal order of the regret growth rate deeentralized MAB and how to

construct decentralized policies to achieve the optimdéonrWe show that in the decentralized
setting where users can only learn from their individualestations and collisions are bound
to happen, the system can achieve the same logarithmic ordée total regret growth rate

as in the centralized case. A decentralized policy is canostd to achieve this optimal order.
Furthermore, we show that the order-optimal decentralizelicy belongs to a general class
of decentralized polices. For this class of decentralizelicies, we establish a performance
benchmark by constructing a lower bound on the achievaldentyrrate of the system regret.
This lower bound is tighter than the trivial bound providedtbe centralized system considered
in [2].

A distinct feature of the proposed decentralized policyhe it ensuregairnessamong users,
i.e., all users achieve the same average reward at the same raee.tidd without knowing
the reward rate that each channel can offer, ensuring &srnequires that each user identify
the entire set of thél/ best arms and share each of thédearms evenly with other users.
As a consequence, each user needs to learn which af}heossibilities is the correct choice.
Another approach to sharing tiié best arms is that each user aims at identifying and expgpitin
a single arm with a specific rank (for example, thie user targets solely at théh best arm).
In this case, each user only needs to distinguish one arnm @vipecific rank) from the rest.
The uncertainty facing each user, consequently, the anafuaarning required, is thus reduced
from C% to N. Unfortunately, fairness among users is lost. We furthéntpout that under the
proposed policy, each user identifies not only the set of/thdest arms, but also the entire
rank of theseM/ arms.

Notation For two positive integer& and L, defineK @ L as the integer i1, - - - , L} satisfying
Ko L =K — DL for some integetD > 0.

[1. CLASSIC RESULTS ONSINGLE-PLAYER MAB

In this section, we give a brief review of the main result@bbshed in [1], [2] for the classic

MAB with a single player.
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Consider anN-arm bandit with a single player. At each tinte the player can choose
exactly M (1 < M < N) arms to play. Playing arm yields a random reward’; drawn

from f(y;0;,) parameterized by, € ©. The functionf(-;-) is known and the parameter set

© = (64,---,0x) is unknown to the player. Let(d) denote the mean of a random variable
under the density functiofi(y; ¢) and the Kullback-Liebler numbef(6, §') = Eg[log[f((jﬁ,))]] a

measure of dissimilarity between two distributions parsarieed by# and@’, respectively.

A policy 7 = {n(t)}2, is a series of functions, where(t) maps the previous observations
of rewards to the current action that specifies the set/oarms to play in slot. The system
performance under policy is measured by the system regref(©) over a time horizon of
length7" as defined below. Let be a permutation of1, - -- , N} such thay(0,1)) > 11(0s2)) >

- > (b)), we have
- A
RT(@):TZ;‘VLIM(HJU)) —E; [Z;F=1Y7r(t)(t)]a

whereY,(t) is the random reward obtained in sloundern(t), andE,[-] is the operator that
takes the expectation under the polieylntuitively, R7.(©) is the expected total reward loss up
to time 7" under policyr compared to the perfect scenario tieais known to the player. The
objective is to minimize the rate at whicR(©) grows withT under any parameter séxt by
choosing the optimal policy*.

A policy is calleduniformly goodif for any parameter se®, we haveR%(0) = o(T") for
any b > 0. Note that a uniformly good policy implies the sub-lineaogth of the system regret
and achieves the maximum time-average rewajt, 1:(6,(;)) which is the same as in the case
with perfect knowledge 06.

Theorem [1,2]:Under the following conditions C1-C4, we have, for any umtfty good policy

T,

.. . Rx(©) 11(0o(ar)) — 11(0;)
] f L Yoo 2 1
ITHLIOE IOgT = T 6i<baan) I(@j, 90(1\/[)) ( )

C1. Existence of meani(f) exists for anyd € 6.

C2. Positive distance) < 1(6,60') < oo whenever u(0) < ().

C3. Continuity of1(0,60'): Ye > 0 and p(0) < p(0'),36 > 0 such that|1(0,6") — 1(0,0")| <
e wheneveru(0) < u(0”) < u(0') + 6.
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C4. Denseness of: V¢ andé > 0,30 € O such thatu(0) < u(0) < u(0) + 0.

Lai and Robbins [1] in 1985 have constructed a policy to sthesclassic MAB with single
play (M = 1). The basic structure of this policy is as follows. Each asnassociated with two
statistics, referred as point estimate and confidence uppénd, that are functions of previous
observations on this arm. Specifically, the point estimateotes an estimation of the mean of
this arm, and the confidence upper bound denotes a measuoafidence that the arm is the
best. In each slot, among all “well-sampled” arms, the user first selects adeadthat has
the largest point estimate as a candidate to be played. Tdrehen selects another round-robin
candidatej =t © N to determine whether armis more likely to be the best thdp The user
plays armj if its confidence upper bound exceeds the point estimateeofethderl;; otherwise
the user plays;. The detailed implementation of this policy is given below.

Lai and Robbins’s Policy for Single-User MAB with SingleyP[1] In the first V slots, play
each arm once. Fix (0 < § < 1/N). For allt > N, letr,, denote the number of times that arm
n is played up to (but excluding) slétandY,, ,--- .Y, .., denote previous rewards obtained
from armn. Leth,, (Yo, -, Yar,) @andg..,, (Yo, -, Yar.,) (t > 7) denote, respectively,
the point estimate and confidence upper bound of arm slot ¢. Among all arms that have
been played at leagt — 1)0 times, select the leadéy that has the largest point estimate. Let
j = t @ N be the round robin candidate. The user plays grif g, (Yj1, -, Yjr,) >
h%)’t(Ym, e ,Ylt,nm); otherwise the user plays the leader

Lai and Robbins [1] have shown that their policy is asymggity optimal {.e., it achieves

the lower bound on the regret growth rate given in (1)) underfollowing condition.

C5. LetY (1), Y(2), --- bei.i.d. random variables with the common density functidn, 9).
For anyf € 6O,

Per{gtv,-(Y(l), o Y(@) >rforalli <t} =1—o(t™) for everyr < u(f);

lim (lim sup Sici Prign(Y (1), Y (i) = p(0') — €}/ logt) < 1/1(0,6) wheneveru(6) > u(0);

t—o00

g+; 1s nondecreasing in for every fixedi =1,2,-- - ;

gri > h; V t;



TECHNICAL REPORT TR-09-03, UC DAVIS, SEPTEMBER, 2009. 6
I;r{égr%z}%ct |hi — (@) > et =0t ) Ve>0, 0<d<1.

Note that conditions 1-5 are satisfied for Gaussian, Belin®alisson, and double exponential
distributions, wheré:; and g,; have been established in [1].

Anantharamet al. [2] in 1987 have extended Lai and Robbins’s policy to mudiplays
(M > 1) that achieve the optimal regret growth rate given in (1)erhexist other policies in
the literature of single-user MAB, for example, the indeXipoproposed in [4], that achieve
the optimal regret growth rate for a specifical class of rewdistributions €.g., Bernoulli
distribution). For general reward distributions, thisemdoolicy achieves the optimal logarithmic
order of the regret but not the best constant given in (1)eBam [4], a simpler index policy
has been proposed in [5] for MAB with reward distributiongattinave support in the interval

[0, 1], which also achieves the order-optimality but not the besistant given in (1).

I1l. PROBLEM FORMULATION

ConsiderN independent but not identical arms. 1Stt) = [S1(t), -+, Sn(t)] € {0, 1}V (¢ >
1) denote the system state, whefgt) is the state of arm in slot t. Assume{S;(¢)};>; is an
i.i.d. random process with unknown mea(¥;). In addition to conditions C1-C5 required by
the single-user MAB, the following condition is adopted hetrest of the paper.
C6. TheM best arms have distinct nonnegative méans

In slot¢, a user (say user(1 < i < M)) chooses an actiom;(t) € {1,---, N} that specifies
the arm to play and observes its staig (). The actiona;(t) is based on the user’s local
observation and decision history. Note that the user cam lalsrn the system from previous
identified collisions to others. The local observation drigtof the user thus consists of both its
previous observed arm states and its collision history.

We define a local policyr; for useri as a sequence of functions = {;(¢) };>1, wherem;(¢)
maps user’s past observations and decisionsdt@t) in slot t. The decentralized policy is

thus given by the concatenation of the local policy for easéru
™= [7'('1,"' ,7'(']\/[].

1This condition can be relaxed to the case that a tie occurthéod/th largest mean.
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Define immediate rewarld (¢) as the total reward accrued by all users in gJavhich depends
on the system collision model given befow
Collision model 1:When multiple users choose the same arm to play, only oneeai tibtains

a random reward given by the current state of the arm. Undemtlbdel, we have
Y(t) = 2L L(1)85(0),

wherel;(t) is the indicator function that equals foif arm j is played by at least one user,
and0 otherwise.
Collision model 2:When multiple users choose the same arm to play, ho one sh&awvard.
Under this model, we have
Y(t) = SLI0S(0),

wherel’;(¢) is the indicator function that equals toif arm j is played by only one user, and
0 otherwise.
Similar to the classic MAB, we use the following system rege the performance measure-

ment of a decentralized policy.
R7(©) = TX3L u(0a()) — B[S0, Y (1)),

The objective is to minimize the rate at whiéty-(©) grows with timeT" under any parameter
set© by choosing the optimal decentralized policy. Similarly, we call a decentralized policy
is uniformly goodif for any parameter seb, we haveR;(0) = o(T") for anyb > 0. To address

the optimal order of the regret, it is sufficient to focus onfarmly good decentralized polices

provided that such policies exist.

IV. THE OPTIMAL ORDER OFTHE SYSTEM REGRET

In this section, we show that the optimal order of the rate laiciv the system regret grows
with 7" in the decentralized MAB is logarithmic.

Theorem 1:Under both collision models, the optimal order of the ratevaich the system
regret grows withl" in the decentralized MAB is logarithmic.e., for an optimal decentralized

policy 7*, we have

. R{(©) _. Rf(6)
< < <
L(®) < hTHig.}f ogT — lljrisip logT u(®) @

The results apply to more general collision models, inalgdhe case that all players involved in a collision receiard.
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for some constant(©) and U (©) that depend or®.

Proof: The main approach consists of two parts. First, we provettieatower bound for the
centralized MAB given in (1) is also a lower bound for the decalzied MAB under conditions
C1-C6. Second, we construct a decentralized policy (see\Hethat achieves the logarithmic
order of the regret growth rate. It appears to be intuitia the lower bound for the centralized
MAB provides a lower bound for the decentralized MAB. We pant that, however, this may
not hold when some of thé/ best arms have negative means. This is due to the fact that the
centralized MAB requires exactly/ different arms to play in each slot, which is not necessarily
the case when multipleentralizedusers have the freedom of choosing upAMoarms. When
all arms have nonnegative means, it is straightforward étkat the two centralized problems
are equivalent since the users should play together as miers/as possible. However, if some
arms have negative means, the users may need to play todgethearms to reduce the risk of
receiving negative reward even that collisions will happknthe following lemma, we show
that, under the condition that th&/ best arms have nonnegative means, the two centralized
problems are equivalent.

Lemma 1:Under conditions 1-5 and the condition that thé best arms have nonnegative
means, the centralized MAB that requires exadtlyarms are played in each slot is equivalent
to the one that requires at masf arms are played in each slot.

Proof: Under the condition that thé/ best arms have nonnegative means, the maximum
expected immediate reward can be obtained under the pedeaario thab is known to all
users is given bﬁjﬂilu(eo(j)). Consider the MAB where at mogt/ arms can be played in each

slot. The regret under a policy is thus given by
Rr(©) = TEL u(0a()) — B[S, Y (1)), 3)

whereY(¢) is the immediate reward.
Let 7; denote the total number of slots that the- ¢t~ best arms are played up to tinie

Under a uniformly good policyr, we have, for any armi with (6;) > 1(05ar)),

E[T;] =T — o(T"), ¥ b > 0.
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Following Theorem 3.1 in [2], the above equation impliesttf@ any arm: with u(60;) <

M(QU(M) ),

Tooe logT = 1(0;, Ooiar))

The regret growth rate is thus upper bounded by

. . Rp(©) 1(0sary) — 11(65)
lim inf >0 | .
Tove logT = F#00<ilew)™ip g 10

Since the optimal policy that chooses exacilyy arms in each slot achieves the above lower
bound [1,2], it is also optimal for the MAB that chooses up\foarms in slot. The two problems
are thus equivalent. [ |

V. AN ORDER-OPTIMAL DECENTRALIZED PoLICY

In this section, we construct a decentralized policyhat achieves the optimal logarithmic
order of the system regret growth rate.

The basic structure of the proposed policis a round-robin structure at each user for selecting
thoseM best arms. Users have different phases (offsets) in theird-wobin schedule to avoid
excessive collisions. Consider, for example, the cas&/of 2. User1 targets at the best arm
in odd slots and the second best arm in even slots, and2udees the opposite. For each user,
selecting the best arm can be done efficiently using Lai anobRe’s single-user policy. The
guestion here is how to select the second best arm efficightig intuitive approach is to apply
Lai and Robbins’s policy to the remaining — 1 arms after removing the arm considered as the
best arm. Specifically, consider usemwho targets at the second best arm in even slots. All the
even slots are divided int®/ interleaving subsequences, where ftiesubsequence consists of
all the even slots that follow an odd slot in which ains considered as the best arm. In the
ith subsequence, usérapplies Lai and Robbins’s policy to armg,---,i — 1,7+ 1,--- | N}.

In other words, the local policy for each user consists oftiplél parallel Lai and Robbins’s
procedures applied in different subsequences of time stotifferent subsets of arms. These
parallel procedures, however, are coupled through the comwbservation history since in each
slot (regardless of which subsequence it belongs to), alptst observations are used in decision

making. A detailed implementation of the proposed poliaydogeneral)! is given in Fig. 1.
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Consider usei. Choose & such that) < § < 1/N. Consider a slot. Letk, =t © M.
Let m,(j) denote the total number of events that=j (1 < j < M) up to timet. let
7, denote the times arm is played up to (but excluding) slétand S, ,--- , S, -,

the previous states observed from arm

1.

The Decentralized Policy 7

If k&, = 4, user: targets at the best arm in slotby carrying out the procedufe
specified in Step 2. Otherwise, the user targets atjthebest arm wherg =
(ky —i+ M + 1) @ M by carrying out the procedure specified in Step 3.

If m,(i) < N, play armm(i); otherwise, the user does the following. Among| all
arms that have been played for at leagi, (i) — 1) slots, let/, denote the index

of the arm with the largest point estimate:

A
;= arg max e, (Spascc, Snre)-
n:n,e>0(m(i)—1)

Let n = my(i) @ N. The user plays arm if g, (Sp1, -, Sm,) =
tht’t(Slt,l, e ,Slmz“t) and armi; otherwise.

If m:(k;) < N, play armm,(k;); otherwise, the user targets at tlihh best arm
wherej = (k,—i+ M +1)o M as follows. The user removes the 1 arms played

in the previousj — 1 slots from the arm sed = {1,---, N}. The user chooses

between a leader and a round-robin candidate, where therleam the round
robin candidate are defined with respect to the subsequehea the same sgt
of arms is removed. Without of loss of generality, considepacial subsequence
where armsNV — j +2,--- , N are removed. Letn? denote the number of slots|in
this subsequence up to timeAmong all arms that have been played for at least

d(m¢ — 1) slots, letl, denote the index of the arm with the largest point estimate:

Iy = hT Snu"'7SnT .
t arg n:TnytZIgl(?n)s‘(t)—l) n,t( 71 5 n,t)

Letn = m¢ @ (N — j + 1). The user plays arm if g, ,(Sn1, -, Sm.,) =

thm(Slt,l, cee ,Slmht) and armi; otherwise.

Fig. 1. The Structure of the Decentralized Poliey
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We point out thatr is distributed in the sense that users do not exchange iatovmand make
decisions solely based on local observations. The offseaah user’s round-robin schedule can
be predetermined (for example, based on the user’s ID). Bhieypcan thus be implemented in
a distributed fashion.

The theorem below establishes the order optimality of tlpased policyr. The difficulties
in establishing the logarithmic order af as compared to the centralized counterpart given
in [1], [2] are two folds. First, since the rank of any arm caver be perfectly identified, the
mistakes in identifying théth (1 < i < M) best arm will propagate into the learning process
for identifying the (i 4 1)th, up to theMth best arms. Second, since users are learning the arm
statistics based on their individual local observatiohsytdo not always agree on the rank of
the arms. Collisions are bound to happen (for example, wineara is considered as the best
by one user but the second best by the other). Such issuestmdxxcarefully dealt with in
establishing the logarithmic order of the regret growtterat

Theorem 2:Under the decentralized policy, we have
. RZ(O©)
<
hirpn_)sip g T C(0), 4)

where under collision model 1,

CO) = MELizet(Oon) = S0, <o) (05 /105, 05ar)),
T = DX <u(.0) 1/ 185 00,

and under collision model 2,

C(0) = M(SL 5Ly wuilOo(s)) = Sjin(o)<n(6s 2 H(0) max{1/1(0;, Os(ar))

= SE/1(0;,00), 0}).-
Proof: Consider the local policyt; for user:. We focus on the subsequence of slots where

useri targets at theith (1 < j < M) best arm. For any < j < M, let {k;(T")} denote the
index set of the time slots up to tin¥ein which the arm set(1: j—1) = {o(1),--- ,0(j—1)}

are removedi.e., Lai and Robbins’s policy is applied to the arm ¢t (1 : j — 1). We first

prove the following lemma.
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Lemma 2:Let 7, x, , denote the number of slots iG; 1 in which armn is played. Then, for

any armn with 6,, < 0,(;), we have,
. E[7ni; 7] 1
s =T = Tom o) ®)
Proof: Let |B| denote the cardinality of a sét. First relabel the arms iNV\o(1:j — 1)
by 1,2,--- N — j+ 1 according to the order of their original indices. Lgidenote the leader
among the arm seV\o(1 : j) and i (0;) = h.,, the point estimate (up to but excludiry
of the mean of arny. Fix 0 < e < pu(0,(j)) — max,(o,)<u(,,) #(0r). Consider an armm with
0n < 05(;7, We have

Tog;r <1 + 1<t <T: te{K;(T)}, p0r,) = b)), |fe(0r,) — 1(0s3;)) < e and armn is played in slott}((6)
+ H{i<t<T: te{K;(D)}, wl)=nlog)), 1re(0) — 1(6s0))| > €}l )
+ {i<t<T: te{K;(T)}, wl,) < o)} (8)

Let Y}1,Y)s,--- denote successive observations from grrBased on the structure of Lai and

Robbins’s single-user policy, we have
Hl<t<T: te{K;(T)}, pl,) = 1bs4)), |f(0,) — 1(0s¢)) < e and armn is played in slott}| (9)
SI+H{1<i<T =1 g5i(Yar, -, Yni) > (0s;)) — € for somei < s < t}((10)
SI+1<i<T=1:g90i(Yar, -+, Vo) = p(0o()) — € }H(11)

Under condition 5, for every > 0, we can choose > 0 sufficiently small such that
E(H]- S 1 S T—1: gT,i(Ynla T 7Ym) Z ,u( o(j) ) — € }|)

lim sup

T—o00 logT
Tro log T =7 (0, 5())

Definec;(t) = [{s:s <t,s,t € {K;(T)}}|. Since the observations obtained frafn) is at
leastd(c;(t) — 1), under condition 5,

P(;r{cj(t) = s for somes < ¢, i, (0;,) = p(0s0)), |e(01,) — p1(0s0))| > €} (13)
< ].:(;I'{ S?p ) ‘hi(Yit,h T 7Y2t7i) - M(ed(j)” > 6} = 2205i0(8_1> = O(S_1>' (14)
i>6(s—1

We thus have
E({1 <t <T: t e {K;(D)}, mlbir)) = 1(0s(z)s [2(Ort)) — 1(0s(z))| > €}])
<¥L, Pric;(t) = s for somes <t < T’ is(61,) = 11(05(5))s 1116(61) — 11(6o5))| > €}

=o(logT). (15)
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Next, we show that
{L<t<T: te{K(T)} ) < p(0a)} = o(logT). (16)

Let L; = {1 <[<N: ,u(@l) = ,u(HU(j))}, O<e< (,u(@c,(j)) — MAX,(0,)<p(0;)) u(@k))/2, and
c>(1—-N§~t Forr=0,1,---, define the following events.
A, = ﬂlgng{chgq>is|hs(Yk,1, oY) <y

B, = Mrep{gsmi(Ye1, -, Yei) > u(@a(j)) —eforall1<i<dm, ¢ ' <m< L, and somes,, > m}.
By (14), we havePr(A,) = o(c™"). Consider the following event.
Cr = Mrer Agmr1i(Ye1, -+, Yi) > p(0sy) — e forall 1 <i < om, and ATt <m < MYL(17)

Under condition 5, it is easy to see that > C,. From Lemma 1 (i) in [1],Pr(C,) = o(c™").
We thus havePr(B,) = o(c™").

Consider a time. Define the eventD, = {t € K;(T), ¢! < ¢;(t) — 1 < ¢} When
cj(t) = c¢(N — |a|) + 1 with pu(6;) = n(0,;)), we show that at least one arm i, must
be sampled on the evert, N B, N D,. It is sufficient to focus on the nontrivial case that
w(0r,) < pu(6;). Sincer,; > 6(c;(t) — 1), on A, N D,, we havefi,(0;,) < 11(0,;)) — €. We also

have, onA, N B, N D,,

Gt (Y1, Yig) 2 (o)) — € (18)
Arm [ is thus sampled odi, N B, N D,. Let v(L;) denote the total time that arms with mean
1(05(;)) have been sampled. Sin¢e — ¢~ ')/k > ¢, for any ¢" < s < ¢"*!, there exists amy
such that o4, N B,, v(L;) > (|L;|/N)(s— "' —=2N) > |L,|és, for all r > r. It follows that
on A, NB,.ND,, foranyc” < ¢;(t)—1 < ¢, there exists & € L; such thatr; > §(c;(t) — 1),
and! is thus the leader. We have, for all> r,
%r(l(t) ¢ Ljt € Ki(T),c" <cj(t)— 1<) < Po(A,ND,) + Po(B,ND,) =o0(c"). (19)
Therefore,
E[{t >1: te {;(0)}, fu(fun) < 1o} < 50 Pr(c;(t) —1 = s for somet > s,1(t) ¢ L;,t € K;(T)) (20)

<14 nlels o Pr(3t, 1(t) ¢ Lyt € Kj(T),c5(t) = 1= 5) < s T15(1) = o(log T). (21)

From (12), (15) and (16), we arrive at

li E[TnyTn,ijT] < 1
1m su .
T_,OOp log T — 1(6,, Hg(j))

(22)
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u
Next, we give a lower bound on the expected time that us#rooses thath (1 < ;7 < M)
best arm during time slot§i + j — 1 + kM }>o.
Lemma 3:During slots{: + j — 1 + kM };>o in which useri targets at thgth (1 < j < M)
best arm, the expected tin¥r, ;)] that user: plays thejth best arm up to timd" for any
1 < j < M satisfies

. T/M — E[ro(;)]
1 » 23
171¥Lsip log T < xj, (23)
where
25 = St Do) <60 0) 1 Oo ), Ooi)- (24)

Proof: We prove by induction ory (1 < j < M). Considerj = 1. In this case, Lai and
Robbins’s policy is applied to all arms in slof$ + kM },>.. Let E[r,(;)] denote the expected
total number of slots that usérdoes not play theth best arm during slot§i +j — 1+ kM }i>o
up to timeT'. From Lemma 2, we have
El7o)

li < 1. 25
121Fn_)S£p log T = €1 ( )
Since(T' —2M)/M < E[r,q) + 7,q)] < T/M, we have
T/M — Elr, E[75i
lim sup / 7o) = limsup M < (26)
T—oo0 log T Too logT

For M > 1, under condition 6, we note thdl[r, )] is the expected number of slots that arm
o(1) is deleted from the arm list during slofs + 1 + kM };>¢ up to timeT.
Assume (23) holds foj = k£ and

T/M —E
lim sup w < xg, (27)
T—o00 10gT
whereE[r;,] (1 < k < M) is the expected number of slots that armis), - - - , o(k) are deleted

from the arm list during slot$: + k + cM }.>o up to timeT'. Considerj = k£ + 1. Let E[7,; ,]
andE[r,; ,,] denote the expected number of slots that ttiebest arm is, respectively, played
and not played when arms(1), - -- ,o(k) are deleted during slot§ + k + c¢M}.>o up to time

T. Based on Lemma 2, we have

E[Ta(‘-) k ] 1
li — T <, . 28
l;njip IOgT = k.9k<900) I(ek, GU(J)> ( )
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SinceE[r,| = E[7,)k, + To()kal < ElToG)k, + 7o), We have

T/M — E[1,; T/M — E[1,; . T/M — E|r, | + E[7,

lim sup / 7o) < lim sup / [7() = lim sup / (7] [72(G) < 241-(29)
Teoo log T T oo log T T oo log T

We thus proved Lemma 3 by induction. [ |

To prove Theorem 2, we consider the two collision modelgyeesvely.
Collision Model 1.Consider slots{: + kM },>o. Based on Lemma 3, the expected number of
slotsE[7,;y] (1 < j < M) that thejth best arm is played up to tini€ by some user (say user

k) satisfies

lijry_}s;p T/Mlo_gli[%(j)] < z;. (30)
By Lemma 3, the expected number of slots tfile best arm is played up to timig by users
other thank is logarithmic with7", which is dominated byE|7, ;)] as given in (30). Therefore,
the expected total reward;;(;j) obtained from theth best arm by all users in slof$+ kM } >

up to time7 satisfies

imsp Tu(%u))/ng ; E[Yr:()] w3000, (31)
For an arm j withu(60;) < 1(f-ar)), consider a usek that targets at thé/th best arms. Based

on Lemma 2, the worst case is that usegplays armj for 1/1(0;, 05(ar)) log T — o(log T') times

up to time7". From (31), the expected total rewarj’ | E[Y7,(;)] obtained from all arms and
users in slotgi + kM } >0 up to timeT" satisfies

lijrpﬁsip TZ%W(QOU))/IZ;Z?: EYrG) < S 210(00()) = S0, <00 a1/ (05 0o ary ) 1(6;).(32)

Since the horizoril” consists ofM interleaving sequence§ + kM }>o (1 < i < M), the

expected total rewartl, EN \E[Y7,:(7)] obtained from all arms and users up to tiffiesatisfies

. TS u(0s() — B 230 EY7 ()]
lim sup a long = < M(SL12500(00(5) = Sj0,) <0500 1/ T (055 00 (0n) ) 12(65))(33)

Collision Model 2.(30) still holds, where a user targets at tftb (1 < ;7 < M) best arm. By

Lemma 3, the expected number of slots in which ftiebest arm is played by another user that
targets at théith (k # j) best arm is at most, logT + o(logT') up to timeT'. Therefore, the
expected total rewarllr;(j) obtained from arny by all users in slotgi + kM },>, up to time

T satisfies

Y Tp(0o()) /M — E[Y7,(j)]
im sup

I g T < Silizeht(Bo()- (34)
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For an arm j withu(0;) < 1(0-ar)), consider a usek that targets at théth (1 <[ < M) best
arm. Based on Lemma 2, the worst case is that kggays armj for 1/1(6;,6,) logT —o(log T')
times up to time7T. Combined with the worst cast collisions, the reward can b&inoed on
arm j is at least(max{1/1(8;,0x) — S 1/1(0;,050:)), 0}u(0;)) log T — o(log T') up to time
T. From (34), the expected total rewa‘z‘c@’ [Y7.:(7)] obtained from all arms and users in slots
{i + kM }r>o up to timeT satisfies
sz]\i1ﬂ(90(j))/M - Zé'v:1E[YT,i(j)]

li;njolip e T < SM S wen(0a) (35)
— (0, <0 agy) MAX{ L/ T(05,00r) — X211/ 1(0;, 000, 0} 1a(0;). (36)

The expected total reward, E ", E[Yr,(j)] obtained from all arms and users up to tiffle

thus satisfies
TZMlN(Q (j )) - Zi‘ilzé\[zlE[YT,i(j)]

lijrfljolip log T < M(EMlzk 125100 (5)) (37)
=X 0) <10 ary) XA L/ T(05, 0nr) — BT L/1(05, 00(3)), 0} 1a(05))- (38)
We thus proved (4). [ |

From Theorem 1 and Theorem 2, the decentralized policy isrevgdtimal. Furthermore, the
decentralized policy ensures fairness among users, as gelew.
Theorem 3:Consider the decentralized poliéy Define the local regret for uséras

Al
M

whereY;(¢) is the immediate reward obtained by ugen slot . We have
R7,(© 1 it
FiO) _ 1 RE()

RT’L(®) TEM (ea(j)) - Efr[zleﬁ(t)]a

li .
TP Gog T~ M T Tog T (59
Proof: (39) follows directly from the symmetry of users under [ |

Theorem 3 shows that ensures fairness among users: each user achieves the sagne ti

average reward; 7,0, at the same rate.

VI. ALOWERBOUND FOR ACLASS OF DECENTRALIZED POLICES

In this section, we establish a uniform lower bound on themjnorate of the system regret
for a general class of decentralized policies, to which ttopased policyr belongs. This lower
bound provides a tighter performance benchmark comparttetone defined by the centralized

MAB. The definition of this class of decentralized policegigen below.



TECHNICAL REPORT TR-09-03, UC DAVIS, SEPTEMBER, 20009. 17

Definition 1: Time Division Selection PolicieBhe class of time division selection (TDS)
policies consists of all decentralized polices- [ry, - - - , m)| that satisfy the following property:
under any local policyr;, there exist$) < a; <1 (1 <i,j < M, XL a;; = 1V i) independent
of the parameter s&b such that the expected number of slots that ug#ays thejth (1 < j <
M) best arm up to tim&" is equal toa;; T — o(T"®) for all b > 0.

A policy in the TDS class essentially allows a user to effitieselect each of thé/ best
arms according to a fixed time portion that does not dependhenparameter se®. From
Theorem 2 and Theorem 3, it is easy to see that the order-alptietentralized policyr given
in Fig. 1 belongs to the TDS class with; = 1/M for all 1 <1, j < M.

In the following, we establish a lower bound on the rate atclhhe system regret grows
with 7" for all uniformly good decentralized polices in the TDS slas

Theorem 4:Under conditions C1-C4, for any uniformly good decentedizoolicy 7 in the

TDS class, we have

.. . R7(0) Y, 105 (rry) — 1(0;)
ipint o7 = ZitZan)<utoun) ~ g T

Proof: The proofs are based on the following Lemma, which generslitheorem 2 in [1].

(40)

For the ease of presentation, we assume that the means ofnadl @re distinct. However,
Theorem 4 and Lemma 4 apply without this assumption.

Lemma 4:Consider a local policyr;. Under conditions C1-C4, if for any parameter &t
andb > 0, there exists @-independent positive increasing functiofi’) satisfyingv(7) — oo
asT" — oo such that the expected timg;, r that user: plays thejth best arm up to tim&’
is at leastv(T") — o((v(T))?), i.e.,

Eo[v(T) — To()r] < o((v(T))"), VO € O, (42)

then the expected numbEBg [, 1] Of slots for which usei plays thekth (k > j) best arm is
at leastl /1 (0, k), 0o(j)) logv(T) — o(logv(T)), i.e.,
.. EelTow)1]
1 f—
T log v(T)
Proof: Note that Lemma 4 is more general than Theorem 2 in [1] thatrassv(T) =T

> 1/1(05 (k) Oo(5))- (42)

andj = 1. Consider the parameter s8t= (01, --- ,0,), - - ,0n). Fix 6 > 0. Under condition

1-4, we can choose a paramefesuch that

1(0o(i-1)) > p(A) > 11(0s(5)) > 1(0or))
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and

11 (0sk)s A) — I(Oo(ry, O ()| < 01 (00k)s Oo))- (43)

Consider the new parameter $¢twhere the mean of théth best arm (say arrj is replaced

by \. Since arm/ is the jth best arm unde®’, from (41), we have, for ang < b < ¢,

Ee [v(T) — ] < o((v(T))"), (44)

wherer; r is the number of times that arims played up to time". There thus exists a random
function ¢(T") with ¢(T) + v(T) — 7. > 0 a.s. andEe/[c¢(T)] > 0 such that

We have

Ee[e(T) +o(T) ~ 7] =
+
>

2

Ee/[c(T) +0(T) = miz] = o((v(T))"). (45)

Eor[e(T) +o(T) = nrinr < (1= 68)log(u(T))/1(Bo ), N Pr{m.r < (1 = 8)log(v(T))/I(0o(m), A)}
Eo[e(T) +o(T) = nrinr 2 (1= 6)log(u(T) /16y, N Pr{m.r 2 (1 = 6)log(v(T))/I(0o(k), A)}
Eor[e(T) +o(T) = nrinr < (1= 68)log(u(T))/1(6o ), N Pr{m.r < (1 = 8)log(v(T))/I(0(m), A)}

(Eor[e(T)] +0(T) = (1 = 8)1og(v(T)) /1 (0o(x), A)) Br{m.z < (1 —8)log(v(T))/1(05(x), M)}, (46)

where the fist inequality is due to the fact thdfl") + v(7') — . > 0 a.s. LetY;;,Yo,---

denote independent observations from drrbefine L, = X_, log(f

(Y1600 (k)

W)’ and evenC -

{nr < (1 =6)log(v(T))/1(0s(k), N), Ln, < (1 —0b)logv(T)}. Following (45) and (46), we

have

Pr{C} < Pr{nr < (1-08)log(v(T))/1(0s(r), N} < o((v(T))")/ (Ber[e(T)] + v(T) = (1 = 8)1og(v(T))/1(0a(r), V)

< o((v(T)")/(w(T) = (1 = 6)log(v(T)/ 105y, ) = o((v(T))"), (47)

where the last inequality is due to the fact ttiay [¢(7")] > 0.

We write C' as the union of mutually exclusive everits = {7, = s, L, < (1—b)logv(T)}
for each integes < (1 — §)log(v(T))/1(00(x), A). Note that

Pr{Cs} = / dPr = / MdPr
o' {r.r=s, Ls<(1—b)logv(T)} ¢ {rr=s, Ls<(1—b)logv(T)} ;7 F(Yii:00)) 0
> exp(—(1 = b)logv(T)) Pr{C;}. (48)

3For examplec(T) can be constructed ag7) = b(T) — v(T) + 7,7, Whereb(T) = [Ee/ [v(T) — 7.7]] .
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Based on (47) and (48), we have
Pr{C} = (log(u(T)))' " Pr{C} — 0. (49)

By the strong law of large numberg,/t — I(65), A) > 0 ast — oo a.s. undePrg. This

leads tomax;<; L;/t — I(0,x), A) > 0 a.s. undePre. Sincel —b > 1 — 4§, we have

lim Pr{L > (1 —b)loguv(T) for somei < (1 —§)logv(T)/1(0sx), A)} =0, (50)

T—o00

which leads to

Jim Pr{rr < (1= 8)1og(o(T)/ 1B, N); Lz > (1 - ) logu(T)} = 0. (51)
Based on (49) and (51), we have
Ji PriTy < (1= 6)1ogv(T)/1(05(k), A)} = 0. (52)
Based on (43), we arrive at
Tlglgo Per{Tz < (1 =20)logv(T)/((1 +6)I (O, 0s¢;y))} = 0 for anyé > 0, (53)
which leads to (42). [ |

Consider a uniformly good decentralized policyin the TDS class. There exists a user, say
useru(1), that plays the best arm for at ledstA — o(T?) slots. Since in these slots; cannot
play other arms, there must exist another user, say wusethat plays the second best arms
for at leastT/(M(M — 1)) — o(T?) slots. It thus follows that there exist/ different users
ug, -+ ,uy such that under any parameter $&t the expected time user; (1 < i < M)
plays theith best arms is at lea&t/ H’i_ (M — j + 1) — o(T") slots. Based on Lemma 4,
for any armyj with 1(60;) < u(0,r)), the expected time that user plays armj is at least
1/1(0;; 00(:)) log(T'/ H;zl( —i+1))—o(log T). By considering the best case the users do not

collide, we arrive at (40).

VIlI. CONCLUSION AND FUTURE WORK

In this paper, we have considered a decentralized multedrpandit problem with distributed
multiple players. We have shown that the optimal systemetdgrthe decentralized MAB grows

at the same logarithmic order as that in the centralized MABs@ered in the classic work by
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Lai and Robbins [1] and Anantharamt, al. [2]. A decentralized policy that achieves the optimal
order has been constructed. Furthermore, we have showrhingiroposed policy belongs to
a general class of decentralized polices, for which a umfperformance benchmark has been
established.
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