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Abstract

We analyze the multihop delay of ad hoc cognitive radio networks, where the transmission delay of

each hop consists of the propagation delay and the waiting time for the availability of the communication

channel (i.e., the occurrence of a spectrum opportunity at this hop). Usingtheories and techniques from

continuum percolation and ergodicity, we establish the scaling law of the minimum multihop delay with

respect to the source-destination distance in cognitive radio networks. We show the starkly different

scaling behavior of the multihop delay inconnected networks as compared to networks that are only

intermittently connected due to scarcity of spectrum opportunities.

Index Terms

Cognitive radio network, multihop delay, connectivity, intermittent connectivity, continuum perco-

lation, ergodic theory.

I. INTRODUCTION

The basic idea of opportunistic spectrum access is to achieve spectrum efficiency and interop-

erability through a hierarchical access structure with primary and secondary users [1]. Secondary

users, equipped with cognitive radios [2] capable of sensing and learning the communication

environment, identify and exploit instantaneous and localspectrum opportunities without causing

unacceptable interference to primary users [1].

Using theories and techniques from continuum percolation and ergodicity, we analytically

characterize the connectivity and multihop delay of the secondary network. Specifically, we
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consider a Poisson distributed secondary network1 overlaid with a Poisson distributed primary

network in an infinite two-dimensional Euclidean space2. Due to the hierarchical structure of

spectrum sharing, the transmission delay of each hop in the secondary network consists of two

components: the propagation delay and the waiting time for the availability of the communication

channel (i.e., the occurrence of a spectrum opportunity at this hop).

A. Main Results

First, we analytically characterize the connectivity of the secondary network which depends on

not only the topology of the secondary network but also the transmitting and receiving activities

of the privileged primary network. The connectivity of the secondary network is thus determined

by two critical parameters: the densityλS of the secondary users and the densityλPT of the

primary transmitters representing the traffic load of the primary network. As illustrated in Fig. 1,

we show that according to the connectivity of the secondary network, the(λS, λPT ) plane can be

partitioned into three regions: disconnected, connected,and intermittently connected, which are

all interpreted in the percolation sense. The secondary network is disconnected if there does not

exist almost surely (a.s.) an infinite connected component formed by topological links connecting

two secondary users within each other’s transmission range, and the secondary network is

connected if there exists a.s. an infinite connected component formed by communication links,

where communication links are those topological links experiencing the spectrum opportunities.

Since the set of communication links is a subset of topological links, we define the intermittent

connectivity for a secondary network that is not connected as the a.s. existence of an infinite

connected component consisting of topological links. The above three concepts are detailed in

Sec. III.

Second, we establish the scaling law of the minimum multihopdelay in the secondary network

with respect to the source-destination distance. When the secondary network is disconnected,

there exist only finite topologically connected components. If we randomly choose two secondary

users, then they belong to two different topologically connected component a.s., which implies

1The notions of cognitive radio networks and secondary networks are used interchangeably in this paper.

2This infinite network model is equivalent in distribution tothe limit of a sequence of finite networks with a fixed density as

the area of the network increases to infinity,i.e., the so-calledextended network [3].
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Fig. 1. The shaded region is the set of(λS, λPT ) under which the secondary network is connected (i.e., the connectivity region

C), the white region is the set of(λS, λPT ) under which the secondary network is intermittently connected (i.e., the intermittent

connectivity regionCI ), and the colored region is the set of(λS, λPT ) under which the secondary network is disconnected. The

critical densityλ∗

S of the secondary users is defined as the infimum density of the secondary users to ensure connectivity under

a positive density of the primary transmitters, which is equal to the critical densityλc of a homogeneous network.

that they are not reachable from each other. We thus focus on the multihop delay between two

secondary users in the infinite topologically connected component when the secondary network

is either connected or intermittently connected.

To highlight the impact of the waiting time for spectrum opportunities on multihop delay, we

first study the scaling law of the minimum multihop delay assuming that the propagation delay

is negligible. We show that the scaling law of the minimum multihop delay with respect to the

source-destination distance has two distinct regimes, corresponding to whether the secondary

network is connected or intermittently connected. Specifically, let µ be the source,ν the desti-

nation, t(µ, ν) the minimum multihop delay fromµ to ν, andd(µ, ν) the distance betweenµ

andν, then we show that, a.s.

lim
d(µ,ν)→∞

t(µ, ν)

d(µ, ν)







= 0, if connected;

> 0, if intermittently connected.

When the secondary network is connected, a much stronger statement is actually shown, that is,

lim
d(µ,ν)→∞

t(µ, ν)

g(d(µ, ν))
= 0 a.s.,

whereg(d(µ, ν)) is any monotonically increasing function ofd(µ, ν) satisfying lim
d(µ,ν)→∞

g(d(µ, ν)) =

∞. It implies that the minimum multihop delayt(µ, ν) is asymptotically independent of the
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distanced(µ, ν) as d(µ, ν) → ∞. Thus when the propagation delay is negligible, a connected

cognitive radio (CR) network behaves almost the same as a homogeneous ad hoc network, in

the sense that the waiting time for the spectrum opportunities does not affect the scaling law of

the multihop delay with respect to the source-destination distance.

The above scaling law of the multihop delay may be illustrated with an analogy of traveling

from a placeµ to another placeν, where the waiting time for the spectrum opportunities is

likened to the waiting time for traffic lights. Suppose that we can move fast enough such that

(s.t.) the driving time on the road is negligible. When the secondary network is connected,

there exists an infinite connected component consisting of communication links a.s. which can

be regarded as a highway without traffic lights betweenµ and ν. Given that bothµ and ν

are within a finite distance to the highway (independent of the distance betweenµ andν), the

traveling time fromµ to ν, which is exactly the waiting time for traffic lights before entering the

highway and after leaving the highway, is independent of thedistance betweenµ andν. When

the secondary network is intermittently connected, there does not exist an infinite connected

component formed by communication links a.s.,i.e., such a highway betweenµ andν can not

be found. Then we have to use local paths and wait for traffic lights from time to time, leading

to the linear scaling of the traveling time with respect to the distance betweenµ andν.

We also study the impact of the propagation delay on multihopdelay. When the propagation

delay τ is nonnegligible, we show that the minimum multihop delay scales linearly with the

source-destination distance in both connected and intermittently connected regimes, but with

different rates for the linear scaling. In particular, the limiting behavior of the rate asτ → 0 is

distinct in the two regimes,i.e., a.s.

lim
τ→0

lim
d(µ,ν)→∞

t(µ, ν)

d(µ, ν)







= 0, if connected;

> 0, if intermittently connected.

It indicates that when the propagation delay is sufficientlysmall, the scaling rate of the multihop

delay for a connected network is much smaller than the one fora intermittently connected

network.

B. Related Work

As a fundamental issue for the feasibility and efficiency of large-scale wireless networks, the

scaling law has raised increasing interest in the research community since the seminal work of



TECHNICAL REPORT TR-09-02,UC DAVIS, SEPTEMBER 2009. 5

P. Gupta and P. R. Kumar [4]. The capacity scaling law of CR networks has been analyzed

in [5–7]. In [5], the authors also derive the capacity-delaytradeoff as the density of users

within a unit square tends to infinity (the so-calleddense network) for a routing and scheduling

algorithm proposed by them, which is shown to achieve the optimal capacity-delay tradeoff

for homogeneous ad hoc networks. To our best knowledge, the scaling law of the multihop

delay with respect to the source-destination distance in a CR network has not been characterized

analytically or experimentally in the literature.

The scaling law of the multihop delay in homogeneous ad hoc networks has been well studied

in [8–16]. As the number of users in the network increases to infinity, the multihop delay for

a specific routing algorithm is analyzed in [8–10], and the capacity-delay tradeoff is revealed

under a given network and mobility model in [11–13]. Based oncontinuum percolation theory,

the scaling law of the multihop delay with respect to the source-destination distance is established

in [14–16]. This work shares similarity with [16], which considers homogeneous ad hoc networks

with dynamical on-off links and shows that the scaling of theminimum multihop delay behaves

distinctly in two regimes, depending on whether the networkis percolated. A major difference

of this work from [16] is that the states of the links in the secondary network are correlated

instead of independent, which complicates the multihop delay analysis.

II. NETWORK MODEL

We consider a Poisson distributed secondary network overlaid with a Poisson distributed

primary network in an infinite two dimensional Euclidean space. The primary network adopts a

synchronized slotted structure with a slot lengthTS. The realizations of active primary transmit-

ters vary from slot to slot and are assumed to be i.i.d. acrossslots3. ThusTS can be considered

as the time constant of the spectrum opportunities which aredetermined by the transmitting and

receiving activities of the primary users. Without loss of generality, we assume thatTS = 1.

At the beginning of each slot, the primary transmitters are distributed according to a two-

dimensional Poisson point processXPT with density λPT . To each primary transmitter, its

receiver is uniformly distributed within its transmissionrangeRp. Here we have assumed that all

3The different realizations of active primary transmittersin different slots can be caused by the mobility of these users or

changes in the traffic pattern or both.
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the primary transmitters use the same transmission power and the transmitted signals undergo an

isotropic path loss. Based on the displacement theorem [17,Chapter 5], it is easy to see that the

primary receivers form another two-dimensional Poisson point processXPR with densityλPT .

Note that the two Poisson processesXPT andXPR are correlated.

The secondary users are distributed according to a two-dimensional Poisson point processXS

with densityλS, independent ofXPT andXPR. The locations of the secondary users are static

over time. Based on the scaling argument [18, Chapter 2], we can set the transmission rangerp

of the secondary users to1 without loss of generality.

III. CONNECTIVITY VS. INTERMITTENT CONNECTIVITY

A secondary network is disconnected if there does not exist an infinite connected component

formed by topological links, where a topological link exists between two secondary users if

they are within the transmission range of each other. Noticethat this condition for the existence

of a topological link is equivalent to the one for the existence of a communication link in

homogeneous ad hoc networks. As discussed in [18, chapter 3], the connectivity of homogeneous

networks, which is defined as the a.s. existence of an infiniteconnected component, is uniquely

determined by its density. Thus, the secondary network withdensityλS is disconnected if and

only if λS ≤ λc, whereλc is the critical density of homogeneous networks.

Due to the hierarchical structure of spectrum sharing, besides the densityλS of the secondary

users, the densityλPT of the primary transmitters affects the connectivity of thesecondary

network. Specifically, in contrast to the case in homogeneous ad hoc networks, the existence of

a communication link between two secondary users depends onnot only the distance between

them (at mostrp) but also the availability of the communication channel (i.e., the presence of

a spectrum opportunity). The latter is determined by the transmitting and receiving activities of

the primary network as described below.

A. Spectrum Opportunity

As illustrated in Fig. 2, where we consider the disk signal propagation and interference model,

there exists an opportunity fromµ, the secondary transmitter, toν, the secondary receiver, if the

transmission fromµ does not interfere with nearbyprimary receivers in the solid circle, and the

reception atν is not affected by nearbyprimary transmitters in the dashed circle [19]. Referred
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to as the interference range of the secondary users, the radius rI of the solid circle atµ depends

on the transmission power ofµ and the interference tolerance of the primary receivers, whereas

the radiusRI of the dashed circle (the interference range of the primary users) depends on the

transmission power of the primary users and the interference tolerance ofν.

�
�
�
�

�
�
�

�
�
�

�
�
�
�

�
�
�
�

µ ν

Interference

rI

RI

Primary Tx

Primary Rx

Fig. 2. Definition of spectrum opportunity.

It is clear from the above discussion that spectrum opportunities areasymmetric. Specifically,

a channel that is an opportunity whenµ is the transmitter andν the receiver may not be an

opportunity whenν is the transmitter andµ the receiver. We consider applications with guaranteed

delivery where acknowledgements are required to complete communications. Hence, bidirectional

spectrum opportunities betweenµ and ν are needed. As a result, the single-hop transmission

delayts(µ, ν) from µ to ν is the waiting timetsw(µ, ν) for the presence of the first bidirectional

opportunity plus the propagation delayτ . Assume thatτ ≤ TS = 1 s.t. the spectrum opportunity

lasts long enough to ensure the success of the transmission and the secondary transmitter intends

to transmit the packet at time0. Let I(µ,ν)(n) be an indicator s.t.I(µ,ν)(n) = 1 if an bidirectional

opportunity exists betweenµ and ν during thenth primary slot, andI(µ,ν)(t) = 0 otherwise,

then we have

ts(µ, ν) = tsw(µ, ν) + τ

= arg min
n∈{0,1,2,...}

{I(µ,ν)(n) = 1} + τ.
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Due to the i.i.d. distribution of the primary network over slots, tsw(µ, ν) is obviously a

geometric random variable with parameterp0, wherep0 is the probability of having a bidirectional

opportunity betweenµ andν at any given time. As shown in Proposition 1 (see Appendix A),

given the parameters of both the primary and the secondary network (i .e., λPT , Rp, RI , rp,

andrI are fixed), the probabilityp0 of the bidirectional opportunity is a function of the distance

d(µ, ν) betweenµ andν. Consequently, the distribution oftsw(µ, ν) depends ond(µ, ν).

B. Connectivity and Connectivity Region

In a primary slott, based on the conditions for the existence of a communication link, we

can obtain an undirected random graphGH(λS, λPT , t) which represents the connectivity of the

secondary network in this slot. As illustrated in Fig. 3, this graphGH(λS, λPT , t) is determined

by the three Poisson point processes in slott: XS, XPT , andXPR, whereXPT and XPR are

correlated.
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Fig. 3. A realization of the random graphGH(λS, λPT , t) which consists of all the secondary users and all the communication

links in the primary slott (denoted by solid lines). The solid circles denote the interference regions of the primary transmitters

within which secondary users can not successfully receive,and the dashed circles denote the required protection regions for the

primary receivers within which secondary users should refrain from transmitting.

We define the connectivity of the secondary network as the a.s. existence of an infinite con-

nected component inGH(λS, λPT , t) for all t. Given the transmission power and the interference

tolerance of both the primary and the secondary users (i .e., Rp, RI , rp, andrI are fixed), the
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connectivity regionC is defined as

C
∆
= {(λS, λPT ) : GH(λS, λPT , t) is connected for allt}.

A detailed analytical characterization ofC is given in [20, 21].

Referred to as the critical density of the secondary users,λ∗
S is the infimum density of the

secondary users to ensure connectivity under a positive density of active primary transmitters:

λ∗
S

∆
= inf{λS : ∃λPT > 0 s.t.GH(λS, λPT , t) is connected for allt}.

It is shown in [20, 21] thatλ∗
S equals the critical densityλc of a homogeneous ad hoc network.

Let θ(λS, λPT ) denote the probability that an arbitrary secondary user is connected to an

infinite connected component4 in GH(λS, λPT , t), then we have that

θ(λS, λPT )







> 0, if (λS, λPT ) ∈ C;

= 0, otherwise.
(1)

C. Intermittent Connectivity

By connecting two secondary users which are within the transmission range of each other

via a topological link, we derive an undirected random graphGS(λS) which depends only on

the Poisson point processXS of the secondary network. Similarly, we define the connectivity

of GS(λS) as the a.s. existence of an infinite connected component in it. It follows from the

classic result on homogeneous networks [18, Chapter 3] thatGS(λS) is connected if and only if

λS > λc, whereλc is the critical density of homogeneous networks.

GS(λS) can also be obtained by adding topological links that do not see the opportunities in

slot t to the random graphGH(λS, λPT , t). Thus, even if the secondary network is not connected,

it is still possible thatGS(λS) is connected. On the other hand, given a connectedGS(λS), there

may not be enough topological links which experience the opportunitiessimultaneously to form

an infinite connected component inGH(λS, λPT , t), but for any two secondary usersµ and ν

in the infinite connected component ofGS(λS), packets fromµ can reachν along a path in

GS(λS) with a finite multihop delay. In this case, although the transmission of the packets may

not be completed in one primary slot, the packets can stay whenever the absence of the spectrum

opportunities blocks their transmission and wait for some finite time to get through. The finiteness

4Since the distribution of the primary network is i.i.d. overslots, it is easy to see that this probabilityθ is invariant of time.
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of the waiting time is guaranteed by the following two facts:(i) for each topological link in

the secondary network, the probability of the spectrum opportunity is strictly positive no matter

how large the density of the primary transmitters is (see Proposition 1 in Appendix A); (ii)

the spectrum opportunities are time-varying due to the i.i.d. distribution of the primary network

across slots. We thus define the intermittent connectivity for a secondary network that is not

connected as the connectivity ofGS(λS). We also define the intermittent connectivity regionCI

as

CI
∆
= {(λS, λPT ) /∈ C : λS > λc}.

IV. M ULTIHOP DELAY

In this section, we analytically characterize the asymptotic behavior of the minimum multihop

delay as the source-destination distance tends to infinity.Let C(GS(λS)) be the infinite connected

component inGS(λS) whenλS > λc, i.e., the secondary network is either connected or intermit-

tently connected. The question we aim to answer here is the scaling law of the minimum multihop

delay between two arbitrary users inC(GS(λS)) with respect to the distance between them. As

shown in the following two theorems which consider the two cases when the propagation delay

τ = 0 and τ > 0, the connectivity of the secondary network determines the scaling law of

the minimum multihop delay, where the highway provided by the infinite connected component

consisting of communication links plays an indispensable role.

Theorem 1: Assume thatτ = 0. For any two secondary usersµ, ν ∈ C(GS(λS)), where

C(GS(λS)) is the infinite connected component ofGS(λS), let t(µ, ν) denote the minimum

multihop delay fromµ to ν andd(µ, ν) the distance betweenµ andν, then

T1.1 if (λS, λPT ) ∈ C,

lim
d(µ,ν)→∞

t(µ, ν)

g(d(µ, ν))
= 0 a.s.,

whereg(d) is any monotonically increasing function ofd with lim
d→∞

g(d) = ∞;

T1.2 if (λS, λPT ) ∈ CI , ∃ 0 < β < ∞ s.t.

lim
d(µ,ν)→∞

t(µ, ν)

d(µ, ν)
= β a.s., (2)

where the value ofβ depends on(λS, λPT ).
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Proof Sketch: To show T1.1, we use the infinite connected component5 in GH(λS, λPT , t0)

during some primary slott0 that containsµ to construct such a path fromµ to ν that the multihop

delay along this path is independent of the distanced(µ, ν). To show T1.2, we first prove the

existence of lim
d(µ,ν)→∞

t(µ,ν)
d(µ,ν)

based on the Subadditive Ergodic Theorem [22] and then derive a

lower bound ont(µ,ν)
d(µ,ν)

by considering the fact that the message fromµ can traverse only a finite

distance towardsν during each primary slot. For details, see Sec. V-A and Sec. V-B.

Theorem 2: Assume thatτ > 0. For any two secondary usersµ, ν ∈ C(GS(λS)), where

C(GS(λS)) is the infinite connected component ofGS(λS), let tτ (µ, ν) denote the minimum

multihop delay fromµ to ν andd(µ, ν) the distance betweenµ andν, then∃ γ = γ(τ) > 0 s.t.

lim
d(µ,ν)→∞

tτ (µ, ν)

d(µ, ν)
= γ ≥ τ a.s.. (3)

Furthermore, if(λS, λPT ) ∈ C,

lim
τ→0

lim
d(µ,ν)→∞

tτ (µ, ν)

d(µ, ν)
= 0 a.s.; (4)

if (λS, λPT ) ∈ CI ,

lim
τ→0

lim
d(µ,ν)→∞

tτ (µ, ν)

d(µ, ν)
≥ β > 0 a.s., (5)

whereβ = lim
d(µ,ν)→∞

t(µ,ν)
d(µ,ν)

is defined in (2).

Proof Sketch: The equality in (3) is based on the Subadditive Ergodic Theorem [22], while

the inequality in (3) is established via a simple lower boundon tτ (µ, ν). The basic idea behind

establishing (4) is to consider the multihop delay along thepath constructed in the proof of

T1.1. Eqn. (5) follows immediately from the fact thattτ (µ, ν) ≥ t(µ, ν), wheret(µ, ν) is the

minimum multihop delay whenτ = 0. For details, see Sec. V-C.

V. PROOFS

A. Proof of Theorem 1.1

Let µ be the source andν the destination, then we construct a specific pathLC from µ

to ν which makes use of the infinite connected component inGH(λS, λPT , t) and analyze the

5It is shown in [20, 21] that there exists either zero or one infinite connected component inGH(λS, λPT , t) a.s. for any given

t.
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multihop delaytC(µ, ν) along LC which provides an upper bound on the minimum multihop

delay t(µ, ν).

Assume thatµ starts trying to send the message at timet = 0. Since(λS, λPT ) ∈ C, there

exists a unique infinite connected component inGH(λS, λPT , t) for all t, which is denoted by

C(t). Let t′ be the first primary slot such thatµ ∈ C(t′). Based on (1), we know that the

probability θ(λS, λPT ) that µ ∈ C(t) for eacht is strictly positive. It follows from the i.i.d.

distribution of the primary network across slots thatt′ is finite a.s. GivenC(t′), we define user

wν as the user inC(t′) which is closest toν, i.e.,

wν
∆
= arg min

wi∈C(t′)

d(wi, ν).

Notice that ifν ∈ C(t′), thenwν = ν.

As illustrated in Fig. 4, letLC be the path fromµ to ν which passes throughwν , then the

minimum multihop delaytC(µ, ν) along the pathLC can be expressed as:

tC(µ, ν) = t′ + t(µ, wν) + t(wν , ν)

= t′ + t(wν , ν).

In the last step, we have usedt(µ, wν) = 0, sinceµ, wν ∈ C(t′) and τ = 0. It is easy to see

that t′ andt(wν , ν) are independent ofd(µ, ν). Now it suffices to show thatt(wν , ν) is finite a.s.

µ
ν

wν

C(t′) LC

d(µ, ν)

Fig. 4. An illustration of the constructed pathLC from µ to ν when(λS, λPT ) ∈ C. C(t′) is the infinite connected component

of G(λS , λPT , t′) which first containsµ, andwν is the user inC(t′) which is closest toν.

Lemma 1: t(wν , ν) is finite a.s.
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Proof of Lemma 1: We first show thatd(wν, ν) < ∞ a.s., and then we obtain an upper

bound on the multihop delay along the shortest pathL(wν , ν) (in terms of the number of hops)

from wν to ν. Notice that the multihop delaytL(wν , ν) along L(wν , ν) is not necessarily the

minimum multihop delay, and it only gives an upper bound on the minimum multihop delay. In

other words,t(wν , ν) ≤ tL(wν , ν). The proof here is inspired by the proof of Lemma 9 in [16],

but with a much simpler proof ofd(wν, ν) < ∞.

Sinced(wν , ν) ≤ d(wν, (0, 0))+d(ν, (0, 0)) andd(ν, (0, 0)) < ∞ a.s., it follows thatd(wν, ν) <

∞ a.s. if d(wν, (0, 0)) < ∞ a.s. Consider the following three events:

E = {d(wν, (0, 0)) < ∞},

Er = {∃ w ∈ C(t′) s.t. d(w, (0, 0)) ≤ r},

Er1 = {∃ w ∈ GS(λS) s.t. d(w, (0, 0)) ≤ r},

Then we have that for a fixedr > 0,

Pr{E} ≥ Pr{Er} ≥ Pr{Er1}θ(λS, λPT )

= [1 − exp(−λSπr2)]θ(λS, λPT ) > 0,

whereθ(λS, λPT ) is defined in (1) and is strictly positive since(λS, λPT ) ∈ C. It is easy to see

that the eventE is invariant of the shift transformations6. Thus, based on the ergodicity7 of the

heterogeneous network model [20, Lemma 1], we conclude thatPr{E} = 1, i.e., d(wµ, (0, 0)) <

∞ a.s.

Next we show that the number of hops|L(wν, ν)| on the pathL(wν , ν) is finite a.s. As shown

in Fig. 5, we construct a sequence of concentric squares withincreasing side lengths. Specifically,

all the squares are centered at the middle point ofwν and ν, and the side length of thej-th

(j ≥ 0) squareSj is 3jd. Let Aj (j ≥ 1) denote the square annulus insideSj and outside

6For a random model in a Euclidean spaceR
d with a probability space(Ω, F, µ), the shift transformationSx is to shift the

realizationω ∈ Ω by x ∈ R
d.

7A random model under a probability space(Ω, F, µ) is said to be ergodic if there exists a transformation group{Sx : x ∈

R
d or Z

d} that acts ergodically on(Ω, F, µ). A transformation group{Sx : x ∈ R
d or Z

d} is said to act ergodically if the

σ-algebra of events invariant under the whole group is trivial, i.e., any invariant event has measure either zero or one. For an

ergodic random model(Ω, F, µ), if an eventE ∈ F invariant under the whole transformation group{Sx : x ∈ R
d or Z

d}

occurs with a positive probability,i.e., µ(E) > 0, then it occurs a.s.,i.e., µ(E) = 1.
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Sj−1, and letEu
j be the event that there exists a left-to-right crossing8 in the upper horizontal

rectangle ofAj with side length3jd×3j−1d. Similarly, defineEb
j , El

j, andEr
j as the events that

the bottom, left, and right rectangles ofAj are crossed from left to right or from top to bottom.

By symmetry, we know that Pr(Eu
j ) = Pr(Eb

j ) = Pr(El
j) = Pr(Er

j ).

����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������

����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������

����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������

����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
��������������������������������

����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������

����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������

����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������

����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������

����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������

����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������

����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������

����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������

����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������

����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
��������������������������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������

����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������

wν ν

O

3j−1d

3jd

Eu
j

Eb
j

El
j

Er
j

Fig. 5. A sequence{Sj : j ≥ 0} of squares cocentered at the middle pointO of wν and ν. The shaded region is the

square annulusAj insideSj with side length3jd and outsideSj−1 with side length3j−1d. In this example, the four crossings

associated with the four eventsEu
j , Eb

j , El
j , andEr

j all exist in the corresponding four rectangles, which form aclosed circuit

in Aj .

Since(λS, λPT ) ∈ C, it follows that λS > λc whereλc is the critical density for a homoge-

8A left-to-right crossing exists in a rectangleR = [x1, x2] × [y1, y2] if and only if there exists a sequence of nodesµi

(1 ≤ i ≤ n) in G(λS) s.t. (i) µi ∈ R for all i; (ii) d(µi+1, µi) ≤ 1 for all 1 ≤ i < n; (iii) |x(µ1) − x1| ≤ 1
2

and

|x(µn) − x2| ≤
1
2
, wherex(µi) is the x-coordinate ofµi. The top-to-bottom crossing can be defined analogously.
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neous network with a unit transmission range9. By using Corollary 4.1 in [18], we have that

lim
d→∞

Pr{Eu
1 } = 1. Then for a given0 < δ < 1, we choose

d = dδ
∆
= max{inf{d′ : Pr{Eu

1 } ≥ δ if d ≥ d′}, d(wν, ν)}.

We thus have that Pr{Eu
j } ≥ δ for all j ≥ 1.

Let Ej (j ≥ 1) be the event that there exists a closed circuit of connected users inG(λS)

within Aj . If Eu
j , Eb

j , El
j , andEr

j all occur, thenEj occurs (see Fig. 5). SinceEu
j , Eb

j , El
j , and

Er
j are all increasing events10, it follows from the FKG inequality [18, Theorem 2.2] that

Pr{Ej} ≥ Pr{Eu
j ∩ Eb

j ∩ El
j ∩ Er

j }

≥ Pr{Eu
j }Pr{Eb

j}Pr{El
j}Pr{Er

j } ≥ δ4.

When Ej occurs, we claim that there exists a pathL′(wν , ν) from wν to ν within Sj. If all

the paths fromwν to ν go outsideSj , they will intersect the closed circuit inAj and then we

can construct a pathL′(wν , ν) within Sj by using part of the closed circuit.

As illustrated in Fig. 6, we place a circle with radius1
2

at each user alongL′(wν , ν), and it is

easy to see that any two circles centered at the two usersw1 andw2 on L′(wν , ν) which are not

connected via a topological link do not overlap, otherwise we can shorten the path by skipping

the users betweenw1 andw2. Thus, given the number of hops|L′(wν , ν)|, at least
⌈

|L′(wν ,ν)|
2

⌉

nonoverlapping circles centered at alternating nodes onL′(wν , ν) can be found, and they are all

contained within the square with side length3jdδ + 1. It follows that

|L′(wν , ν)| ≤ 2
⌈

4(3jdδ + 1)2/π
⌉

< ∞,

where2 ⌈4(3jdδ + 1)2/π⌉ is the maximum number of nonoverlapping circles with radius1
2

within

the square with side length3jdδ + 1.

On the other hand, SinceEj are independent, and
∞

∑

j=1

Pr{Ej} ≥

∞
∑

j=1

δ4 = ∞,

9As illustrated in Fig. 1, the critical densityλ∗

S of the secondary users is the the infimum density of the secondary users to

ensure connectivity, which is shown in [20, 21] to be equal toλc.

10Consider two realizationsω andω′ of G(λS). A partial ordering ‘�’ is defined asω � ω′ if and only if every node inω

is also present inω′. In other words,ω can be obtained fromω′ by removing some secondary users. An eventE is said to be

increasing if for everyω � ω′, IE(ω) ≤ IE(ω′), whereIE is the indicator function of the eventE.
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Fig. 6. An illustration of nonoverlapping colored circles with radii 1
2

centered at alternating nodes on the pathL′(wν , ν).

it follows from the Borel-Cantelli Lemma thatEj occurs for somej a.s. We thus have that

|L′(wν , ν)| < ∞ a.s. It implies that|L(wν , ν)| ≤ |L′(wν, ν)| < ∞ a.s., which, together with the

a.s. finiteness of the single-hop transmission delay (see Sec. III-A), yields the a.s. finiteness of

the multihop delaytL(wν , ν) along the shortest pathL(wν , ν).

B. Proof of Theorem 1.2

Let µ be the source andν the destination. Takeµ as the origin, and the line connectingµ

andν as the x-axis. Define an auxiliary nodẽwi in C(GS(λS)) for every integeri:

w̃i
∆
= arg min

w∈C(GS(λS))

d(w, (i, 0)).

Obviously,w̃0 = µ. Let n be the closest integer toν, then

t(w̃0, w̃n) − t(w̃n, ν)

n + 1
≤

t(µ, ν)

d(µ, ν)
≤

t(w̃0, w̃n) + t(w̃n, ν)

n − 1
.

If w̃n = ν, then t(w̃n, ν) = 0; if w̃n 6= ν, then t(w̃n, ν) is at most the single-hop transmission

delay becaused(w̃n, ν) ≤ d(w̃n, (n, 0)) + d(ν, (n, 0)) ≤ 2d(ν, (n, 0)) ≤ 1.

Let

tm,n = t(w̃m, w̃n) for any two integersm, n. (6)

Then to show T1.2, it suffices to show that

lim
n→∞

t0,n

n
= β > 0 a.s. (7)

The proof of (7) is divided into two steps, which are expressed in the form of the following

two lemmas.

Lemma 2: β
∆
= lim

n→∞

t0,n

n
exists a.s.
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Lemma 3: 0 < β = lim
n→∞

t0,n

n
< ∞.

Proof of Lemma 2: The proof is based on Liggett’s Subadditive Ergodic Theoremas

follows:

Fact 1: [22, Theorem 1.10] Let{tm,n} be a collection of random variables indexed by integers

satisfying0 ≤ m < n. Suppose{tm,n} has the following properties:

(i) t0,n ≤ t0,m + tm,n.

(ii) For eachn, E(|t0,n|) < ∞ andE(t0,n) ≥ cn for some constantc > −∞.

(iii) The distribution of{tm,m+k : k ≥ 1} does not depend onm.

(iv) For eachk ≥ 1, {tnk,(n+1)k : n ≥ 0} is a stationary sequence.

Then:

(a) η
∆
= lim

n→∞

E[t0,n]

n
= inf

n≥1

E[t0,n]

n
.

(b) T
∆
= lim

n→∞

t0,n

n
exists a.s.

(c) E[T ] = η.

Furthermore, if

(v) the stationary sequence in (iv) is ergodic,

then

(d) T = η a.s.

By the definition of the minimum multihop delay and the stationarity of the heterogeneous

network model, it is obvious that conditions (i), (iii), and(iv) hold for the sequences{tm,n}

defined in (6). We only need to show that conditions (ii) and (v) also hold for{tm,n}. We first

show thatE(|t0,n|) < ∞ for eachn.

By using the techniques similar to showingd(wµ, (0, 0)) < ∞ a.s. in the proof of Lemma 1,

we can easily see thatd(w̃0, (0, 0)) < ∞ a.s. as well asd(w̃n, (n, 0)) < ∞ a.s. It follows that

a.s.

d(w̃0, w̃n) ≤ d(w̃0, (0, 0)) + n + d(w̃n, (n, 0)) < ∞.

Let L(w̃0, w̃n) be the shortest path from̃w0 to w̃n. Let |L| denote the number of hops of

L(w̃0, w̃n) and tL0,n the multihop delay alongL(w̃0, w̃n). Consider the sequence{Sj : j ≥ 0}

of squares constructed in the proof of Lemma 1 (see Fig. 5). For any given 4

√

8
9

< δ < 1, we

choose

d = dδ
∆
= max{inf{d′ : Pr{Eu

1 } ≥ δ if d = d′}, d(w̃0, w̃n)}.
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Similarly, when the eventEj (j ≥ 1) occurs, we have|L| ≤ 2 ⌈4(3jdδ + 1)2/π⌉.

If |L(w̃0, w̃n)| > 2 ⌈4(3jdδ + 1)2/π⌉, then none of the eventsE1, E2,...,Ej occur. Thus

Pr{|L| > 2
⌈

4(3jdδ + 1)2/π
⌉

} ≤

j
∏

i=1

Pr{Ec
i } ≤ (1 − δ4)j .

Let M = 2 ⌈4(3jdδ + 1)2/π⌉, then we have

E[|L|] =
∞

∑

k=0

Pr{|L| > k} =
M

∑

k=0

Pr{|L| > k} +
∞

∑

k=M+1

Pr{|L| > k}

≤ M +

∞
∑

j=1

2
⌈

4(3j+1dδ + 1)2/π
⌉

Pr{|L| > 2
⌈

4(3jdδ + 1)2/π
⌉

}

≤ M +

∞
∑

j=1

2
⌈

4(3j+1dδ + 1)2/π
⌉

(1 − δ4)j

= M +
72d2

δ

π

∞
∑

j=1

9j(1 − δ4)j +
48dδ

π

∞
∑

j=1

3j(1 − δ4)j + 2

(

4

π
+ 1

) ∞
∑

j=1

(1 − δ4)j.

If δ > 4

√

8
9
, (1 − δ4)j < 9−j . It implies thatE[|L|] < ∞. Let tM = max

0≤d≤1
{E[ts(d)]} be the

maximum expected single-hop transmission delay of one hop for all hop lengths0 ≤ d ≤ 1,

then for alln ≥ 1,

E[t0,n] ≤ E[tL0,n] ≤ tME[|L|] < ∞,

{t0,n} satisfies the condition (ii).

Next we show that{tnk,(n+1)k : n ≥ 0} is mixing11, which implies its ergodicity. As illustrated

in Fig. 7, we construct two squaresSn and Sn+j centered at
(

(2n+1)k
2

, 0
)

and
(

[2(n+j)+1]k
2

, 0
)

with side lengthdn and dn+j. Let L∗
n be the minimum path (in terms of the multihop delay)

from w̃nk to w̃(n+1)k. We claim that the two pathsL∗
n and L∗

n+j are contained a.s. inSn and

Sn+j respectively for somedn > 0 anddn+j > 0. If, for example,

Pr{En} = Pr{L∗
n is not contained in any finiteSn} > 0,

11A measure preserving transformationT is said to be mixing on a probability space(Ω, F, µ) if for all E, F ∈ F,

µ(T nE ∩ F ) − µ(E)µ(F ) → 0 as n → ∞. A sequence{xk} is said to be mixing if the unit right-shift transformation is

mixing on its probability space. The mixing property of a sequence implies its ergodicity [23].
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w̃nk

w̃(n+1)k
w̃(n+j)k

w̃(n+j+1)k

jk

L∗
n

L∗
n+j

Sn

Sn+j
dn

dn+j

Fig. 7. The two minimum pathsL∗

n (from w̃nk to w̃(n+1)k) andL∗

n+j (from w̃(n+j)k to w̃(n+j+1)k) are contained in the two

squaresSn andSn+j centered at((2n + 1)k/2, 0) and((2n + 2j + 1)k/2, 0) with finite side lengthdn anddn+j respectively.

As j → ∞, Sn andSn+j becomes nonoverlapping, and thus the multihop delay alongL∗

n is asymptotically independent of the

one alongL∗

n+j .

then with a positive probability|L∗
n| = ∞, which implies that

E[tnk,(n+1)k] ≥ E[tnk,(n+1)k| En]Pr{En}

≥ tmE[|L∗
n| | En]Pr{En} = ∞,

with tm = min
0≤d≤1

{E[ts(d)]} > 0 being the minimum expected single-hop transmission delay of

one hop for all hop lengths12. This makes a contradiction toE[tnk,(n+1)k] < ∞. Then we have that

asj → ∞, not only the two minimum pathsL∗
n andLn+j do not share any common secondary

users a.s., but also the subsets of the primary transmitter-receiver pairs that affect their multihop

delay become disjoint a.s. Thus,tnk,(n+1)k andt(n+j)k,(n+j+1)k are asymptotically independent of

each other asj → ∞, i.e.,

lim
j→∞

Pr{
(

tnk,(n+1)k < t
)

∩
(

t(n+j)k,(n+j+1)k < t′
)

}

= Pr{tnk,(n+1)k < t}Pr{tnk,(n+1)k < t′}

The mixing property of{tnk,(n+1)k : n ≥ 0} follows immediately. Since all the five conditions

in Fact 1 are satisfied by{tm,n}, we conclude that∃β ≥ 0 s.t. lim
n→∞

t0,n

n
= β a.s.

12The inequalitytm > 0 is shown in Proposition 2 in Appendix A.
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Proof of Lemma 3: From Fact 1, we know that

β = inf
n≥1

E[t0,n]

n
≤ E[t0,1] < ∞.

To show thatβ > 0, we need the following fact which gives an upper bound on the CDF of

the diameter13 of the connected component inGH(λS, λPT , t) when(λS, λPT ) /∈ C. This fact can

be easily proven by using techniques similar to the ones usedin proving Theorem 2.4 in [18].

Fact 2: Given GH(λS, λPT , t) for any t with (λS, λPT ) /∈ C, let Bh = [−h, h]2 (h > 0) and

take an arbitrary secondary user as the origin. Then∃ C1, C2 > 0 s.t. Pr{O ! (Bh)
c} ≤

C1 exp(−C2h), where{O ! (Bh)
c} denotes the event that the origin is connected with some

secondary user outsideBh, i.e., the origin and some node in(Bh)
c belong to the same connected

component.

Now chooseH > 0 s.t. C1 exp(−C2H) < 1
2
, whereC1 andC2 are the constants specified in

Fact 2. As show in Fig. 8, for any pathL from w̃0 to w̃n, we partition it into several segments

in the following way. Define a sequence{Ri : i ≥ 1} of uniformly distributed ribbons onR2 as

Ri = {(x, y) ∈ R
2 :

H + (i − 1)(H + 1) ≤ x − x(w̃0) < i(H + 1)},

wherex(w̃0) is the x-coordinate of user̃w0. Since the width of each ribbon is1, there exits at

least one userzi within eachRi that lies betweeñw0 andw̃n. Assume that thesezi partition the

pathL into m segments, then the multihop delaytL along the pathL can be written as

tL =

m
∑

i=1

tL(zi−1, zi), (8)

wherez0 = w̃0 andzm = w̃n.

Based on fact 2, with a probability greater than1
2

at least one hop on the segment ofL from

zi−1 to zi does not see the opportunity. We thus have that for all1 ≤ i ≤ m − 1,

E[tL(zi−1, zi)] >
1

2
tm, (9)

wheretm = min
0≤d≤1

{E[t(d)]} > 0.

13The diameter of a connected componentC is defined asmax
µ,ν∈C

d(µ, ν).
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x

0 n

HHH

Fig. 8. A pathL from w̃0 to w̃n which is partitioned intom segments by userszi (1 ≤ i ≤ m − 1) within these shaded

ribbonsRi betweenw̃0 and w̃n.

Sinced(w̃0, w̃n) ≥ n − d(w̃0, (0, 0)) − d(w̃n, (n, 0)), and bothd(w̃0, (0, 0)) andd(w̃n, (n, 0))

are finite a.s., it follows thatlim
n→∞

Pr{d(w̃0, w̃n) > n
2
} = 1. Whend(w̃0, w̃n) > n

2
holds, any path

from w̃0 to w̃n has at least
⌊

n
2(H+1)

⌋

segments. By recalling (8, 9), we conclude that

β = lim
n→∞

E[t0,n]

n

> lim
n→∞

tm
2n

⌊

n

2(H + 1)

⌋

Pr
{

d(w̃0, w̃n) <
n

2

}

> lim
n→∞

tm
2

(

1

2(H + 1)
−

1

n

)

> 0.

This implies thatβ = lim
n→∞

t0,n

n
> 0.

C. Proof of Theorem 2

When the propagation delayτ > 0, the single-hop transmission delaytτs (d) is still a proper

random variable with finite mean. Similarly, in order to showthe a.s. existence of lim
d(µ,ν)→∞

tτ (µ,ν)
d(µ,ν)

,

it suffices to prove thatlim
n→∞

tτ0,n

n
exists a.s. By the same argument as used in the proof of

Lemma 2, we can easily verify the five conditions in Fact 1. Then the a.s. existence oflim
n→∞

tτ0,n

n

follows.

Let

γ = γ(τ) = lim
d(µ,ν)→∞

tτ (µ, ν)

d(µ, ν)
.

Since the minimum number of hops betweenµ andν is ⌊d(µ, ν)⌋ and the minimum transmission

delay of one hop isτ , we have

tτ (µ, ν) ≥ τ⌊d(µ, ν)⌋,
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which implies thatγ ≥ τ .

Obviously, E[tτ0,n] decreases asτ decreases. Then from Fact 1 and basic series theory, we

have that

lim
τ→0

lim
d(µ,ν)→∞

tτ (µ, ν)

d(µ, ν)
= lim

τ→0
γ(τ)

= lim
τ→0

lim
d(µ,ν)→∞

E[tτ (µ, ν)]

d(µ, ν)

exists a.s.

If (λS, λPT ) ∈ CI , then

lim
τ→0

lim
d(µ,ν)→∞

tτ (µ, ν)

d(µ, ν)
≥ lim

τ→0
lim

d(µ,ν)→∞

t(µ, ν)

d(µ, ν)
= β,

wheret(µ, ν) is the minimum multihop delay fromµ to ν for τ = 0, andβ is defined in (2).

If (λS, λPT ) ∈ C, then we consider the pathLC from µ to ν constructed in the proof of

T1.1 which contains some nodes of the infinite connected componentC(t′) in GH(λS, λPT , t′).

Notice that for fixedd(µ, ν), only a finite number of hops onLC belong toC(t′). Thus if τ is

sufficiently small, it takes at most one primary slot for the message to transmit from the source

µ in C(t′) to the end nodewν , and we have that for some smallτ0 = τ0(d(µ, ν)) > 0,

tCτ0(µ, ν) ≤ t′ + tτ0(wν , ν) + 1,

wheretCτ0(µ, ν) denotes the multihop delay along the pathLC when the propagation delay isτ0.

It implies that

lim
τ→0

γ(τ) = lim
τ→0

lim
d(µ,ν)→∞

E[tτ (µ, ν)]

d(µ, ν)

= lim
d(µ,ν)→∞

lim
τ→0

E[tτ (µ, ν)]

d(µ, ν)

≤ lim
d(µ,ν)→∞

E[tCτ0(µ, ν)]

d(µ, ν)

≤ lim
d(µ,ν)→∞

E[t′] + E[tτ0(wν , ν)] + 1

d(µ, ν)
= 0,

since bothE[t′] andE[tτ0(wν , ν)] are finite and independent ofd(µ, ν). In the second equality,

we can interchange the order of the two limits becauseE[tτ (µ, ν)] < ∞. Consequently, we

conclude that a.s.

lim
τ→0

lim
d(µ,ν)→∞

tτ (µ, ν)

d(µ, ν)
= lim

τ→0
γ(τ) = 0.
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VI. CONCLUSION

We have studied the connectivity and multihop delay of ad hoccognitive radio networks.

The criterion for connectivity is the occurrence of percolation, i.e., the almost sure existence of

an infinite connected component. The impact of connectivityon the multihop delay has been

examined by establishing the asymptotic behavior of the minimum multihop delay as the source-

destination distance tends to infinity. Specifically, depending on whether the cognitive radio

network is connected or intermittently connected, the scaling of the minimum multihop delay

behaves distinctly, in terms of either the scaling law when the propagation delay is negligible or

the scaling rate when the propagation delay is nonnegligible. This result on scaling is independent

of the random positions of the source and the destination, and it only depends on the network

parameters (e.g., the density of the secondary users and thetraffic load of the primary network).

In establishing these results, we have used theories and techniques from continuum percolation

and ergodicity including the concept of critical density and the Subadditive Ergodic Theorem.

APPENDIX A: PROBABILITY OF BIDIRECTIONAL SPECTRUM OPPORTUNITY

The expression for the probability of a bidirectional spectrum opportunity is presented in the

following proposition.

Proposition 1: Let λS be the density of the secondary users. LetrI andRI be the interference

range of the secondary and primary users, respectively, andrp andRp the transmission range of

the secondary and primary users, respectively. Then for anytwo secondary usersµ andν with

distanced ≤ rp apart, the probabilityp0 of having a bidirectional spectrum opportunity at the

topological linkeµν connectingµ andν is given by

p0 = exp

{

− λPT

[

2π(r2
I + R2

I) − SI(d, rI , rI) − SI(d, RI , RI)

−

∫∫

SU2(d,RI ,RI)

SI2(r, θ, Rp, d, rI)

πR2
p

rdrdθ
]

}

, (A1)

whereSI(d, r1, r2) the common area of two circles with radiir1 and r2 and centeredd apart

(see Fig. 9(a)), andSU2(d, r1, r2) is the union of two circles with radiir1 and r2 and centered

d apart (see Fig. 9(b)).SI2(r, θ, Rp, d, rI) is the intersection area between one circle with radius

Rp and the union of the two circles with both radiirI (see Fig. 9(c)). ForSI2(r, θ, Rp, d, rI),
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the two identical circles are centeredd apart, and the other circle is centered at(r, θ), where the

middle point of the centers of the two identical circles is chosen to be the originO.

Rp

r1 r1r2 r2

rIrI

r

θ

d

d d

O

SI(d, r1, r2) SU2(d, r1, r2)

SI2(r, θ, Rp, d, rI)

(a) (b)

(c)

Fig. 9. An illustration ofSI(d, r1, r2) (the common area of two circles with radiir1 andr2 and centeredt apart),SU2(d, r1, r2)

(the union area of two circles with radiir1 andr2 and centeredd apart), andSI2(r, θ, Rp, d, rI) (the intersection area between

one circle with radiusRp and the union of the two identical circles with radiirI ).

The expression forSI(d, r1, r2) can be obtained in explicit form, which can be found in [24,

Appendix A]. The expression forSI2(r, θ, Rp, d, rI) depends on the expression for the common

area of three circles which is tedious and is given in [25].

From (A1), we can easily see that the probabilityp0 of a bidirectional opportunity is a function

of the distanced betweenµ andν. Moreover, althoughp0 is an exponentially decreasing function

of λPT , it is strictly positive no matter how largeλPT is.

Proof: From the definition of spectrum opportunity given in Sec. III-A, we know that a

bidirectional spectrum opportunity occurs ateµν if and only if there are no primary transmitters

within distanceRI of eitherµ or ν and no primary receivers within distancerI of eitherµ or ν.
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Let I(µ, d, rx/tx) denote the event that there exists primary receivers/transmitters within dis-

tanced of a secondary userµ. Let I(µ, d, rx/tx) denote the complement ofI(µ, d, rx/tx). Then

the probabilityp0 of a bidirectional opportunity ateµν is given by

p0 = Pr{I(ν, rI , rx) ∩ I(ν, RI , tx) ∩ I(µ, rI , rx) ∩ I(µ, RI , tx)}

= Pr{I(ν, RI , tx) ∩ I(µ, RI , tx)| I(ν, rI , rx) ∩ I(µ, rI , rx)}Pr{I(ν, rI , rx) ∩ I(µ, rI , rx)}. (A2)

Next, we compute the two probabilities in (A2) one by one. Since the primary receivers admit

a Poisson point processXPR with densityλPT , we have

Pr{I(ν, rI , rx) ∩ I(µ, rI , rx)} = exp[−λPT (2πr2
I − SI(d, rI , rI))], (A3)

whereSI(d, rI , rI) is the common area of two circles with both radiirI and centeredt apart

(see Fig. 9(a)).

Let XPT denote the Poisson point process formed by primary transmitters. If we remove from

XPT primary transmitters whose receivers are within distancerI of eitherν or µ, then it follows

from Coloring Theorem [17, Chapter 5] that all the remainingprimary transmitters form another

Poisson point process with densityλPT

[

1 − SI2(r,θ,Rp,d,rI)
πR2

p

]

, whereSI2(r, θ, Rp, d, rI) is the area

of the circle with radiusRp and centered at(r, θ) intersecting the two circles with both radiirI

and centeredd apart (see Fig. 9(c)). We thus have

Pr{I(ν, RI , tx) ∩ I(µ, RI , tx)| I(ν, rI , rx) ∩ I(µ, rI , rx)}

= exp











−λPT

∫∫

SU2(d,RI ,RI)

[

1 −
SI2(r, θ, Rp, d, rI)

πR2
p

rdrdθ

]











= exp











−λPT






2πR2

I − SI(d, RI , RI) −

∫∫

SU2(d,RI ,RI)

SI2(r, θ, Rp, d, rI)

πR2
p

rdrdθ

















, (A4)

whereSU2(d, RI , RI) is the union of two circles with both radiiRI and centeredd apart (see

Fig. 9(b)). Then plugging (A3, A4) into (A2) yields (A1).

Based on Proposition 1, we establish an inequality on the minimum expected single-hop

transmission delay for all link lengths in the following proposition.

Proposition 2: Given the parameters of the primary and secondary network (i.e., λPT , rp, rI ,

Rp, andRI are fixed), letts(d) is the single-hop transmission delay for the link lengthd, and
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tm denote the minimum expected single-hop transmission delayfor all link lengths when the

propagation delayτ = 0, i.e.,

tm = min
0≤d≤rp

{E[ts(d)| τ = 0]}.

Then we havetm > 0.

Proof: It follows from Proposition 1 that for fixedλPT , rp, rI , Rp, andRI , the probability

p0 of the bidirectional opportunity is a function of the link lengthd, i.e., p0 = p0(d). Let tsw(d)

be the waiting time for the bidirectional opportunity at thelink with length d, then given that

τ < TS, tsw(d) is a geometric random variable with parameterp0(d) due to the i.i.d. distribution

of the primary network across slots. The mean oftsw(d) is thus given by

E[tsw(d)] =
1 − p0(d)

p0(d)
,

which is a monotonically decreasing function ofp0(d).

From (A2), we have that for all0 ≤ d ≤ rp,

p0(d) = Pr{I(ν, rI , rx) ∩ I(ν, RI , tx) ∩ I(µ, rI , rx) ∩ I(µ, RI , tx)}

≤ Pr{I(µ, rI , rx) ∩ I(µ, RI , tx)}

= exp[−λPT π(r2
I + R2

I − I(RI , Rp, rI))] < 1,

where the last equality has been obtained by setting the distanced = 0 in the expression for the

probability of a unidirectional opportunity between two secondary users with distance d apart

given in Proposition 1 in [24], and

I(RI , Rp, rI) = 2

∫ RI

0

t
SI(t, Rp, rI)

πR2
p

dt < r2
I .

The expression forI(RI , Rp, rI) in explicit form can be found in [24, Appendix A].

Let δ = exp[−λPT π(r2
I + R2

I − I(RI , Rp, rI))]. Obviously,0 < δ < 1. Whenτ = 0, we have

that ∀ 0 ≤ d ≤ rp,

E[ts(d)] = E[tsw(d)] =
1 − p0(d)

p0(d)
≥

1 − δ

δ
.

Thus,

tm = min
0≤d≤rp

{E[ts(d)| τ = 0]} ≥
1 − δ

δ
> 0.
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