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Abstract

We analyze the multihop delay of ad hoc cognitive radio nétaowhere the transmission delay of
each hop consists of the propagation delay and the waitimg fibr the availability of the communication
channel {.e,, the occurrence of a spectrum opportunity at this hop). Uliegries and techniques from
continuum percolation and ergodicity, we establish thdirsgdaw of the minimum multihop delay with
respect to the source-destination distance in cognitid@raetworks. We show the starkly different
scaling behavior of the multihop delay @onnected networks as compared to networks that are only

intermittently connected due to scarcity of spectrum opportunities.

Index Terms

Cognitive radio network, multihop delay, connectivityfeérmittent connectivity, continuum perco-

lation, ergodic theory.

. INTRODUCTION

The basic idea of opportunistic spectrum access is to aelspectrum efficiency and interop-
erability through a hierarchical access structure witlmainy and secondary users [1]. Secondary
users, equipped with cognitive radios [2] capable of sensind learning the communication
environment, identify and exploit instantaneous and Ispaictrum opportunities without causing
unacceptable interference to primary users [1].

Using theories and techniques from continuum percolatiot ergodicity, we analytically

characterize the connectivity and multihop delay of theomsdary network. Specifically, we

9This work was supported in part by the Army Research Laboyatnder Grant DAAD19-01-C-0062, by the Army Research
Office under Grant W911NF-08-1-0467, and by the Nationa¢®m Foundation under Grants ECS-0622200 and CCF-0830685.
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consider a Poisson distributed secondary networlerlaid with a Poisson distributed primary
network in an infinite two-dimensional Euclidean spadgue to the hierarchical structure of
spectrum sharing, the transmission delay of each hop indbenslary network consists of two
components: the propagation delay and the waiting timehawailability of the communication

channel (.e.,, the occurrence of a spectrum opportunity at this hop).

A. Main Results

First, we analytically characterize the connectivity af gecondary network which depends on
not only the topology of the secondary network but also thadmitting and receiving activities
of the privileged primary network. The connectivity of thecendary network is thus determined
by two critical parameters: the densidy of the secondary users and the densipy of the
primary transmitters representing the traffic load of thenpry network. As illustrated in Fig. 1,
we show that according to the connectivity of the secondatwark, the(As, Apr) plane can be
partitioned into three regions: disconnected, conneard,intermittently connected, which are
all interpreted in the percolation sense. The secondamarktis disconnected if there does not
exist almost surely (a.s.) an infinite connected comporemiéd by topological links connecting
two secondary users within each other’s transmission raagd the secondary network is
connected if there exists a.s. an infinite connected compdonemed by communication links,
where communication links are those topological links exgpeing the spectrum opportunities.
Since the set of communication links is a subset of topokidinks, we define the intermittent
connectivity for a secondary network that is not connectedha& a.s. existence of an infinite
connected component consisting of topological links. Theva three concepts are detailed in
Sec. Ill.

Second, we establish the scaling law of the minimum multitéelay in the secondary network
with respect to the source-destination distance. When ¢lcenglary network is disconnected,
there exist only finite topologically connected componelfitse randomly choose two secondary

users, then they belong to two different topologically cected component a.s., which implies

The notions of cognitive radio networks and secondary nedsvare used interchangeably in this paper.

2This infinite network model is equivalent in distribution ttee limit of a sequence of finite networks with a fixed densiy a

the area of the network increases to infinitg, the so-calledextended network [3].
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Fig. 1. The shaded region is the set(afs, Ap7) under which the secondary network is conneciesl, the connectivity region
C), the white region is the set ¢hs, A\pr) under which the secondary network is intermittently coneed.e., the intermittent
connectivity regiorC;), and the colored region is the set(@fs, Apr) under which the secondary network is disconnected. The
critical densityAs of the secondary users is defined as the infimum density ofa@benslary users to ensure connectivity under

a positive density of the primary transmitters, which is equal to thigéaal density \. of a homogeneous network.

that they are not reachable from each other. We thus focuse@multinop delay between two
secondary users in the infinite topologically connected moment when the secondary network
is either connected or intermittently connected.

To highlight the impact of the waiting time for spectrum oppaities on multihop delay, we
first study the scaling law of the minimum multihop delay asig that the propagation delay
is negligible. We show that the scaling law of the minimum timalp delay with respect to the
source-destination distance has two distinct regimeggesponding to whether the secondary
network is connected or intermittently connected. Spedlficlet ;. be the sourcey the desti-
nation, t(x, v) the minimum multihop delay fromu to v, andd(u,v) the distance between

and v, then we show that, a.s.

, t(u,v) | =0, if connected
11m
duv)—oo d(p,v) | > 0, if intermittently connected

When the secondary network is connected, a much strongensat is actually shown, that is,
t
d(uv)—oe g(d(p,v))
whereg(d(u, v)) is any monotonically increasing function @fy, v/) satisfyingd( lir)n g(d(p,v)) =
H,V)—00

=0 a.s,

oo. It implies that the minimum multihop dela#(y, v) is asymptotically independent of the



TECHNICAL REPORT TR-09-02UC DAVIS, SEPTEMBER 2009. 4

distanced(u, v) asd(u,v) — oo. Thus when the propagation delay is negligible, a connected
cognitive radio (CR) network behaves almost the same as ageneous ad hoc network, in
the sense that the waiting time for the spectrum opporesidioes not affect the scaling law of
the multihop delay with respect to the source-destinatistadce.

The above scaling law of the multihop delay may be illusttatgth an analogy of traveling
from a placeu to another place’, where the waiting time for the spectrum opportunities is
likened to the waiting time for traffic lights. Suppose that wan move fast enough such that
(s.t.) the driving time on the road is negligible. When theoselary network is connected,
there exists an infinite connected component consistingpoofneunication links a.s. which can
be regarded as a highway without traffic lights betweemand ». Given that bothy and v
are within a finite distance to the highway (independent ef distance between andv), the
traveling time fromy to v, which is exactly the waiting time for traffic lights beforatering the
highway and after leaving the highway, is independent ofdistance betweep andr. When
the secondary network is intermittently connected, thesesdnot exist an infinite connected
component formed by communication links aise,, such a highway betweem and» can not
be found. Then we have to use local paths and wait for traffictdi from time to time, leading
to the linear scaling of the traveling time with respect te tlistance between andv.

We also study the impact of the propagation delay on multifbepy. When the propagation
delay 7 is nonnegligible, we show that the minimum multihop delaglss linearly with the
source-destination distance in both connected and intiemtly connected regimes, but with
different rates for the linear scaling. In particular, timiting behavior of the rate as — 0 is

distinct in the two regimes,e, a.s.

t(u,v) | =0, if connected

lim lim
70 d(py)—oo d(p,v) | - 0, if intermittently connected

It indicates that when the propagation delay is sufficieathall, the scaling rate of the multihop
delay for a connected network is much smaller than the oneafamtermittently connected

network.

B. Related Work

As a fundamental issue for the feasibility and efficiencyarsfje-scale wireless networks, the

scaling law has raised increasing interest in the researoimunity since the seminal work of
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P. Gupta and P. R. Kumar [4]. The capacity scaling law of CRvagts has been analyzed
in [5-7]. In [5], the authors also derive the capacity-detegdeoff as the density of users
within a unit square tends to infinity (the so-calléehse network) for a routing and scheduling
algorithm proposed by them, which is shown to achieve theén@btcapacity-delay tradeoff
for homogeneous ad hoc networks. To our best knowledge, dakng law of the multihop
delay with respect to the source-destination distance iRa&work has not been characterized
analytically or experimentally in the literature.

The scaling law of the multihop delay in homogeneous ad howearés has been well studied
in [8-16]. As the number of users in the network increasestinity, the multihop delay for
a specific routing algorithm is analyzed in [8-10], and thpatity-delay tradeoff is revealed
under a given network and mobility model in [11-13]. Basedcontinuum percolation theory,
the scaling law of the multihop delay with respect to the setdestination distance is established
in [14-16]. This work shares similarity with [16], which ceiders homogeneous ad hoc networks
with dynamical on-off links and shows that the scaling of themimum multihop delay behaves
distinctly in two regimes, depending on whether the netwisrgercolated. A major difference
of this work from [16] is that the states of the links in the @edary network are correlated

instead of independent, which complicates the multihopydahalysis.

[I. NETWORK MODEL

We consider a Poisson distributed secondary network adewidth a Poisson distributed
primary network in an infinite two dimensional Euclidean apaTlhe primary network adopts a
synchronized slotted structure with a slot len@th The realizations of active primary transmit-
ters vary from slot to slot and are assumed to be i.i.d. asmgs’. ThusTy can be considered
as the time constant of the spectrum opportunities whicldatermined by the transmitting and
receiving activities of the primary users. Without loss ehgrality, we assume thd} = 1.

At the beginning of each slot, the primary transmitters astributed according to a two-
dimensional Poisson point procesS,r with density Apr. TOo each primary transmitter, its

receiver is uniformly distributed within its transmissicangeR,,. Here we have assumed that alll

3The different realizations of active primary transmitténsdifferent slots can be caused by the mobility of these suser

changes in the traffic pattern or both.
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the primary transmitters use the same transmission poveetrentransmitted signals undergo an
isotropic path loss. Based on the displacement theoremJh@pter 5], it is easy to see that the
primary receivers form another two-dimensional PoissomtparocessX pr with density Apy.
Note that the two Poisson process€s; and Xpr are correlated.

The secondary users are distributed according to a twordiineal Poisson point procesg
with density \g, independent ofX » and X pr. The locations of the secondary users are static
over time. Based on the scaling argument [18, Chapter 2], ameset the transmission rangg

of the secondary users fowithout loss of generality.

[1I. CONNECTIVITY VS. INTERMITTENT CONNECTIVITY

A secondary network is disconnected if there does not erishfnite connected component
formed by topological links, where a topological link esidietween two secondary users if
they are within the transmission range of each other. Natiaethis condition for the existence
of a topological link is equivalent to the one for the existerof a communication link in
homogeneous ad hoc networks. As discussed in [18, chaptiére3jonnectivity of homogeneous
networks, which is defined as the a.s. existence of an infauiteiected component, is uniquely
determined by its density. Thus, the secondary network agthsity \s is disconnected if and
only if Ag < A., where). is the critical density of homogeneous networks.

Due to the hierarchical structure of spectrum sharing,dessthe densityg of the secondary
users, the densitypr of the primary transmitters affects the connectivity of tecondary
network. Specifically, in contrast to the case in homogesemlihoc networks, the existence of
a communication link between two secondary users depend®baonly the distance between
them (at most,) but also the availability of the communication channet.(the presence of
a spectrum opportunity). The latter is determined by thesimstting and receiving activities of

the primary network as described below.

A. Spectrum Opportunity

As illustrated in Fig. 2, where we consider the disk signalgagation and interference model,
there exists an opportunity from, the secondary transmitter, g the secondary receiver, if the
transmission fromu does not interfere with nearlgyimary receivers in the solid circle, and the

reception at is not affected by nearbgrimary transmitters in the dashed circle [19]. Referred



TECHNICAL REPORT TR-09-02UC DAVIS, SEPTEMBER 2009. 7

to as the interference range of the secondary users, thesngdof the solid circle ay, depends
on the transmission power of and the interference tolerance of the primary receivergreds
the radiusR; of the dashed circle (the interference range of the primagrs) depends on the

transmission power of the primary users and the interferé¢alerance ob.
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Fig. 2. Definition of spectrum opportunity.

It is clear from the above discussion that spectrum oppdiésnareasymmetric. Specifically,
a channel that is an opportunity whenis the transmitter and the receiver may not be an
opportunity wherv is the transmitter and the receiver. We consider applications with guaranteed
delivery where acknowledgements are required to compteterunications. Hence, bidirectional
spectrum opportunities betwegnand v are needed. As a result, the single-hop transmission
delayts(u, v) from u to v is the waiting timef,,, (., v) for the presence of the first bidirectional
opportunity plus the propagation delay Assume that < 7T = 1 s.t. the spectrum opportunity
lasts long enough to ensure the success of the transmigsiloih@ secondary transmitter intends
to transmit the packet at tinte Let I, ,)(n) be an indicator s.tl, ,)(n) = 1 if an bidirectional
opportunity exists betweep and v during thenth primary slot, andl,,(t) = 0 otherwise,

then we have

ts(u,v) = tsw(p,v)+7

= argmin {Ij,, (n) =1} + 7.
nef0,1,2,..}
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Due to the i.i.d. distribution of the primary network oveots, ¢, (i, ) is obviously a
geometric random variable with parametgrwherep, is the probability of having a bidirectional
opportunity between: and v at any given time. As shown in Proposition 1 (see Appendix A),
given the parameters of both the primary and the secondaworle (i.e., Apr, R,, R, 7p,
andr; are fixed), the probability, of the bidirectional opportunity is a function of the distan

d(u,v) betweenu andv. Consequently, the distribution of,,(x, v) depends oni(u, v).

B. Connectivity and Connectivity Region

In a primary slott, based on the conditions for the existence of a communicdiid, we
can obtain an undirected random graph(\s, Apr,t) Which represents the connectivity of the
secondary network in this slot. As illustrated in Fig. 3stlaraphG (\s, Apr, t) is determined
by the three Poisson point processes in $laKg, Xpr, and Xpr, where Xpr and Xpp are

correlated.

Primary Tx
U Primary Rx
® Secondary User

Fig. 3. A realization of the random graghy (As, Ap7, t) which consists of all the secondary users and all the contation
links in the primary slot (denoted by solid lines). The solid circles denote the fatence regions of the primary transmitters
within which secondary users can not successfully receind,the dashed circles denote the required protectionmed the

primary receivers within which secondary users shouldameffrom transmitting.

We define the connectivity of the secondary network as theeaistence of an infinite con-
nected component i@y (As, Apr, t) for all t. Given the transmission power and the interference

tolerance of both the primary and the secondary usets, (R,, R;, r,, andr; are fixed), the
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connectivity regiorC is defined as
ca {(As, Apr): Gu(As, Apr,t) is connected for alt}.

A detailed analytical characterization 6fis given in [20, 21].
Referred to as the critical density of the secondary usegfds the infimum density of the

secondary users to ensure connectivity under a positivsityenf active primary transmitters:
*Sé inf{\s : IN\pr > 0 s.t. Gy (As, Apr, t) is connected for alt}.

It is shown in [20, 21] that\ equals the critical density. of a homogeneous ad hoc network.
Let (s, A\pr) denote the probability that an arbitrary secondary useroimected to an

infinite connected componénin G (s, Apr,t), then we have that

>0, if (Ag, A e C;
0(\s, Apr) (As _PT) (1)
=0, otherwise

C. Intermittent Connectivity

By connecting two secondary users which are within the trassion range of each other
via a topological link, we derive an undirected random grgpli\s) which depends only on
the Poisson point processs of the secondary network. Similarly, we define the connégtiv
of Gs(\s) as the a.s. existence of an infinite connected component it fitllows from the
classic result on homogeneous networks [18, Chapter 3iGh@ts) is connected if and only if
As > A., Where )\, is the critical density of homogeneous networks.

Gs(As) can also be obtained by adding topological links that do eetthe opportunities in
slott to the random grapby (s, Apr, t). Thus, even if the secondary network is not connected,
it is still possible thaiGs(\s) is connected. On the other hand, given a conneGtdds), there
may not be enough topological links which experience theodppitiessimultaneously to form
an infinite connected component &y (s, Apr, t), but for any two secondary usersand v
in the infinite connected component Gk(\s), packets fromu can reachv along a path in
Gs(As) with a finite multihop delay. In this case, although the traission of the packets may
not be completed in one primary slot, the packets can stayeus the absence of the spectrum

opportunities blocks their transmission and wait for somiditime to get through. The finiteness

4Since the distribution of the primary network is i.i.d. ow@ots, it is easy to see that this probabilityis invariant of time.
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of the waiting time is guaranteed by the following two facti§: for each topological link in
the secondary network, the probability of the spectrum oty is strictly positive no matter
how large the density of the primary transmitters is (seep®&siion 1 in Appendix A); (ii)
the spectrum opportunities are time-varying due to thd. idistribution of the primary network
across slots. We thus define the intermittent connectiotyaf secondary network that is not
connected as the connectivity 6f()\s). We also define the intermittent connectivity region
as

Cr2{(\s, Apr) €C: As > A}

IV. MULTIHOP DELAY

In this section, we analytically characterize the asympto¢havior of the minimum multihop
delay as the source-destination distance tends to inflretyC'(Gs(As)) be the infinite connected
component irgs(\s) when\g > A, i.e, the secondary network is either connected or intermit-
tently connected. The question we aim to answer here is #gimgdaw of the minimum multihop
delay between two arbitrary users @1 Gs(\s)) with respect to the distance between them. As
shown in the following two theorems which consider the tweesawhen the propagation delay
7 = 0 and7 > 0, the connectivity of the secondary network determines tdadireg law of
the minimum multihop delay, where the highway provided by ithifinite connected component
consisting of communication links plays an indispensable.r

Theorem 1: Assume thatr = 0. For any two secondary users v € C(Gs(\s)), where
C(Gs(As)) is the infinite connected component G (\s), let ¢(u, ) denote the minimum

multihop delay fromu to v andd(u, v) the distance betweem andv, then
T1.1 if ()\5, )\pT) ecC,
o )
d(uv)—oo g(d(p,v))
whereg(d) is any monotonically increasing function dfwith dlim g(d) = oc;
T1.2 if (As, Apr) €Cr, 30 < < o0 Sit.

=0 a.s,

i T )
d(p,v)—00 d(u, I/)

= [ a.s, (2)

where the value off depends ori\s, Apr).
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Proof Sketch: To show T1.1, we use the infinite connected compoheng;; (s, Apr, to)
during some primary slat, that containg: to construct such a path fromto v that the multihop

delay along this path is independent of the dista#ige »). To show T1.2, we first prove the

existence Ofd(ﬁﬁi N 42 based on the Subadditive Ergodic Theorem [22] and then aleriv
lower bound on% by considering the fact that the message frorman traverse only a finite
distance towards during each primary slot. For details, see Sec. V-A and Sd8. V [ |
Theorem 2: Assume thatr > 0. For any two secondary users v € C(Gg(\g)), where
C(Gs(As)) is the infinite connected component Gf(\s), let t"(u, ) denote the minimum

multihop delay fromu to v andd(u, v) the distance betweem andv, then3 v = () > 0 s.t.

()
lim =~ > T a.s. 3
d(p,v)—00 d(,u, I/) = ( )
Furthermore, if(A\s, \pr) € C,
im  lm LY _gas: (4)

7—0 d(p,v)—oo d(,u, V)
if (As, Apr) € Cr,

t
lim lim (. )
70 d(p,v)—oo d(u, I/)

where3 = d(ulli};ri N jlgf;v;)) is defined in (2).

Proof Sketch: The equality in (3) is based on the Subadditive Ergodic Téo[22], while

>G>0 a.s, (5)

the inequality in (3) is established via a simple lower booend™ (1, ). The basic idea behind
establishing (4) is to consider the multihop delay along plaéh constructed in the proof of
T1.1. Eqgn. (5) follows immediately from the fact th&t(u, v) > t(u,v), wheret(u,v) is the

minimum multihop delay whem = 0. For details, see Sec. V-C. [ |

V. PROOFS
A. Proof of Theorem 1.1

Let x be the source and the destination, then we construct a specific path from p

to v which makes use of the infinite connected componen§ ii\s, A\pr, ) and analyze the

®It is shown in [20, 21] that there exists either zero or onenitdiconnected component §¥ (As, A\pr, t) a.s. for any given
t.
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multinop delayt“(u, v) along L which provides an upper bound on the minimum multihop
delay¢(u, v).

Assume thatu starts trying to send the message at time 0. Since (\g, A\pr) € C, there
exists a unique infinite connected componengGin(\s, Apr,t) for all ¢, which is denoted by
C(t). Let ¢’ be the first primary slot such that € C(¢'). Based on (1), we know that the
probability 0(\s, \pr) that u € C(t) for eacht is strictly positive. It follows from the i.i.d.
distribution of the primary network across slots thais finite a.s. GiverC'(t'), we define user
w, as the user irC'(t') which is closest to, i.e,

w, 2 arg min d(wj, v).
w;€C(t")
Notice that ifv € C ('), thenw, = v.
As illustrated in Fig. 4, letL- be the path fromu to v which passes througt,, then the

minimum multihop delayt®(p, v) along the path.- can be expressed as:
tu,v) = t+t(p,w,) + t(w,,v)
= t'+t(w,,v).

In the last step, we have use(, w,) = 0, sincey, w, € C(t') andr = 0. It is easy to see

thatt’ andt¢(w,, v) are independent of(x, ). Now it suffices to show that(w,, v) is finite a.s.

s L \\
) C(t) ¢ .
y i w, |
// /
! 7/
M ,
1\ /// I/
\ d(p,v) - |

Fig. 4. An illustration of the constructed path: from p to v when(As, Apr) € C. C(t') is the infinite connected component
of G(As, Apr,t’) which first containsu, andw, is the user inC(¢") which is closest to.

Lemma 1: ¢(w,,v) is finite a.s.
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Proof of Lemma 1: We first show thati(w,,r) < oo a.s., and then we obtain an upper
bound on the multihop delay along the shortest pattr,, ) (in terms of the number of hops)
from w, to v. Notice that the multihop delay*(w,,v) along L(w,,v) is not necessarily the
minimum multihop delay, and it only gives an upper bound aatinimum multihop delay. In
other words(w,, v) < t*(w,, v). The proof here is inspired by the proof of Lemma 9 in [16],
but with a much simpler proof of(w,, v) < oc.

Sinced(w,,v) < d(w,, (0,0))+d(v, (0,0)) andd(v, (0,0)) < oo a.s., it follows thatl(w,, v) <

oo a.s. ifd(w,, (0,0)) < co a.s. Consider the following three events:
E = {d(w,(0,0)) < oo},
E, = {3wel({)stdw,(0,0)<r},
Eq = {3weGs(As)st.d(w,(0,0) <r},
Then we have that for a fixed > 0,
PHE} > PHE,} > P{E.}0(\s Arr)
= [1 —exp(=Asmr?)]0(As, Apr) > 0,

wheref(\g, Apr) is defined in (1) and is strictly positive sin¢eg, A\pr) € C. It is easy to see
that the event? is invariant of the shift transformatiohsThus, based on the ergodicitgf the
heterogeneous network model [20, Lemma 1], we concludeRt{dt} = 1, i.e,, d(w,, (0,0)) <
oo a.s.

Next we show that the number of hops(w,, )| on the pathL(w,, v) is finite a.s. As shown
in Fig. 5, we construct a sequence of concentric squaresimdgtbasing side lengths. Specifically,
all the squares are centered at the middle pointvpfand v, and the side length of thgth
(j > 0) squareS; is 3’d. Let A; (j > 1) denote the square annulus insifg and outside

®For a random model in a Euclidean spaé with a probability spacéQ, J, 11), the shift transformatiord,. is to shift the
realizationw € Q by = € R™.

A random model under a probability spat®, F, ;1) is said to be ergodic if there exists a transformation gréfp : = €
R or 7} that acts ergodically offQ, F, 11). A transformation groug(S. : = € R? or Z¢} is said to act ergodically if the
o-algebra of events invariant under the whole group is trivie., any invariant event has measure either zero or one. For an
ergodic random mode(Q, F, 1), if an eventE € J invariant under the whole transformation grofi, : = € R¢ or 2%}

occurs with a positive probability,e., u(E) > 0, then it occurs a.si,e, u(E) = 1.
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S;-1, and letE} be the event that there exists a left-to-right crossiimgthe upper horizontal
rectangle ofA; with side length3’d x 3/~'d. Similarly, define£?, E}, and E} as the events that
the bottom, left, and right rectangles df are crossed from left to right or from top to bottom.
By symmetry, we know that PEY) = Pr(E?) = Pi(E!) = Pr(E}).
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Fig. 5. A sequencgS; : j > 0} of squares cocentered at the middle pdintof w, andv. The shaded region is the
square annulusl; inside S; with side length3’d and outsideS;_; with side length3’~*d. In this example, the four crossings
associated with the four events;, EJb Eﬁ and I} all exist in the corresponding four rectangles, which forrl@sed circuit
in Aj.

Since (\g, Apr) € C, it follows that A\s > A\, where ). is the critical density for a homoge-

8A left-to-right crossing exists in a rectangl® = [z, z2] x [y1,y2] if and only if there exists a sequence of nodes

(1 <i < mn)inG(As) sit. () pe € R for all 4; (i) d(pir1,p) < 1forall 1 < i< nj(iii) |#(u) — 21| < 4 and

|z (pn) — 22| < 5 Wherel(ui) is the x-coordinate of:;. The top-to-bottom crossing can be defined analogously.
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neous network with a unit transmission rahgBy using Corollary 4.1 in [18], we have that

dlim Pr{E}} = 1. Then for a giver) < ¢ < 1, we choose
d = ds 2 max{inf{d' : P{E"} > if d>d'},d(w,,v)}.

We thus have that I?Ej“} > ¢ for all 7 > 1.
Let £, (j > 1) be the event that there exists a closed circuit of connecsetsung(\s)
within A;. If E¥, E?, E!, and E all occur, thenE; occurs (see Fig. 5). Sincg}, E?, E!, and

E} are all increasing everifs it follows from the FKG inequality [18, Theorem 2.2] that
P{E;} > PH{E'NE'NE NE}
> PH{E'}PH{EVIPHELPHE} > 6.

When E; occurs, we claim that there exists a pdttiw,, v) from w, to v within S;. If all
the paths fromw, to v go outsidesS;, they will intersect the closed circuit id; and then we
can construct a path’(w,, ) within S; by using part of the closed circuit.

As illustrated in Fig. 6, we place a circle with radiélsat each user alongy/(w,,v), and it is
easy to see that any two circles centered at the two useendw, on L'(w,, v) which are not
connected via a topological link do not overlap, otherwiseaan shorten the path by skipping
the users betweew; andw,. Thus, given the number of hops’'(w,,v)|, at Ieast{M;’”)'w
nonoverlapping circles centered at alternating node&’om,, ») can be found, and they are all

contained within the square with side lengthis + 1. It follows that
|L (w,,v)| <2 [4(3ds + 1)*/7] < o0,

where2 [4(37d;s + 1)? /7] is the maximum number of nonoverlapping circles with radiwsithin
the square with side lengthids + 1.
On the other hand, SincE; are independent, and

i Pr{EJ} > i(54 = 00,
P =1

°As illustrated in Fig. 1, the critical density} of the secondary users is the the infimum density of the secgrukers to
ensure connectivity, which is shown in [20, 21] to be equahto

OConsider two realizations andw’ of G(As). A partial ordering <’ is defined asv < «’ if and only if every node inv
is also present in’. In other wordsw can be obtained from’ by removing some secondary users. An evenis said to be

increasing if for everyw < o', Ig(w) < Ig(w’), wherelg is the indicator function of the ever.
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Fig. 6. An illustration of nonoverlapping colored circlesthvradii % centered at alternating nodes on the pattw, , v).

it follows from the Borel-Cantelli Lemma thak; occurs for somej a.s. We thus have that
|L'(w,,v)| < oo a.s. It implies tha{L(w,,v)| < |L'(w,,v)| < co a.s., which, together with the
a.s. finiteness of the single-hop transmission delay (seel8&\), yields the a.s. finiteness of

the multihop delayt”(w,, v) along the shortest path(w,, v/). u

B. Proof of Theorem 1.2
Let u be the source and the destination. Take as the origin, and the line connecting
andv as the x-axis. Define an auxiliary nodg in C(Gs(\g)) for every integer:

@W; 2 argmin d(w, (4,0)).
weC(Gs(As))

Obviously,w, = u. Let n be the closest integer tg, then
t(wo, wy,) — t(W,, V) - t(p, v) - t(wo, Wy,) + t(Wy, V)
n+1 ~d(p,v) — n—1 '

If @, = v, thent(w,,v) = 0; if w, # v, thent(w,,v) is at most the single-hop transmission
delay becausé(w,, v) < d(w,, (n,0)) + d(v, (n,0)) < 2d(v, (n,0)) < 1.
Let

tmn = t(Wm, Ww,) for any two integersn, n. (6)
Then to show T1.2, it suffices to show that

ton
lim 2 =3 >0 a.s. (7)
n

The proof of (7) is divided into two steps, which are exprésisethe form of the following
two lemmas.

A . .
Lemma 2: = lim "2 exists a.s.

n—~0o0
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Lemma 3: 0 < = lim B < 0o
Proof of Lemma Z: OOThe proof is based on Liggett’s Subadditive Ergodic Theosn

follows:

Fact 1: [22, Theorem 1.10] Le{t,, ,,} be a collection of random variables indexed by integers
satisfying0 < m < n. Suppose{t,, .} has the following properties:
() ton < tom + tmn-
(i) For eachn, E(|ty,|) < co andE(ty,) > cn for some constant > —oo.
(iii) The distribution of {¢,, ,,,+x : k£ > 1} does not depend om.
(iv) For eachk > 1, {t,x,m+1)x : n > 0} is a stationary sequence.

Then:

]E[tojn} _ lnf E[tojn].
n n>1 n

@ = Jim,
(b) Té,}i_{{}o Lo exists a.s.
(€) E[T]=n.
Furthermore, if
(v) the stationary sequence in (iv) is ergodic,
then
(d) T'=n a.s.

By the definition of the minimum multihop delay and the sta#ioty of the heterogeneous
network model, it is obvious that conditions (i), (iii), ar{t¥) hold for the sequenceét,, .}
defined in (6). We only need to show that conditions (ii) angd&so hold for{¢,,,}. We first

show thatE(|t,.,|) < oo for eachn.
By using the techniques similar to showidgw,, (0,0)) < co a.s. in the proof of Lemma 1,
we can easily see thal(w, (0,0)) < co a.s. as well agl(w,, (n,0)) < oo a.s. It follows that

a.s.
Let L(wy,w,) be the shortest path frond, to w,. Let |L| denote the number of hops of

L(wy, w,) andtf, the multihop delay alond.(wy,w,). Consider the sequendes; : j > 0}

of squares constructed in the proof of Lemma 1 (see Fig. 5).aRy given</§ <d<1,we

choose
d = ds 2 max{inf{d' : PH{E"} > 5 if d=d'},d(d, i)}
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Similarly, when the evenE; (j > 1) occurs, we havelL| < 2 [4(3/d; + 1)?/x].
If | L(wo, w,)| > 2[4(37ds + 1)?/x], then none of the events,, Fs,...,.E; occur. Thus

Pr{|L| > 2 [4(3ds + 1)*/m|} < ﬁ Pr{ES} < (1 —6%).

=1
Let M =2 [4(37ds; + 1)?/x], then we have
E[L]] = ) PH|L| >k}_ZPr{\L\ >k} + Z Pr{|L| > k}
k=0 k=M+1

< M+ Z 2 [4(37 s + 1)? /7| PH{|L| > 2 [4(3d5 + 1)* /7] }
< M+ i 2 [4(37% ds + 1)%/m] (1 —6*)

_ 72d5293 54 48d52331_54) +2< )i1_54
7j=1

If 6 > ¢/3, (1 -6 < 977, It implies thatE[|L|] < co. Let ty = max{E[ s(d)]} be the
maximum expected single-hop transmission delay of one bogalf hop Iengths() <d<1,

then for alln > 1,
Elton) < Elt§,) < tmE[L[] < oo

{to.n} satisfies the condition (ii).

Next we show that,; 1y, : 7 > 0} is mixing*!, which implies its ergodicity. As illustrated
in Fig. 7, we construct two squares, and S, ; centered a w, ) and (w 0)
with side lengthd,, and d,,,. Let L} be the minimum path (in terms of the multihop delay)

from w,;, to wg,+1),. We claim that the two path&’ and L} ; are contained a.s. ify,, and

n+j
Sn+j respectively for somé,, > 0 andd,,; > 0. If, for example,

PH{E,} = P{L; is not contained in any finit&,,} > 0,

A measure preserving transformatidn is said to be mixing on a probability spa¢®, F, u) if for all E,F € 7,
w(T"ENF)— u(E)u(F) — 0 asn — oco. A sequence{xy} is said to be mixing if the unit right-shift transformatios i
mixing on its probability space. The mixing property of a seqce implies its ergodicity [23].
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W(n+1)k (nts)k

Jk

Fig. 7. The two minimum path&;, (from @,.x t0 We,41yx) and Ly, o ; (from @, 4 jyx 10 (4 ;j41)%) are contained in the two
squaresS,, and S, centered af(2n + 1)k/2,0) and ((2n + 25 + 1)k/2, 0) with finite side lengthd,, andd,.4; respectively.
As j — o0, S, and S,+; becomes nonoverlapping, and thus the multihop delay algngs asymptotically independent of the

one alongL,, . ;.

then with a positive probabilityL| = oo, which implies that

Eltpk k) = Eltnk,mene] En)PH{EL}

> t,E[||L| | E,PH{E,} = 0,

with ¢, = OQJEI{E[tS(d)]} > 0 being the minimum expected single-hop transmission defay o
one hop for all hop lengthd This makes a contradiction 10tk (nt1)%] < 00. Then we have that
asj — oo, not only the two minimum path&’ and L"*/ do not share any common secondary
users a.s., but also the subsets of the primary transméteiver pairs that affect their multihop
delay become disjoint a.s. Thusy, ;1) @ndt )k, (n+j+1)x are asymptotically independent of

each other ag — oo, i.e,

lim Pr{ (tnk,(n—i-l)k < t) N (t(n+j)k,(n+j+1)k < t/)}

J—00

= Pr{tnk,(n—l—l)k < t}Pr{tnkz,(n-‘rl)k < t/}

The mixing property of{t,; m+1)x : n > 0} follows immediately. Since all the five conditions
in Fact 1 are satisfied by, }, we conclude thaBs > 0 s.t. lim bon — 3 a.s. [ ]

n—oo n

2The inequalityt,, > 0 is shown in Proposition 2 in Appendix A.
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Proof of Lemma 3: From Fact 1, we know that

8 = it Zltosl

n>1 n

< E[to&] < Q.

To show that? > 0, we need the following fact which gives an upper bound on tbé ©f
the diamete? of the connected componentdh; (g, Apr, t) when(\g, A\pr) ¢ C. This fact can
be easily proven by using techniques similar to the ones usedoving Theorem 2.4 in [18].
Fact 2. Given Gy (s, Apr,t) for anyt with (A\g, Apr) ¢ C, let B, = [—h,h]? (h > 0) and
take an arbitrary secondary user as the origin. Thefi;, Cy > 0 s.t. PO «w (By)} <
C1 exp(—Csh), where{O «~ (B},)} denotes the event that the origin is connected with some
secondary user outsid®,, i.e., the origin and some node {iB3;,)“ belong to the same connected
component.
Now chooseH > 0 s.t. Cy exp(—CyH) < % whereC; and C; are the constants specified in
Fact 2. As show in Fig. 8, for any path from @, to w,, we partition it into several segments

in the following way. Define a sequenéd; : 7 > 1} of uniformly distributed ribbons oiR? as
R, = {(x,y) €R*:
H+(G@—-1)(H+1) <z—a(w) <i(H+1)},

wherez(w,) is the x-coordinate of usen,. Since the width of each ribbon i5 there exits at
least one uset; within eachR; that lies betweenu, andw,. Assume that these partition the

path L into m segments, then the multihop del#ly along the pathl can be written as

m

tL = Z tL(Zi_l, ZZ'), (8)

i=1
wherezy = wy and z,,, = w,,.
Based on fact 2, with a probability greater th?rat least one hop on the segment/ofrom

z;,_1 to z; does not see the opportunity. We thus have that fot alli < m — 1,
1
E[tL<Zi—17Zi>] > §tm7 (9)

wheret,, = OrSrldlgl{E[t(d)]} > 0.

3The diameter of a connected componéhis defined asmax d(p,v).
8%
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A=
“
Zn

Fig. 8. A pathL from w, to w, which is partitioned inton segments by users; (1 < ¢ < m — 1) within these shaded

ribbons R; betweem, andw.,.

Sinced(wy, w,,) > n — d(wy, (0,0)) — d(w,, (n,0)), and bothd(w@y, (0,0)) and d(iw,, (n,0))
are finite a.s., it follows thatim Pr{d(w@o,w,) > 5} = 1. Whend(wy, w,) > § holds, any path

from w, to w, has at Ieas{z(H—"H)J segments. By recalling (8, 9), we conclude that
Elto.n
B = lim ol
n—oo n
t n n
> lim o | Pr{d~,~n <—}
nooo 21 {2(H+ 1)J (o, &n) < 5
tm 1 1
> lim — | —+———] >0.
oo 2 (2(H+1) n)
This implies thatd = lim 2 > 0. |

C. Proof of Theorem 2

When the propagation delay > 0, the single-hop transmission del&y(d) is still a proper
random variable with finite mean. Similarly, in order to shibw a.s. existence 2{ lir)n %
WU,V )—00 ?
it suffices to prove thatlim tOT exists a.s. By the same argument as used in the proof of

n—oo

Lemma 2, we can easily verify the five conditions in Fact 1./Ttlee a.s. existence dim %

n—~00

follows.
Let

()
=v(r)= lim .
7 7( ) d(p,v)—o0 d(u, I/)

Since the minimum number of hops betweeandv is |d(u, )| and the minimum transmission

delay of one hop ig, we have
7 (p,v) = 7ld(p,v)],
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which implies thaty > 7.

Obviously, E[t7 ] decreases as decreases. Then from Fact 1 and basic series theory, we

have that

: : 7 (p,v) :

lim lim = lim ~(7

70 d(p,v)—o0 d(lu, l/) T—0 7( )

= lim lim L[t (V)]
70 d(p,v)—oo d(u, I/)
exists a.s.
If (As,)\pT) e C;, then
t7(p,v) t(p,v)

lim lim > lim  lim
70 d(p,v)—oo d(u, l/) T 70 d(p,v)—o00 d(u, l/)

=0,

wheret(u, v) is the minimum multihop delay from to v for 7 = 0, and 3 is defined in (2).

If (As,A\pr) € C, then we consider the paths from p to v constructed in the proof of
T1.1 which contains some nodes of the infinite connected comptC' (') in Gy (As, Apr, t).
Notice that for fixedd(u, v), only a finite number of hops oh belong toC(¢'). Thus if 7 is
sufficiently small, it takes at most one primary slot for thessage to transmit from the source

win C(t') to the end nodev,, and we have that for some smajl= o(d(u,v)) > 0,
C T
to () <+t (wy,v) + 1,

wheret% (1, v) denotes the multihop delay along the path when the propagation delay 1s.

It implies that
: : _ E[7(p,v)]
lim v(r) = lim lim ————%
T—0 7( ) 70 d(p,v)—oo d(,u, V)
~ tim lim V)
d(p,v)—o0 7—0 d(,u, V)
c
< EESG)

d(p,v)—00 d(u, l/)
/ T0
< lim E[t'| + E[t™(w,,v)] + 1
d(p,v)—o0 d(u, I/)
since bothE[t'] andE[t™(w,, v)] are finite and independent dfx, v). In the second equality,

=0,

we can interchange the order of the two limits becali§é (u,v)] < oo. Consequently, we

conclude that a.s.

: : tr(wv)
lim lim = lim ~(7) = 0.
7—0 d(p,v)—oo d(M, V) T7—0 ’}/( )
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VI. CONCLUSION

We have studied the connectivity and multihop delay of ad bognitive radio networks.
The criterion for connectivity is the occurrence of pertiola, i.e., the almost sure existence of
an infinite connected component. The impact of connectioitythe multihop delay has been
examined by establishing the asymptotic behavior of themmim multihop delay as the source-
destination distance tends to infinity. Specifically, depeg on whether the cognitive radio
network is connected or intermittently connected, theisgabf the minimum multihop delay
behaves distinctly, in terms of either the scaling law whenpgropagation delay is negligible or
the scaling rate when the propagation delay is nonnegéigifiis result on scaling is independent
of the random positions of the source and the destinatiomh,itaonly depends on the network
parameters (e.g., the density of the secondary users arichffie load of the primary network).
In establishing these results, we have used theories ahditg®s from continuum percolation

and ergodicity including the concept of critical densitydahe Subadditive Ergodic Theorem.

APPENDIX A: PROBABILITY OF BIDIRECTIONAL SPECTRUM OPPORTUNITY

The expression for the probability of a bidirectional spaet opportunity is presented in the
following proposition.

Proposition 1. Let \g be the density of the secondary users. 1,eand R; be the interference
range of the secondary and primary users, respectivelyraadd R, the transmission range of
the secondary and primary users, respectively. Then fortwoysecondary userg and v with
distanced < r, apart, the probabilityy, of having a bidirectional spectrum opportunity at the

topological linke,,, connectingy andv is given by

bPo = €xXp { — Apr [27(7’? + R?) — Si(d,r1,r1) — Si(d, Ry, Ry)

S[Q ’I“ 9 Rp,d ’I“[)
/ / T drde} , (A1)

Svu2(d,Rr,Ry)

where S;(d, r,72) the common area of two circles with radij andr, and centered! apart
(see Fig. 9(a)), andy»(d, r1, ) is the union of two circles with radii; andr, and centered
d apart (see Fig. 9(b))S12(r, 0, R, d, ;) is the intersection area between one circle with radius

R, and the union of the two circles with both radii (see Fig. 9(c)). FoiSyx(r, 0, R, d, ),
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the two identical circles are centerédapart, and the other circle is centereda®), where the

middle point of the centers of the two identical circles i®sbn to be the origi.

Fig. 9. Anillustration ofS;(d, r1, r2) (the common area of two circles with radii andr, and centered apart),Sv2(d, r1, r2)
(the union area of two circles with radii andr. and centered apart), andS;2(r, 0, Ry, d, rr) (the intersection area between

one circle with radiusk?, and the union of the two identical circles with radii).

The expression fob;(d, r,72) can be obtained in explicit form, which can be found in [24,
Appendix A]. The expression fa$,(r, 0, R, d,r;) depends on the expression for the common
area of three circles which is tedious and is given in [25].

From (A1), we can easily see that the probabififyof a bidirectional opportunity is a function
of the distancel betweery, andr. Moreover, although, is an exponentially decreasing function
of Apr, it is strictly positive no matter how largepr is.

Proof: From the definition of spectrum opportunity given in Sec-Allwe know that a
bidirectional spectrum opportunity occursegt if and only if there are no primary transmitters

within distanceR; of eithery or v and no primary receivers within distanceof eithery or v.
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Let I(u, d, rx/tx) denote the event that there exists primary receiversfratess within dis-
tanced of a secondary user. Let I(y, d, rx/tx) denote the complement @f ., d, rx/tx). Then

the probabilityp, of a bidirectional opportunity at,, is given by

po = PrH{I(v,r;,rx)N1I(v, R, tx) N L, rr,rX) N I(w, Ry, tX)}

= PH{I(v, R, tx) NI, Ry, tX)| L(w, 7, 1X) 0 I(pe, rp, 0X) JPHEL(v, 7, 1X) N D, 77, 1X) . (A2)

Next, we compute the two probabilities in (A2) one by one c8ithe primary receivers admit

a Poisson point processy with density A\pr, we have

Pr{l(v,rr,rx) N I(p,r7,1X)} = eXp[_)\PT(QWT.? —Si(d,rr,rr))], (A3)

where S;(d,r;, ;) is the common area of two circles with both radji and centered apart
(see Fig. 9(a)).

Let X pr denote the Poisson point process formed by primary tratensitif we remove from
Xpr primary transmitters whose receivers are within distanaoef eitherv or p, then it follows

from Coloring Theorem [17, Chapter 5] that all the remaingmgmary transmitters form another

S12(r,0,Rp,d,rr)
WR]%

of the circle with radiusk, and centered atr, #) intersecting the two circles with both radij

Poisson point process with density [1 — ] whereSys(r, 0, R,, d,rr) is the area

and centered apart (see Fig. 9(c)). We thus have

Pr{I[(u Ry, tX) N L(p, Ry, tX)| T(w, rp, i) N L(p, 7, 1X) }

= exp _)\PT // |:1 — 512 T eﬂ_gzp’d T[) de6:|
P

Sva(d,Rr,Rr)

S[2 ’f‘ 9 Rp,d ’f‘[)
TR2

= exp —)\pT 27TRI S[(d R[,R[ // rdrd6d y (A4)

SUQ(d Ry, R[

where Sy (d, Ry, Ry) is the union of two circles with both radi?; and centered apart (see
Fig. 9(b)). Then plugging (A3, A4) into (A2) yields (Al). [ |
Based on Proposition 1, we establish an inequality on theinmum expected single-hop
transmission delay for all link lengths in the following pasition.
Proposition 2: Given the parameters of the primary and secondary netw®&k Xpr, 7, 71,

R,, and R; are fixed), lett,(d) is the single-hop transmission delay for the link lengthand
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t,, denote the minimum expected single-hop transmission delagll link lengths when the

propagation delay = 0, i.e,

tm = min {E[ts(d)| 7 = 0]}.

0<d<rp
Then we have,, > 0.

Proof: It follows from Proposition 1 that for fixedpr, 7, r;, R,, and R;, the probability
po Of the bidirectional opportunity is a function of the linknigth d, i.e., po = po(d). Let t4,(d)
be the waiting time for the bidirectional opportunity at thek with length d, then given that
T < T, tg,(d) is a geometric random variable with parameig(id) due to the i.i.d. distribution

of the primary network across slots. The mean Qf(d) is thus given by

Bt (@) = — 22,

which is a monotonically decreasing function j@f(d).

From (A2), we have that for al) < d <,

po(d) = PHL(v,r;,rx) N1L(v, Rr, ) N L(p, v, rX) N I(u, Ry, tx)}

< Pr{I(p,rr,rx) N I(p, Ry, tx)}
= eXp[—)\pTﬂ'(’f’? -+ R? — I(R[, Rpu TI))] < 17

where the last equality has been obtained by setting thardist! = 0 in the expression for the
probability of a unidirectional opportunity between twacsedary users with distance d apart
given in Proposition 1 in [24], and

R[ t
I(R;, R, 7r) = 2/ tmdt <r?

0 TR2
The expression fof (R;, R, ;) in explicit form can be found in [24, Appendix A].
Let § = exp|—Apr7(r? + R? — I(Ry, Ry, 71))]. Obviously,0 < § < 1. Whent = 0, we have
thatV 0 < d <r,,

Elt,(d)] = Eftan(d)] = - ;Ol(’zgd) - - 5

Thus,
tm = min {E[t,(d)| 7 = 0]} > 1%‘5 > 0.

0<d<r,
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