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Abstract

We address the design of opportunistic spectrum access)(6i8#egies that allow secondary users
to independently search for and exploit instantaneoustspacavailability. The design objective is to
maximize the throughput of secondary users while limitihg probability of colliding with primary
users. Integrated in the joint design are three basic coergiena spectrum sensor at the physical (PHY)
layer that identifies spectrum opportunities, a sensiragesly at the medium access control (MAC) layer
that determines which channels in the spectrum to sensegraadcess strategy, also at the MAC layer,
that decides whether to access based on sensing outcomesdlsubject to errors.

We formulate the joint PHY-MAC design of OSA as a constraipedtially observable Markov
decision process (POMDP). Constrained POMDPs generatjyine randomized policies to achieve
optimality, which are often intractable. By exploiting thieh structure of the underlying problem, we
establish a separation principle for the joint design of OSApecifically, the optimal joint design can
be carried out in two steps: first to choose the spectrum sersb the access strategy to maximize
the instantaneous throughput under a collision constraimi then to choose the sensing strategy to
maximize the overall throughput. This separation prireipveals the optimality of myopic policies
for the design of the spectrum sensor and the access strégading to closed-form optimal solutions.
Furthermore, decoupling the design of the sensing strafiegy that of the spectrum sensor and the
access strategy, the separation principle reduces théramesi POMDP to an unconstrained one, which
admits deterministic optimal policies. Numerical exanspdge provided to study the design tradeoffs,
the interaction between the PHY layer spectrum sensor anM#&C layer sensing and access strategies,

and the robustness of the ensuing design to model mismatch.
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. INTRODUCTION

The exponential growth in wireless services and the phi/srod@ on usable radio frequencies
have motivated various dynmaic spectrum sharing stragegimong which is opportunistic
spectrum access (OSA). OSA, first envisioned by Mitola [1demthe term “spectrum pooling”
and then investigated by the DARPA XG program [2], has rdgasteived increasing attention
due to its potential for improving spectrum efficiency [3}].[The basic idea of OSA is to allow
secondary users to search for, identify, and exploit inatsous spectrum opportunities while
limiting the level of interference perceived by primary tsséor licensees).

In this paper, we address the design of OSA strategies fons@cy users overlaying a slotted
primary network. Integrated in the OSA design are threechasnponents: 1) a spectrum sensor
at the physical (PHY) layer that identifies instantaneowescBpm opportunities; 2) a spectrum
sensing strategy at the medium access control (MAC) layardpecifies which channels in the
spectrum to sense in each slot; and 3) a spectrum accessgygiralso at the MAC layer, that
determines whether to access the chosen channels basedoerfeioh sensing outcomes. The
design objective is to maximize the throughput of secondasrs under the constraint that the

probability of collision perceived by any primary user iddve a pre-determined threshold.

A. Fundamental Design Tradeoffs

We provide first an intuitive understanding of the fundaraétradeoffs in the joint design of

the three basic components.

Spectrum Sensor: False Alarm vs. Miss Detectioifhe spectrum sensor of a secondary user
identifies spectrum opportunities by detecting the presen@rimary signalsi.e., by performing

a binary hypothesis test. With noise and fading, sensimy®are inevitable: false alarms occur
when idle channels are detected as busy, and miss detecttmus when busy channels are
detected as idle. In the event of a false alarm, a spectrunortppty is overlooked by the
sensor, and eventually wasted if the access strategy ttustsensing outcome. On the other
hand, miss detections may lead to collisions with primaersisThe tradeoff between false alarm
and miss detection is captured by the receiver operatingactaistic (ROC) of the spectrum
sensor, which relates the probability of detection (PD) #redprobability of false alarm (PFA)
(see an example in Fig. 1 where we consider an energy detettoe design of the spectrum

sensor and the choice of the sensor operating point are thpsriant issues and should be
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Fig. 1. The ROC of an energy detector. Each point on the RO@catwrresponds to a sensor operating characteristic iregpult

from different detection threshold of the energy detedfarprobability of false alarm¢: probability of miss detection.)

addressed by considering the impact of sensing errors oM A& layer performance in terms of
throughput and collision probability. In particular, weeanterested in the fundamental question
that which criterion should be adopted in the design of thecBpm sensor, the Bayes or the
Neyman-Pearson (NP). If the former, how do we choose tha?iskthe latter, how should we

set the constraint on the PFA?

Sensing Strategy: Gaining Immediate Access vs. Gainirggritdtion for Future Use Due to
hardware limitations and the energy cost of spectrum mangoa secondary user may not be
able to sense all the channels in the spectrum simultanedusiensing strategy is thus needed
for intelligent channel selection to track the rapidly viagyspectrum opportunities. The purpose
of a sensing strategy is twofold: to find idle channels for iadmate access and to gain statistical
information on the spectrum occupancy for better oppotyunacking in the future. The optimal

sensing strategy should thus strike a balance between tiWeseften conflicting objectives.

Access Strategy: Aggressive vs. Conservatiigased on the imperfect sensing outcomes given
by the spectrum sensor, the secondary user needs to decethentio access. An aggressive

access strategy may lead to excessive collisions with pyinrsers while a conservative one may
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result in throughput degradation due to overlooked opmatitts. WWhether to adopt an aggressive
or a conservative access strategy depends on the operatngcteristic (false alarm vs. miss
detection) of the spectrum sensor and the collision coinsted the MAC layer. Hence, a joint

design of the PHY layer spectrum sensor and the MAC layersacstrategy is necessary for

optimality.

B. Main Results

By modeling primary users’ spectrum occupancy as a Markoegss, we establish a decision-
theoretic framework for the optimal joint design of OSA bdisen the theory of partially
observable Markov decision processes (POMDPs). This fraorie captures the fundamental
design tradeoffs discussed above. Within this framewdr&,dptimal OSA strategy is given by
the optimal policy of a constrained POMDP.

While powerful in problem modeling, POMDP suffers from th&se of dimensionality and
does not easily lend itself to tractable solutions. Coistisaon a POMDP further complicates
the problem, often demandinmgndomizedoolicies to achieve optimality. Our goal is to develop
structural results that lead to simple yet optimal solui@nd shed light on the interaction
between the PHY and the MAC layers of OSA networks.

Single-Channel Sensing We focus first on the case where the secondary user can sathse an
access one channel in each skeg(,in the case of single carrier communications). We establish
a separation principle for the optimal joint design of OSAe Bhow that the joint design can
be carried out in two steps without losing optimality: firestdhoose a spectrum sensor and an
access strategy that maximize the instantaneous throtu§bhguthe expected number of bits that
can be delivered in the current slot) under the collisionst@int, and then to choose a sensing
strategy to optimize the overall throughput. As stated Wwetbe significance of this separation

principle is twofold.

« The separation principle reveals the optimality of myopdiges for the design of the
spectrum sensor and the access strategy. Myopic policsiim solely at maximizing the
immediate reward ignore the impact of the current actionghenfuture reward. Hence,
obtaining myopic policies becomes a static optimizatioobpgm instead of a sequential
decision-making problem. While myopic policies are rareptimal for a general POMDP,

we show that the rich structure of the problem at hand rendergxception. As a con-
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sequence, we are able to obtain an explicit design of thenopti spectrum sensor and a
closed-form optimal access strategy. Moreover, this ddeemn optimal design allows us
to characterize quantitatively the interaction between RiHY layer spectrum sensor and
the MAC layer access strategy.

« The separation principle decouples the design of the sgrsirategy from that of the
spectrum sensor and the access strategy. More importtglylesign of the sensing strat-
egy is reduced to annconstrainedOMDP, which admitgleterministicoptimal policies.
Unconstrained POMDPs have been well studied, and existiggrithms can be readily
applied [5]-[8].

We also provide simulation examples to study design trdgdedfe will see that miss detections
are more harmful to the throughput of the secondary user fale alarms. The tradeoff
study between the spectrum sensing time and the data trssiemitime indicates that the
spectrum sensor should take fewer channel measuremeis amkimum allowable probability
of collision increases. In other words, when the collisiamngtraint is less restrictive, the
secondary user can spend less time in sensing, leaving mwgart a slot for data transmission.
Robustness studies show that the throughput loss due toursges in the assumed Markovian
model parameters is small, and more importantly, the prtiabf collision perceived by the

primary network is not affected by model mismatch.

Multi-Channel Sensing We then consider the scenario where the secondary user nae se
and access multiple channels simultaneously in each skletsMiw that the separation principle
still holds if the spectrum sensor and the access strategydesigned independently across
channels. We note that such independent design is subdgginee it ignores the potential
correlation among channel occupancies. We thus proposehéudstic approaches to exploit
channel correlation, one at the PHY layer and the other aMAE layer. Simulation results
show that exploiting channel correlation at the PHY layemigre effective than at the MAC
layer.

We also find that the performance of the PHY layer spectrura@eran improve over time by
incorporating the MAC layer sensing and access decisiomsh MAC layer decisions provide
information on the evolution of the primary users’ spectroocupancy, from which the priori
probabilities of the hypotheses employed by the spectrumaecan be learned. This finding,

along with the quantitative characterization of the impaicthe spectrum sensor on the access
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strategy, illustrates the two-way interaction betweenRkgY and the MAC layers: the necessity
of incorporating the sensor operating characteristice the MAC design and the benefit of

exploiting the MAC layer information in the PHY design.

C. Related Work

Two types of spectrum opportunities have been considerdlderiterature: spatial and tem-
poral. A majority of existing work on OSA focuses on explogispatial spectrum opportunities
that are static or slowly varying in time (see [9]-[11] anéerences therein). A typical example
application is the reuse of locally unused TV broadcast baidthis context, due to the slow
temporal variation of spectrum occupancy, realtime oppoty identification is not as critical
a component as in applications that exploit temporal specttopportunities, and the existing
work often assumes perfect knowledge of spectrum oppdiesnin the whole spectrum at any
location.

The exploitation of temporal spectrum opportunities resgifrom the bursty traffic of primary
users is addressed in [12]-[15] under the assumption oépesensing. In [12], MAC protocols
are proposed for an ad hoc secondary network overlaying a GiMar network. It is assumed
that the secondary transmitter and receiver exchangemafioon on which channel to use through
a commonly agreed control channel. Different from this wanhtimal distributed MAC protocols
developed in [13] can synchronize the hopping patternseotdtondary transmitter and receiver
without the aid of additional control channels. More reberthe design of optimal spectrum
sensing and access strategies in a fading environment ressddl under an energy constraint
in [14]. In [15], access strategies for a slotted secondagr gearching for opportunities in an
un-slotted primary network is considered, where a rourdArgingle-channel sensing scheme
is used. Modeling of spectrum occupancy has been addresdéé]i Measurements obtained
from spectrum monitoring test-beds demonstrate the Makotransition between busy and idle
channel states in wireless LAN.

Although the issue of spectrum sensing errors has beentigatsl at the PHY layer [17]-
[21], cognitive MAC design in the presence of sensing ertas received little attention. To
the best of our knowledge, [22] is the first work that integsathe operating characteristic of
the spectrum sensor at the PHY layer with the MAC design. Ariba approach to the joint
PHY-MAC design of OSA is proposed in [22]. In this paper, wéablish a decision-theoretic

framework within which the optimal joint design of OSA in tipeesence of sensing errors can
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be systematically addressed and the interaction betweeRItY and the MAC layers can be
guantitatively characterized. Interestingly, the sep@angprinciple developed in this paper reveals
that the heuristic approach proposed in [22] is optimal.

For an overview on challenges and recent developments in, @2#lers are referred to [23].

D. Organization

This paper is organized as follows. Section Il describesréwgvork model and the basic
operations performed by a secondary user to exploit spaotportunities. In Section Ill, we
introduce the three basic components of OSA and formulagie jbint design as a constrained
POMDP. In Section IV, we establish the separation principiehe optimal joint design of OSA
with single-channel sensing. Section V extends the saparptinciple to multi-channel sensing

scenarios. Section VI concludes this paper.

[I. NETWORK MODEL

Consider a spectrum that consists/éfchannels €.g., different frequency bands or tones in
an OFDM system), each with bandwidfh, (n = 1,---, N). TheseN channels are licensed
to a slotted primary network. We model the spectrum occupasca discrete-time homoge-
nous Markov process witB" states. Specifically, lef, () € {0 (busy),1 (idle)} denote the
occupancy of channel in slot¢. The spectrum occupancy state (SG%)) 2 [S1(t), ..., Sn(t)]
follows a discrete Markov process with finite state s;ﬁée{o, 1}¥. The transition probabilities
are denoted agls ¢ }ses, Where Py o 2 Pr{S(t) =s'|S(t — 1) = s} is the probability that the
SOS transits frons ESSEio s’ € S at the beginning of slot. Note that the transition probabilities
are determined by the dynamics of the primary traffic. We m&sthat they are known and
remain unchanged it slots.

We consider a secondary ad hoc network whose users indeggndad selfishly exploit
instantaneous spectrum opportunities in th@sechannels. At the beginning of each slot, a
secondary user with data to transmit chooses a set of clsatmsénse. A spectrum sensery,
an energy detector) is used to detect the states of the clubsemels. Based on the sensing

outcomes, the secondary user decides which sensed chaorsisess. Due to hardware and

We assume that the inter-channel interference is negligibhus, a secondary user transmitting over an idle charoes d

not interfere with primary users transmitting over othearahels.
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Fig. 2. The slot structure.

energy constraints, we assume that a secondary user canasghaccess at most(1 < L < N)
channels in a slot. At the end of the slot, the receiver ackexges a successful transmission.
The basic slot structure is illustrated in Fig. 2.

Our goal is to develop an optimal OSA strategy for the secondaer, which sequentially
determines which channels in the spectrum to sense, howsigrdéhe spectrum sensor, and
whether to access based on the imperfect sensing outcoimesleBign objective is to maximize
the throughput of the secondary user during a desired pefiddslots under the constraint that
the probability of collisionP,(t) perceived by the primary network in any channehnd slott

is capped below a pre-determined threshglde.,
Po(t) = Pr{®@,(t) = 1| Su(t) = 0} < ¢, ¥n,t, (1)

where®,,(¢) € {0 (no access)] (access) denotes the access decision of the secondary user.
Remarks:

1) We assume that the transition probabilities of the SOS%aosvn or have been learned. In
Section IV-F, we study the robustness of the optimal OSAgiet a mismatched Markov
model. For the case where the SOS dynamics are unknown, fmiions and algorithms
for POMDP with an unknown model exist in the literature [2#acan be applied to this
problem, but is beyond the scope of this paper.

2) We use theonditionalprobability of collisionP, () in the design constraint and impose the
collision constraint on any channeland slott. This ensures that a primary user experiences
collisions no more thag x 100% of its transmission timeegardless of where and when it
transmits. Note that if the unconditional probability ofllion Pr{®,(t) = 1, S,.(t) = 0}
is adopted, the constraint depends on the traffic load ofggimsers in channels chosen
by the secondary users; primary users who have light tradfa Imay not be as well

protected as those with heavy traffic load.
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3) We assume that secondary users exploit spectrum opji@sundependently and selfishly.
That is, secondary users do not exchange their informatiothe SOS and everyone aims
to maximize its own throughput without taking into consatén the interactions among
secondary users. This assumption is suitable for secoradbihpc networks where there is
no central coordinator or dedicated control/communiceatizannel. The secondary network
can adopt a carrier sensing mechanism to avoid collisionsngntompeting secondary
users as detailed in [13], [22]. We point out that such selfistisions may not be optimal
in terms of network-level throughput. Nevertheless, toigrfulation allows us to focus on

the basic components of OSA and highlight the interactiooragrthem.

IIl. CONSTRAINED POMDP FORMULATION

Integrated in the optimal design of OSA are three basic comapts: a spectrum sensor,
a sensing strategy, and an access strategy. In this segt®mnjevelop a decision-theoretic
framework for the optimal joint design based on the theoryP@MDP. We focus first on
the single-channel sensing case where the secondary usenlyasense and access one channel

in each slot {. = 1). Extensions to multi-channel sensing scenarios arelddtai Section V.

A. Spectrum Sensor

Suppose that channelis chosen in slot. The spectrum sensor detects the presence of primary

users in this channel by performing a binary hypothesis test

Ho : Sp(t) =1 (idle)
2)
vs. Hj: S,(t) =0 (busy)
Let ©,(t) € {0 (busy),1 (idle)} denote the sensing outcomee(, the result of the binary
hypothesis test). The performance of the spectrum sensohamscterized by the PFA,(t)

and the probability of miss detection (PM)(¢):
en(t) 2 Pr{decideH; | H, is true} = Pr{O,(t) = 0| S,(t) = 1}, (3a)
5.(t) 2 Pr{decide™M, | H; is truet = Pr{O,(t) = 1| S,(t) = 0}. (3b)

max

For a given PFA¢,(t), the largest achievable PD, denoted}%’%) (en(t)), can be attained by
the optimal NP detector with the constraint that the PFA idarger thane,(¢) or an optimal
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Bayesian detector with a suitable set of risks [25, Sec1P.2ll operating points(e, §) above
the best ROC curve®?”

D,max

Let As(n)2{(e,6) :0<e<1—-6< P

D,max

the spectrum sensorAs illustrated in Fig. 3, the best ROC cur\lél({?mx achieved by the

are thus infeasible.

(e)} denote all feasible operating points of

optimal NP detector forms the upper boundary of the feassielieAs(n). We also note that
every sensor operating poift,, §,,) below the best ROC curve lies on a line that connects two
boundary points and hence can be achieved by randomizimgebettwo optimal NP detectors
with properly chosen constraints on the PFA [25, Sec. 2.E@i} example, the operating point
(€n,0,) @s shown in Fig. 3 can be achieved by applying the optimal Nectter under the

constraint of PFA< ¢ with probability p = iq%e%) and the optimal NP detector under the

constraint of PFA< ¢? with probability 1 — p. Therefore, the design of spectrum sensor is

reduced to the choice of a desired sensor operating poiAt(in).

0.9 ‘ /

0.8
(n)
PD,max
0.7f
CRR)
0.6

05F
0.4
03 (e,9,)

0.2

Probability of Detection 1 - &

2) (2
(851 )' 551 ) ) All feasible operating points Aé(n)

0.1f

0 L L L L
0 0.2 0.4 0.6 0.8 1

Probability of False Alarm €

Fig. 3. lllustration of the sef\s;(n) of all feasible sensor operating poirs., d»). (65;” =1-p) (eif)), 1=1,2)

D ,max

The design of the optimal NP detector is a well-studied @tapsoblem, which is not the

focus of this paper. Our objective is to define the criterion #he constraint under which the

2Since the two hypotheses in (2) play a symmetric role, we lbasemed, without loss of generality, that the PD is no smalle
than the PFAj.e.,1 — 6 > e.
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spectrum sensor should be designed, equivalently, to findofitimal sensor operating point
(ex(t), 6% (t)) € As(n) to achieve the best tradeoff between false alarm and misstitet. Note
that the optimal sensor operating point may vary with timee(Section V-D for an example.)
As discussed in Section |, if the secondary user completeigts the sensing outcomes
in making access decisions, false alarms result in wastedtrspn opportunities while miss
detections lead to collisions with primary users. To optienihe performance of the secondary
user while limiting its interference to the primary netwpmke need to carefully design the
spectrum sensor by considering its impact on the MAC layeiopmance in terms of throughput
and collision probability. Further, the spectrum accesssitens should be made by taking into
account the sensor operating characteristics. A jointgaest the PHY layer spectrum sensor

and the MAC layer access strategy is thus necessary to acbpimality.

B. Sensing and Access Strategies

In each slot, a sensing strategy decides which channel irspleetrum to sense, and an
access strategy determines whether to access given thiegenmgcomé. Below we illustrate
the sequence of operations in each slot.

At the beginning of slott, the SOS transits t&(¢t) = [Si(¢),...,Sy(t)] according to the
transition probabilities of the underlying Markov proce3$ie secondary user first chooses a
channela(t) € A2 {1,..., N} to sense and a feasible sensor operating peisit), d.(t)) €
As(a(t)). It then determines whether to accekgt) € {0 (no access)] (access) by taking
into account the sensing outcorig (¢) € {0 (busy),1 (idle)} provided by the spectrum sensor
that is designed according to the chosen operating geift), J,(t)). A collision with primary
users happens when the secondary user accesses a busyl.cAanthe end of this slot, the
receiver acknowledges a successful transmissigft) € {0 (no ACK), 1 (ACK)}. We assume
that the ACK is error-fre

3An alternative formulation of the joint design is to combithe spectrum sensor with the access strategy. In this dase, t
access decision is made directly based on the channel neeaeuits. It can be readily shown that this formulation is eajant
to the one adopted here.

“Note that the ACK is sent after the success reception of déeace, the channel over which the ACK is transmitted is

ensured to be idle in this slot.
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C. Constrained POMDP Formulation

We show here that the joint design of OSA can be formulated @matrained POMDP with
states, actions, transition probabilities, observatiamsl reward structure defined as follows.
State Space The system state is given by the SOS of the primary network. State space is
thusS = {0, 1}".

Action Space In each slott, the secondary user needs to decide which channel to sense,
which sensor operating point to choose, and whether to aceegce, the action in the POMDP
formulation consists of three parts: a sensing decigign € A, a spectrum sensor design
(e4(t),04(t)) € As(a(t)), and an access decisidn,(t) € {0,1}.

Transition Probabilities The transition probabilities of the SOS are given ¥, « }, which

are determined by the primary traffic.

Observation Space As will become clear later, optimal channel selection fopayunity
tracking relies on the exploitation of the statistical imf@tion on the SOS provided by the
observation history of the secondary users. To ensure synchs hopping in the spectrum
without introducing extra control message exchange, therstary user and its desired receiver
must have the same history of observations so that they ntakesame channel selection
decisions. Since sensing errors may cause different gemmgitcomes at the transmitter and
the receiver, the acknowledgemefst (1) € {0,1} should be used as the common observation
in each slot.

Reward A nature definition of the reward is the number of bits that bandelivered by the
secondary user, which is assumed to be proportional to taaneh bandwidth. Given sensing

actiona(t) and access actiof,(t), the immediate rewardy, ) can be defined as
Rty = Ka(t)Ba = Sa(t)®a(t) Ba- (4)

Hence, the expected total reward of the POMDP representalbtteoughput, the expected total
number of bits that can be delivered by the secondary usér siots.

Belief Vector Due to partial spectrum monitoring and sensing errors, argiry user cannot
directly observe the true SOS. It can, however, infer the 80 its decision and observation
history. As shown in [5], the statistical information on t8B®S provided by the entire decision
and observation history can be encapsulated in a beliebvadt) 2 {As(t) }ses € II(S), where

As(t) € [0,1] denotes the conditional probability (given the decision afservation history)
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that the SOS is € S at the beginning of slot prior to the state transition, and

1(s) 2 {{)\s}seg A €01, A = 1} (5)

seS

denotes the belief space which includes all possible piibtyamass functions (PMF) on the
state spac§&. Given belief vectorA(t), the distribution of the system statf¢) in slot ¢ after
the state transition is then given by

Pr{S(t) =s} =Y A«(t)Pus, Vs€S. (6)

s'es

Policy A joint design of OSA is given by policies of the above POMDPeSifically, a sensing
policy 7, specifies a sequence of functions, each mapping a beliebrvaAct) < T1(S) at the
beginning of slott to a channek(t) € A, to be sensed in this slot, = [us(1), ..., us(T)],
where p(t) : II(S) — A,. Since the optimal policy for a finite-horizon POMDP is geailsr
non-stationary, functiongu(¢)}Z_, are not identical. Similarly, a sensor operating policy
specifies, in each slat a spectrum sensor desige,(¢), d,(t)) € As(a(t)) based on the current
belief vectorA(t) and the chosen channglt). An access policyr. specifies an access decision
d,(t) € {0,1} in each slott based on the current belief vectar(t) and the sensing outcome
O,.(t) € {0,1}.

The above defined policies are deterministic. For uncomsttaPOMDPs, there always exist
deterministic optimal policies. For constrained POMDPswéver, we may need to resort to
randomized policies to achieve optimality. A randomizedsseg policyr, defines a sequence
of functions, each mapping a belief vectA(t) to a PMF on the sef\, of channels, and a
randomized sensor operating poligcy defines the mapping from (¢) to a probability density
function (PDF) on the sef\s(a(t)) of feasible sensor operating points. A randomized access
policy 7. mapsA(t) and sensing outcom@,(¢) to a transmission probability in each slotin
other words, the actions chosen in a randomized policy arkatmility distributions. Due to the
uncountable space of probability distributions, randadipolicies are usually computationally
prohibitive.

Objective and Constraint We aim to develop the optimal joint design of OSA;, %, 7
that maximizes the expected total number of bits that candbeeded by the secondary user

(i.e., the expected total reward of the POMDP)Tinslots under the collision constraint given in
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(2):

T

Z Ric, )

t=1

S.LP,(t) = Pr{®,(t) = 1] Su(t) =0} < ¢, Va,t,

A1)

* * *
{ms, 7%, 7} = arg max Efrsmsme}

T§5,TsyTe

(7)

whereE., . -, represents the expectation given that polidies 75, 7.} are employedF,(t)

is the probability of collision perceived by the primary wetk in chosen channel(t) and slot
t, and A(1) is the initial belief vector, which can be set to the statigndistribution of the
underlying Markov process if no information on the initiaDS is available.

We consider in (7) the non-trivial case where the conditiarddlision probability P,(t) is
well-defined,i.e., Pr{S,(t) = 0} > 0. Note thatPr{S,(t) = 0} = 0 (or 1) implies that the
system state5, (¢) is known based on the current belief vectbft). In this case, the optimal
access decision is straightforward, and the design of tketspn sensor becomes unnecessary

since the channel state is already known.

V. SEPARATION PRINCIPLE FOROPTIMAL OSA

In this section, we solve the constrained POMDP given in ¢7plbtain the optimal joint
design of OSA. Specifically, we establish a separation ppiachat reveals the optimality of
deterministic policies and leads to closed-form optimaligle of the spectrum sensor and the
access strategy. It also allows us to characterize quaweitathe interaction between the PHY

layer sensor operating characteristics and the MAC layeeszcstrategy.

A. Optimality Equation
The first step to solving (7) is to express the objective ardctinstraint explicitly as functions

of the actions. We establish first the optimality of deteristio sensing and sensor operating

policies, which significantly simplifies the action space.

Optimality of deterministic policies In Proposition 1, we show that it is sufficient to consider
deterministic sensing and sensor operating policies irofitamal joint design of OSA.
Proposition 1: For the optimal joint design of OSA given by (7), there existedministic
optimal sensing and sensor operating policies.
Proof: The proof is based on the concavity of the best ROC curve amdattt that the

collision constraint is imposed on every channel. See @etaiAppendix A. (1]
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As a result of Proposition 1, the secondary user needs tosehdon each sl8f a channel
a € A to sense, a feasible sensor operating p@intd,) € As(a), and a pair of transmission
probabilities(f,(0), f.(1)), where

£.(0) 2 Pr{d, = 1|0, = 6} € [0,1]

is the probability of accessing channetjiven sensing outcom@, = 6 € {0,1}. The composite
action space is then given by

A2 {(a, (¢a,0a), (£a(0), fa(1)) @ € Ay, (€0, 0) € Ag(a), (fa(0), fu(1) € (0,12} (8)
Objective function Let V;(A(t)) be the value function, which represents the maximum exgecte
reward that can be obtained starting from gldil < ¢t < T') given belief vectorA(¢) at the
beginning of slot. Given that the secondary user takes actioa {a, (€., d.), (f2(0), fo(1))} €
A and observes acknowledgemdii = k, the reward that can be accumulated starting from
slott consists of two parts: the immediate rewdtd, = kB, and the maximum expected future

rewardV; ., (A(t + 1)), where
Alt+1) 2 D5+ 1) dees = T(A() | A k)

represents the updated knowledge of the SOS after incdimpgrie actionA and the acknowl-
edgement: in slot¢. Averaging over all possible statess S and acknowledgementse {0, 1}

and maximizing over all actiond € A, we arrive at the following optimality equation

A€A

1
=max > > Ae(t)Pus > Usk(A) [kBa + Via (T(A(t) [ A K))], 1<t<T,
k=0

seS s’eS
(9a)
V(A rﬁ(% 2 A (t) Py sUs1(A) By, (9b)
sE€S s’'e

where) " s Ay (t) Py s is the distribution of the SOS in slot(see (6)), and/s ;(A) 2 Pr{K, =
k|S = s} is the conditional distribution of the acknowledgementegivcurrent state and

action A. SinceK, = 5,®,, the conditional distributiori/s ,(A) of the acknowledgement can

5Time indext will be omitted for notation convenience.
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be calculated as

Usi(A)2 Pr{K,=1|S=s} =Pr{S,=1|S =s}Pr{d, =1|S =55, = 1}
= 1[s,=1] Z Pr{0, = 0|S = s} fu(0) = sal€afa(0) + (1 — €a) fa(1)], (10a)
0=0

Us,(](A) =1- US,1<A)7 (10b)

wherelp,; is the indicator function andr{S, = 1|S = s} = 1j,,—1) is given by the occupancy
states, of channela. Applying Bayes’ rule, we obtain the updated belief veciot + 1) =
T(A(t)| A k) as

Pwes v (1) PosUsi(4)
D ses 2wes s (1) Por sUs k(A)”
We see from (11) that by adopting the acknowledgeniénas their observation, the transmitter

As(t+1) =

s€S. (11)

and the receiver will have the same updated belief ve&tor+ 1), which ensures that they tune
to the same channel in the next slot.

Note from (9) that the actiom = {a, (€,,0.), (f.(0), fo(1))} taken by the secondary user
affects the expected total reward in two ways: it acquiresnamediate rewardRy, = kB,
and transforms the current belief vectdft) to a new oneA(t + 1) = 7 (A(t)| A, k) which
determines the future rewand (7 (A(t) | A, k)). Hence, the function of the secondary user’s
action is twofold: to exploit immediate spectrum opporti@s and to gain information on the
SOS (characterized by belief vectar(t + 1)) so that more rewarding decisions can be made
in the future. As a consequence, the optimal joint design 8AGhould achieve the tradeoff
between these two often conflicting objectives. Myopic @ek that aim solely at maximizing
the instantaneous throughpute(, the expected immediate reward) without considering future

consequences are generally suboptimal.

Collision Constraint The collision probabilityP,(¢) is determined by the sensor operating
point (e, §,) and the transmission probabiliti¢g, (0), f.(1)):

P,(t) £ Pr{®,(t) = 1] Sa(t) = 0}

1
> Pr{6,=0]S, =0} Pr{®, =1|0,=0,5, =0}
0=0

(1 - 5a)fa(0> + 5afa<1) < C (12)
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In principle, by solving (9) recursively (starting from thast slot7” using (9b)) under the
constraint of (12), we can obtain the maximum overall thiqug V;(A(1)) of the secondary
user and the corresponding policies!, 7;, 7 }. However, (9) is generally intractable due to the

uncountable action spacde

B. The Separation Principle

Theorem 1:The Separation Principle for OSA with Single-Channel Sensing

The joint design of OSA given (@) can be carried out in two steps without losing optimality.

« Step 1. Choose the sensor operating policy and the access policyt, to maximize
the instantaneous throughput subject to the collision trairg. Specifically, for any cho-

sen channek, the optimal sensor operating poiitt’, d}) and transmission probabilities
(f2(0), f3(1)) are given by

(€0 (0L 0D} =arg max B[ Rio| Al)]

(fa(0),fa(1))€[0,1]?
= arg max €afa(0) + (1 —€,) fu(1) (13a)
(car0a)EAs(a)
(£a(0),fa(1))€[0,1]?

s.t. Py(t) = (1= da)fa(0) + dafa(1) < C. (13Db)

. Step 2: Using the optimal sensor operating and access psligi;, 7} given by (13),
choose sensing policy to maximize the overall throughmeci@ically, the optimal sensing

policy 7¥ is given by
T

Z R, )

t=1
Proof: The proof is based on the convexity of the value funcfiGf\ (¢)) with respect to

7, = argmaxE,, A(1) (14)

the belief vectorA(¢) and the structure of the conditional observation distidngUs ,(A). See
Appendix B for detalils. (1]
The separation principle simplifies the optimal joint desigf OSA in two ways. First, it
reveals that myopic policies, rarely optimal for a gener@MDP, are optimal for the design
of the spectrum sensor and the access strategy. We can ttais tite optimal spectrum sensor
(e:,8%) € As(a) and the optimal transmission probabilitieg; (0), £2(1)) € [0, 1]*> by solving

a static optimization problem given in (13). This allows wscharacterize quantitatively the

interaction between the spectrum sensor and the accessggti@s given Proposition 2 and to
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obtain the optimal joint design in closed-form as given iredtem 2. While the proof is lengthy,
there is an intuitive explanation for this apparently sisipg. We note that upon receiving the
ACK K, =1, the secondary user knows exactly that the chosen chanii¢idHowever, when
K, = 0 (no packet is received), the secondary receiver cannowtedther the chosen channel
is busy or not accessed. Hend€, = 1 provides the secondary user with more information
on the current SOS. We also note that accessing the chosenethmaximizes not only the
instantaneous throughput but also the chance of receivorg mformative observatiok’, = 1.
Hence, getting immediate reward and gaining informationni@re rewarding future decisions
are no longer conflicting here.

Second, the separation principle decouples the desigreadehsing strategy from that of the
spectrum sensor and the access strategy. Furthermordda®the design of the sensing strategy
from a constrained POMDP (7) to an unconstrained one withefiaction space (14). This is
because the sensor operating points and the transmissibalplities determined by (13) have
ensured the collision constraint regardless of chann&ctehs. The optimal sensing policy
is thus obtained by maximizing the overall throughput withany constraint. Unconstrained
POMDPs have been well-studied. The optimal sensing poligy thus be readily obtained by

using computationally efficient solution procedures in{8].

C. Interaction between the PHY and the MAC Layers

Before solving for the optimal sensor operating and accessigs, we study the interaction
between the PHY layer spectrum sensor and the MAC layer actestegy.

We note that when the spectrum sensor at the PHY layer is gthenseparation principle
still holds for the design of the sensing and access stegedihe optimal access strategy for a
given spectrum sensor can thus be obtained.

Proposition 2: Given a chosen channeland a feasible sensor operating poit,, ¢,), the

optimal transmission probabilitiegf;(0), (1)) are given by

a

(21), 6, <,
(f2(0), f2(1)) = 4 (0, 1), b0 = C, (15)

(07 é)? 5(1 > C
Proof: The proof is based on the separation principle (13) and tbetfat all feasible
operating points lie above the line— §, = ¢,. See details in Appendix C. (11
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As seen from Proposition 2, randomized access policies ezessary to achieve optimality
when §, # (. Moreover, Proposition 2 quantitatively characterizes tmpact of the sensor
performance), on the optimal access strategy’(0), f(1)). As illustrated in Fig. 4, the set
As(a) of feasible sensor operating points can be partitionedtimtoregions: the “conservative”
region ¢, > () and the “aggressive” region < ¢). Whend, > ¢, with high probability,
the spectrum sensor detects a busy channel as iidled miss detection occurs). Hence, the
access policy should be conservative to ensure that thisioallprobability is capped belo.
Specifically, even when the sensing outcafe= 1 indicates an idle channel, the secondary user
should only transmit with probabilitx% < 1. When the channel is sensed as basy= 0, the
user should always refrain from transmission. On the otladhwhens, < ¢, the probability
of false alarm is high; the spectrum sensor is likely to a@kl an opportunity. Hence, the
secondary user should adopt an aggressive access poli@ysatransmit when the channel is
sensed as idle and transmit with probabiﬁg% > (0 even when the sensing outcome indicates a
busy channel. Whe#, = ¢, the access policy is to simply trust the sensing outcole= ©,.

We will show in Section IV-D that the splitting poirt, = ¢ on the best ROC curv@gfznax IS

the optimal sensor operating point.

// 1 | da < ¢: aggressive

Yy

Optimal ©,=0 |

091
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I
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I
I
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dq > (: conservative
0.4

0.3
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0.1

|
|
|
|
0.2 ! 1
|
|
|
|

O 1 1 1 1 \(
0 0.2 0.4 0.6 0.8 1
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Fig. 4. lllustration of conservative and aggressive region
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As a counterpart of Proposition 2, we study the impact of th&CMayer access strategy on
the design of spectrum sensor in Proposition 3.

Proposition 3: Consider a chosen channelnd transmission probabiliti€s,(0), f.(1)).

o If £,(0) < fu.(1) and f,(0) < ¢, the optimal spectrum sensor is given by the optimal NP
detector with constrainf, < % on the PM.

o If f,(0) > f,(1) and f,(1) < ¢, the optimal spectrum sensor is given by a randomized
detector which detects the channel as busy with proba%ﬁ@% regardless of channel
measurements.

« Otherwise, the collision constraint can not be satisfied iy spectrum sensor.

Proof: See Appendix D. (117

For example, in the case whefg(0) < f,(1) and f,(0) < ¢, we see that a more restrictive

NP constraint should be used in the spectrum sensor design the transmission probability
fa(1) is large. This agrees with our intuition that when the acqedgy is aggressive under
O, = 1 (channel is sensed as idle), the spectrum sensor shouldahbwe PM (.e., be less

likely to detect a busy channgl, = 0 as idle©, = 1) to avoid excessive collisions with primary

users.

D. Optimal Joint Design of Spectrum Sensor and Access Policy

Optimizing (15) over all feasible sensor operating points,obtain an explicit optimal design
for the spectrum sensor and a closed-form deterministiengptaccess policy in Theorem 2.

Theorem 2: For any chosen channgh any slot, the optimal sensor should adopt the optimal
NP detector with constrainf’ = ( on the PM. Correspondingly, the optimal access policy is to
trust the sensing outcome given by the spectrum sensorfj@) = 0 and f;(1) = 1.

Proof: The proof of Theorem 2 exploits the convexity of the det of feasible sensor
operating points, which follows directly from the concaviif the best ROC curve [25]. See
Appendix E for detalils. (111

We find that the optimal sensor operating point coincides whe splitting point)} = ¢ of
the “conservative” region and the “aggressive” region om lest ROC curve (see Fig. 4). This
indicates that abv! = ¢, the best tradeoff between false alarm and miss detecti@achggeved
and the access policy does not need to be conservative aessgr. We thus have a simple and

deterministic optimal access policy: trust the sensingaue®, = 0, i.e., access if and only
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if the channel is sensed to be available. Summarized belewther properties of the optimal
sensor operating and access policies given in Theorem 2.
Properties 1: The optimal spectrum sensor design and thienaptaccess policy are
P1.1 time-invariant and belief-independent
P1.2 model-independent

As a result of P1.1, the spectrum sensor can be configureltheffand there is no need to
calculate and store the optimal transmission probatsliteading to significant reduction in both
implementation complexity and memory requirement. Theosdgroperty is that the optimal
design of the spectrum sensor and the access strategy dbesgnoe the knowledge of the
transition probabilities of the underlying Markov proceSece the probability of collision (12)
is solely determined by the sensor operating and accessgmIP1.2 indicates that the collision
constraint on the joint OSA design can be ensured regardfetbe accuracy of the Markovian
model used by the secondary user. In other words, the primeinyork is not affected by the
inaccurate model adopted by the secondary user. Model rtebhnoaly affects the performance

of the secondary user (see Fig. 8 for a simulation example).

E. Optimal Sensing Policy

As revealed by the separation principle, the optimal sgngolicy can be obtained by solving
an unconstrained POMDP with finite action spaktg Specifically, by applying the optimal
spectrum sensor design and the optimal access policy givdineéorem 2 to (9), we simplify

the optimality equation as

1
maxZZ)\ Pys Y Us(@)[kBy+ Ve (T(A(t) |a. k)],  1<t<T,
achs seS s'cS k=0
(16a)
Vr(A maAXZ > Ag(t)Pe sUsk(a)B,. (16b)
ac
seS s’eS

By applying f(0) = 0 and f}(1) = 1 to (10), we obtain the conditional observation probability
Usi(a) as
Us,l(a> = Sa(l - 6:)7 Us,0<a) =1- Us,1<a)7 (17)

wheree€} is the PFA associated with the PD— §* = 1 — ¢ on the best ROC curvé’g’max

The updated belief vectdr (A(t) | a, k) can be obtained by substitutirig ,(A) in (11) with
USJg(CL).
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It is shown in [5] that the value function of an unconstraif®®MDP with finite action space
is piece-wise linear and can be solved via linear progrargmitie can thus use the existing
computationally efficient algorithms [6]-[8] to solve (Qrfthe optimal sensing policy.

Although myopic sensor operating and access policies arersho be optimal for the joint
design of OSA (see the separation principle), myopic senpulicy is suboptimal in general.
Interestingly, it has been shown in [26] that the myopic sengolicy is optimal when the SOS
evolves independently and identically across channelsen\the channel occupancy states are

correlated, the myopic approach can serve as a suboptirtdiosowith reduced complexity.

F. Simulation Examples

Here we provide simulation examples to study differentdecthat affect the optimal joint
design of OSA. We consideN = 3 channels, each with bandwidtB, = 1. While the
separation principle applies to arbitrarily correlatedSS@e consider here the case where the
SOS evolves independently but not identically across thiesse channels for simplicity. As
illustrated in Fig. 5, the SOS dynamics are given by the tt'mmsprobabilitieSaé [, g, ag)
and ﬁé (01, B2, B3], wherea,, denotes the probability that channetransits from stat® (busy)
to statel (idle), and 3, denotes the probability that channelstays in statel. In all figures,
the transition probabilities are given ey = [0.2,0.4,0.6] and 8 = [0.8,0.6,0.4]. We assume
that they remain unchanged ih= 10 slots. The maximum allowable probability of collision is
¢ = 0.05. We use the normalized overall throughpagt{A(1))/7, where A(1) is the stationary
distribution of the SOS, to evaluate the performance of thinwal OSA design.

Fig. 5. The Markov channel model.

To illustrate the interaction between the PHY layer spentsensor and the MAC layer access
policy, we consider a simple spectrum sensing scenario evtitex background noise and the
primary signal are modeled as white Gaussian processesr.i!ﬁmnd 0271 denote, respectively,

the noise and the primary signal power in channeht the beginning of each slot, the spectrum
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sensor takes\/ independent measuremem’slé [Yo1,..., Y, ] from chosen channel and

performs the following binary hypothesis test:

Ho(Sn = 1) : Yn ~ N<OM>0}2L7()IM)7
(18)
VS. Hl(Sn = 0) : Y, ~ N(OM, (0’271 + O'?L’O)I]\/j),

where N'(0,,0%1,,) denotes thel/-dimensional Gaussian distribution with identical mean 0
and variancer? in each dimension. An energy detector is optimal under thechNtrion [25,
Sec. 2.6.2]:

M
1Yalla =Y Y2 272 n,. (19)
=1

The PFA and the PM of the energy detector are given by [25, &é2]:
5n=7<M L) enzl—v(M %)7 (20)

27 2<U12@,0+‘772L,1) 2’ 2072%0

where~y(m,a) = ﬁfo" tm~le~tdt is the incomplete gamma function. The optimal decision
thresholdn; of the energy detector is chosen so that= (. Unless otherwise mentioned, we
assume that/ = 10, 0., = o5 = 0 dB, ando; ; = o7 = 5 dB for all channels: = 1,..., N.

1) Impact of Sensor Operating Characteristidsig. 6 shows the impact of sensor operating
characteristics on the secondary user’s throughput andptaal access policy. The upper figure
plots the maximum throughptf (A(1))/7 vs. the PMj. The optimal transmission probabilities
(fx(0), fx(1)) are shown in the middle and the lower figures, respectively.cah see that the
maximum throughput is achieved & = ( = 0.05 and the transmission probabilities change
with 6 as given by Theorem 2. Interestingly, the throughput cusveancave with respect to
0 in the “aggressive” regiond(< () and convex in the “conservative” region (> (). The
performance thus decays at a faster rate when the sensaatiogepoint drifts toward the
“conservative” region. This suggests that miss detectamesmore harmful to the OSA design
than false alarms.

2) Impact of the Number of Channel Measuremeritsthis example, we study the tradeoff
between the spectrum sensing time, which determines oruthéer)\/ of channel measurements
taken by the spectrum sensor, and the transmission timeéngrakore channel measurements
can improve the fidelity of the sensing outcome but will regltite data transmission time and
hence the number of transmitted bits. We are thus motivadestudy the throughput of the
secondary user as a function bf for different maximum allowable probabilities of collisia .

We assume that each channel measurement take3”% of a slot time. The transmission time
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Fig. 6. The impact of sensor operating characteristics enpdgrformance of the optimal OSA design.

is thus given byl — Mc¢ = 1—0.05M. Assuming that the number of bits that can be transmitted
by the secondary user is proportional to both the channedwiaith and the transmission time,
we modify the immediate reward (4) of the POMDP Ry, = (1 — Mc¢)K,B,.

Fig. 7 shows that the throughput of the secondary user iseseand then decreases with
the numberM of channel measurements. Note that the PM is a function ohtimberM/ of
channel measurements and the detection thresfjodd the energy detector (as seen from (20)).
When the PM is fixed to bé' = ( according to the separation principle, the detection tioles
n: increases with)/, and hence the PFA: decreases withl/. As a consequence, wheW
is small, the throughput of the secondary user is limitedH®y large PFA. On the other hand,
when M is large, the PFA is reduced at the expense of less trangmisisne in each slot,
which also leads to low throughput. We also observe that fitenal number)* of channel
measurements at which the throughput is maximized degeagk the maximum allowable

collision probability(. The reason behind this observation is that the #Mncreases with]
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Fig. 7. The impact of the number of channel measurements epehformance of the optimal OSA design.
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and hence less measurements are required to achieve thePs#@m@s seen from (20)).

Fig. 8. The impact of mismatched Markov model on the perfarcaeaof the optimal OSA strategy.
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3) Impact of Mismatched Markov Modele have assumed that the secondary user has
perfect knowledge of the transition probabilities of thelerying Markov model. The transition
probabilities learned by the secondary user, however, naa lerrors. Suppose that the true
transition probabilities are given by and 3. The secondary user employs the optimal OSA
design based on inaccurate transition probabilitiésand 3'. In the upper half of Fig. 8, we
plot the relative throughput loss as a function of the redéatstimation errolr in transition
probabilities, wherel = % x 100% = ﬁv’bﬁ;f” x 100%. Note that whenV = 0, the secondary
user has perfect knowledge of the transition probabiliaesl hence achieves the maximum
throughput. Inaccurate knowledge can cause performarge We observe that the relative
throughput loss is below% even when the relative error is up 20%. In the lower figure, we
examine the probability of collision perceived by the prignaetwork. We see that the probability

of collision is not affected by inaccurate transition prbitiies, which confirms P1.2.

V. OSAWITH MULTI-CHANNEL SENSING

In this section, we address the joint design of OSA in the edsere multiple channels can
be sensed and accessed simultaneously in eachistetl)). We focus on the extension of the

separation principle developed in Section IV.

A. Optimal Joint Design

Within the POMDP framework presented in Section I, we fidggscribe the three basic
components of OSA with multi-channel sensing and then dahe optimality equation.

1) Spectrum SensorSuppose that a sed(t) C {1,..., N} of channels is chosen in slot
where|A(t)| = L > 1. The spectrum sensor performaary hypothesis test:

Ho: Sa(t)=1[1,1,...,1],

Hi: Sa(t)=1[0,1,...,1], 21)

HZL—I . S_A(t) = [0,0, .. .,0],

where SA(t)é{Sn(t)}neA(t) € {0,1}* denotes the occupancy states of the chosen channels
A(t) in the current slot. Thea priori probabilities of these hypotheses can be learned from the

observation and decision history, which is characterizethk belief vector. For example, given
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current belief vectorA(¢) and chosen channel4(t), thea priori probability of H, in this slot
is given by

Pr{Ho} => > M()Pus [[ Lpuzu- (22)
)

s€S s’eS nCA(t
This indicates that how sensor and access information atMth€ layer can be used in the
design of the spectrum sensor at the PHY layer.

Let @A(t)é{@n(t)}neA(t) € {0,1}F denote the sensing outcomes. Sensing errors occur if
the spectrum sensor mistakes one hypothesis for anote® 4(t) # S(t). Since there are
total 2¢ hypotheses, the performance of the spectrum sensor canebiieh by a set€(t) of

2L(2L — 1) error probabilities:
E(t) 2 {Pr{detectH, | H, is true} : 0 < 4,j < 2 — 1,i # j}. (23)

The optimal design of the spectrum sensor should achiewladff among thes#" (2~ —1) error
probabilities. LetA!"™ (A) include all sets of achievable error probabilities. A sensperating
policy specifies, in each slat a feasible sensor operating poing(, a set of achievable error
probabilities)E (t) € A((SL) (A(t)) based on the current belief vectdft) and the chosen channels
A(t).

2) Sensing and Access Policieat the beginning of each sldt a sensing policy specifies a
set A(t) € AL é{A C {1,...,N},|A| = L} of channels to be sensed based on the current
belief vectorA(t) € II(S). Based onA(¢) and the imperfect sensing outcom@s,(¢) given
by the spectrum sensor, an access policy decides whethercéssab 4(t) 2 {®n(t) bneaw €
{0,1}*. At the end of slott, the receiver acknowledges every successful transmis3ioa
acknowledgments.g., the common observation of the transmitter and the recearerdenoted
by Ka(t) 2 {K, () neaw € {0,1}5, where K, (t) = S,(t)®,(t). Given observationds 4(t)
and sensing actionl(t), the secondary user obtains an immediate rewagd :

R,y = Y _ Knu(t) B, (24)
neA

3) Optimality Equation:In a similar fashion as Section Ill, we can formulate the gt
design of OSA with multi-channel sensing as a constrainetBR We can also show that
Proposition 1 holdsi.e., it is sufficient to consider deterministic sensor operatmgl sensing
policies for the optimal design of OSA with multi-channehsing. Therefore, in each slot, the

secondary user needs to make the following decisions: wdetl € AL of channels to sense,
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which sensor operating poirdt € AE;L)(A) to choose, and which sét‘é{fn(e)} neA  Of
6c{0,1}*
transmission probabilities to use, where

£.(0) = Pr{®, =1|©4 =0} € [0,1]

is the probability of accessing chosen channglven belief vector and sensing outcof@g = 6.

The composite action space is denoted by
AP = ({A,6,F}: Ae AP £ e AP (A), F e [0,1)%"}.
We can obtain the optimality equation and the design constes

VA@) = max S S NOPs > UL (4)

A={A£,FreAd)

seS s’eS ka€{0,1}L
X [Ri, + Vit (T(A() | A k)], 1<t<T, (25a)
Vr(AT) = max > S A(OPvs Y. UN (AR, (25b)

A={AE AL)
{A7 7.7'—}6 seS s’eS kAE{O,l}L

SLP.(t) = D hsys.(sa]0)les,(0alsa) fu(64) < ¢ Vot (25c)

0.4,54€{0,1}L

wherehsg s, (54 |7) 2 Pr{S4 =s4| S, =i} is the conditional distribution of channel occupancy
statesS 4 given current belief vector\(t), l@A|SA(0A|sA)é Pr{®4 = 04|S4 = sa} is
the error probability determined by the current sensor atpgy point&, and the conditional

distribution Us(i)A(A) of observationK 4 can be calculated as

"o

s, k4

(A)2 Pr{K,=ka|S =5}

= Y louysi0alsa) [[ PriK, = ki |©u= 04,84 =54}

0 4{0,1}F ncA (26)
= Y lousa(0alsa) [T Ensnfu(0.4) + (1= kn)(1 = sufu(0.4))].
0 4c{0,1}F neA

The updated belief vectdr (A(t) | A,k4) can be obtained by substituting (26) into (11).

In principle, the optimal decision$.A*,£*, F*} in each slot can be obtained by solving
(25) recursively. However, without any structural resuts this constrained POMDP, (25) is
computationally prohibitive. A natural question here isetlfer there exists a separation principle
similar to Theorem 1 that can be used to simplify the optinesign of OSA with multi-channel

sensing.
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B. Separation Principle

We show that under certain conditions, the separation ipte@stablished for the single-
channel sensing case can be applied in the multi-channsingeacenarios.

Theorem 3: When the spectrum sensor and the access policdesigned independently
across channels, the separation principle developed inofiére 1 is valid for optimal OSA
design with multi-channel sensing. In this case, the ogtspactrum sensor adopts the optimal
NP detector with PM equal tg, which detects the occupancy of a chosen channel by using the
measurements from this channel, and the optimal accesside@n a chosen channel is to trust
the sensing outcome from this channel. The optimal senshgypcan be obtained by solving
an unconstrained POMDP.

Proof: The proof is built upon that of Theorem 1. See Appendix F. (117

We emphasize that the extension of the separation prinmpteulti-channel sensing scenarios
is based on the condition that the spectrum sensor and tlessapolicy are designed indepen-
dently across channels. Specifically, we assume that thepaocy of a channel is detected
independently of the measurements taken from other charavel the access decision on a
channel is made independently of the sensing outcomes ftber ohannels. Intuitively, in this
case, the design of spectrum sensor and access policy famtittechannelL > 1 sensing
case can be treated asindependent design problems, one for each chosen chanmeteHthe
optimal design for the single-channel case can be exterwéd> 1.

Theorem 3 provides sufficient conditions under which theigitegiiven by the separation
principle (referred to as the SP approach for simplicitypjgimal. In Proposition 4, we show
that the SP approach is locally optimale(, maximizes the instantaneous throughput) under
certain relaxed conditions.

Proposition 4: Suppose that the spectrum sensor is desigreEpendently across channels
while the access policy jointly exploits the sensing outgofrom all channels. The SP approach
is locally optimal when channels evolve independently.

Proof: See Appendix G. (1]

It may sound plausible that the SP approach is (globally)jnmgdt when channels evolve
independently since in this case the sensing outcomes dependent across channels and
independent access decisions seem to suffice. Intergstouginter examples can be constructed

to show that introducing correlation among access dea@sammoss channels can improve the
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overall throughput. The rationale behind this is that thetjaccess design enables the secondary
user to trade the immediate access to “bad” chanrmets,Ehannels with small bandwidth) for
information on the occupancy states of “good” channeldjifeato potentially more rewarding
future decisions. Specifically, as noted in Section IV-Be #econdary user cannot distinguish
a busy channel, = 0 from the decision of no access, = 0 when observingk, = 0.
However, if the access decisidr, on channeln # n is correlated with®,,, then we can infer
the occupancy state of channelfrom both K,, and K,,. That is, by sacrificing the immediate
access to channeh with small bandwidth, we can obtain more information on tlceupancy

state of channeh.

C. Heuristic Approaches to Exploiting Channel Correlation

While simplifying the design of OSA with multi-channel seamg the condition that the
spectrum sensor and the access policy are designed indagbnecross channels can cause
throughput degradation since the correlation among chauoeipancies is ignored. We propose
two heuristic approaches to exploit the channel corratatome at the PHY layer and the other
at the MAC layer.

1) Exploiting Channel Correlation at the PHY LayeWhen the occupancy states are cor-
related across channels, we have correlated channel reezsuis at the PHY layer. Hence,
the measurements at all chosen channels should be joinplpited in spectrum opportunity
identification. With this in mind, we propose a heuristicidasof the spectrum sensor: it performs
L binary hypothesis tests, one for each chosen channel, mg @i channel measurements
and adopting the optimal NP detector with PM equal(toe point out that, different from
the SP sensor, the proposed spectrum sensor perfore@mposite hypothesis tests since it
uses all channel measurements and the occupancy statetesf abtannels are unknown in
each hypothesis test. Hence, the structure of the optimati&®ctor adopted by this heuristic
sensor relies on the joint distribution of the channel oengy states, which is given by the
belief vector (see Section V-D for an example). That is, thectrum sensor design is affected
by the observation and decision history and thus varies witie. As illustrated in Fig. 9,
the performance of this spectrum sensor improves over tiggylting from more informative
distribution of the SOS obtained from accumulating obstoma. Note that the design of this

spectrum sensor is much simpler than feary hypothesis test given in (21).
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Based on the sensing outcomes given by this sensor thatisxpi@asurements from all
chosen channels, access decisions are made independenathg @hanneld,e., access if and
only if a channel is sensed as idle. We refer this approacha®HY layer approach.

Proposition 5: Suppose that the access policy is desigrnebendently across channels while
the spectrum sensor jointly exploits the measurements thien all chosen channels. The PHY
layer approach is locally optimal. When channels evolveepghdently, the PHY layer approach
reduces to the SP approach.

Proof: See Appendix H. (1]

Note that the PHY layer approach is locally optimal even whlannels are correlated.

2) Exploiting Channel Correlation at the MAC LayeYWhen channel occupancies are corre-
lated, so are the sensing outcomes given by the spectrurarséfesice, the channel correlation
can also be exploited at the MAC layer by making access aeEgointly across channels. A
heuristic MAC layer approach is to adopt the spectrum seaktine SP approach,e., detects
the occupancy state of a channel by using only the measutenoérthis channel, and then
choose the access policy that exploits sensing outcomas dibchosen channels to maximize
the instantaneous throughput. Specifically, for given ehashannelsd € A, and belief vector

A(t) in slott, we choose transmission probabiliti€s= {f,(0.4)} nea € [0,1]%2" as follows
GAE{O,I}L

F=arg max E[Rk,|A(t)] (27a)
Felo,1)L2"
=arg max BPrK—largmax B, Pr{®,S5, =1
Felo,1]L2k Z t J FeAD ,;4 t J

—arg max ZB Pr{S, =1} Y hsys.(sal1)les,(04]s4) f.(0.4) (27b)

L2l
Felo] 0.4,54€{0,1}L

st Pu(t) = Y hsys,(s4]0)le,s,(0a]54) fu(64) < ¢, Vn € A, (27¢)

0A75A€{071}L

where the conditional probabilitys ,|s, (s4 | %) (: = 0, 1) of the current channel occupancies
and the sensing error probability ,s , (6.4 |s4) are defined below (25).

The access policy given in (27) can be obtained via lineagmmming. Proposition 6
shows that this MAC layer approach is equivalent to the SRagmh when the SOS evolves
independently across channels. This agrees with ourimtuitat when channels are independent,
so are the sensing outcomes from the chosen channels. Hadependent access decisions

perform as well as the joint one in terms of instantaneousutinput.
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Proposition 6: Suppose that the spectrum sensor is desigriEpendently across channels
while the access policy jointly exploits the sensing outinom all chosen channels. When
channels evolve independently, the MAC layer approachoeslto the SP approach and hence
is locally optimal.

Proof: See Appendix G. (111

D. Simulation Examples

Next, we study the performance of the SP, the PHY layer, aadAAC layer approaches. Note
that these three approaches differ in the spectrum sendatharaccess policy. We can employ
any sensing policy to compare their performance. For soipliwe consider a myopic sensing
policy that chooses the set of channels to maximize the expected instantaneous thpauigh

under perfect sensinge., for given belief vectorA(¢) in slot ¢,
A = arg ﬁlggan Pr{S, =1}. (28)

We adopt the model of Gaussian noise and Gaussian primarglgigscribed in Section IV-F.
In this case, the spectrum sensor of the SP approach empiogseagy detector given in (19).
The detection thresholg, of the energy detector is chosen so that the PM is fixegd at

Using the measuremenfY ,, },. 4 from all chosen channels, the sensor employed by the PHY

layer approach performs a composite hypothesis test fdr elagsen channel:
Ho(Sn = 1) . Yn ~ N(OJ\/[, U?L,OIM)v

Yo, ~ N (O, (07,0 + Lis—00m1)Inr),  ¥m € A\{n} 29
Hl(Sn = 0) : Yn ~ N(OJ\/[, (0'571 + 0'72170)11\4),

Y. ~ N (O, (02,0 + Lis,=00m 1)), Vm € A\{n}.
Note that the distribution of the measurements under eapbthgsis depends on the distribution
of the current channel occupancy stafes= {5, }.c4, Which is given byhgg, (s 4| ¢) (defined
below (25)) and can be calculated from the current beliefore&(t). In this case, the optimal
NP detector for (29) is given by a likelihood ratio test [2®cS2.5]:

ZSAE{O,I}L hSA\Sn (SA | 0) HmeA p(Ym|Sm = Sm) 2%1) ™. (30)

> sacionyt sa1s. (54l 1) [T a P(Yon|Sm = sim)
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wherehg)s, (s4|0) = 0 whens, # 0 andp(Y,|S, = s,) is the PDF of independent Gaussian

channel measuremenys,,:

M 1 Vi
SN ¥ E—
p(Yn‘Sn = Sn) = H e om0t sn=010,1) (31)
i=1 \/27r(0,%70 + 1fs,=007 1)

Note that when channel occupancies are independent, the aeasor employed by the PHY

layer approach is equivalent to that of the SP approach,hwiéenonstrates Proposition 5. The
PFA and the PM of this sensor can be evaluated via simulatioreach slot, the detection
thresholdr, is chosen according to the belief vector so that the reguRiN is fixed at(, i.e.,
the design of the spectrum sensor varies with time.

As proven in Propositions 4 - 6, the PHY layer and the MAC |lsgggproaches are equivalent to
the SP approach when channels evolve independently. Wectimpare below the performance
of these three approaches in correlated channels. Sp#yifie@ considerN = 4 correlated
channels, each with bandwidth, = 1. The transition probabilities of the SOS are given by
Prooooy,jo111] = 0.6, Pooooy,jooo] = 0.4, Po111),j0000) = Prio11y,joo00] = Fiioa),o000) = Fi110],/0000] =
0.2, and Po111),11011] = Priouig,jiio1] = Proniiie) = Fiiio) o111 = 0.8. The maximum allowable
probability of collision is assumed to bg= 0.05. In each slot,L = 3 channels are chosen.
The spectrum sensor také$ = 1 measurement at each chosen channel, and the noise and the
primary signal powers are given ky , = 0 dB ando; ; = 10 dB for all n.

1) Comparison of Sensor Performanck Fig. 9, we plot the ROC curved ¢ 4, vs. ¢,)
of the SP sensor and the sensor employed by the PHY layer agprdlote that the sensor
employed by the MAC layer approach is the same as the SP sélesmee that the sensor of
the PHY approach outperforms that of the SP sensor. Spdlgifica a fixed PM, the PFA of the
sensor employed by the PHY approach is smaller than thateoSthsensor. This is because the
sensor of the PHY approach exploits the correlation amorgodél measurements in detection
while the SP sensor uses measurements from a single ch&weellso observe that the ROC
curve of the sensor of the PHY approach improves over timéavhat of the SP sensor remains
the same. This observation can be explained by comparinggtimal detectors (19) and (30).
Clearly, the energy detector (19) used by the SP sensottis atal so is its performance. As seen
from (30), the decision variable of the sensor of the PHY apph depends on the conditional
distribution g |5, (s.4 | i) of the channel occupancies, which varies with time accgrdinthe

belief vector. As timet increases, the belief vector provides more informationf@ 3OS due
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Fig. 9. Comparison of ROC curves.

to the accumulating observations, leading to improved@eperformance. Fig. 9 demonstrates
that the performance of the spectrum sensor can be improvéacbrporating the sensing and
access decisions at the MAC layer, which are encoded in thef vector.

2) Comparison of Throughput Performanck Fig. 10, we compare the throughput of these
three approaches. As expected, the SP approach, whictegytier channel correlation, performs
the worst. By jointly exploiting the sensing outcomes inescdecision-making, the MAC layer
approach can improve throughput performance. A much lgggeiormance gain is achieved by
the PHY layer approach which jointly exploits the channeasweements in spectrum opportunity
identification. We can thus see that exploiting channeletation at the PHY layer is more
effective than that at the MAC layer. In other words, indegemt opportunity identification
at the PHY layer hurts the throughput more than independetgss decision-making at the
MAC layer. This agrees with our intuition because indepehd@portunity identification makes
hard decisions on whether the channel is idle. The coroglaimong the resulting sensing
outcomes is less informative than that in the original clghnmeasurements, leading to throughput

degradation.
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Fig. 10. Comparison of normalized throughput (bit units glet).

VI. CONCLUSION

Unique challenges in the design of OSA networks arise framtehsion between the secondary
users’ desire for performance and the primary users’ neggrédection. Such tension dictates the
interaction between opportunity identification at the pbaklayer and opportunity exploitation
at the MAC layer, and a cross-layer approach is necessarghie\ee optimality.

In this paper, we have developed a POMDP framework that cegptibiasic components and
design tradeoffs in OSA. We have shown that, surprisindigre exists a separation principle
in the optimal joint design of OSA that circumvents the cucdedimensionality in general
POMDPs. Being able to obtain the optimal joint design in etborm allows us to characterize
guantitatively the interaction between the physical anddMayers. In particular, we have demon-
strated how sensing errors at the PHY layer affect MAC desigeh how incorporating MAC
layer information into physical layer leads tocagnitive spectrum sensor whose performance

improves over time by learning from accumulating obseoreti

APPENDIX A: PROOF OFPROPOSITION1

We first prove the existence of a deterministic optimal segerating policy. Suppose that

channeln is chosen in the current slot. Let: As(n) — [0, 1] be an arbitrary PDF on the set
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As(n) of feasible sensor operating poini%., f(e 5)chs(n) w(e, d)dedd = 1. We can compute the
resulting PFAe¢, and the PD1 — §,, as

en = Ele] = / ew(e, 0)dedsd, (32a)
(,0)€hs(n)
1-9,=E[l-9]= / (1 — 8)w(e, §)dedo. (32b)
(,0)€hs(n)
Since0 <e<1-6< PD max( ) for every sensor operating point i;(n), we have
0<e,<1—6,< / Py ()wl(e, 6)deds. (33)
(e,0)€hs(n)
Since the best ROC curVB( . Is concave, we havE[P,g”maX( )] < P,g”maX(E[e]) and hence
0<e, <1-90,< P](J”im( ) That is, the resulting PFA and PM,,, 6,) of any randomized

sensor operating policw belongs to the sef\s(n). Therefore, it is sufficient to consider
deterministic sensor operating policies.

The spectrum sensor and the access policy should ensutbédhatllision constraint is satisfied
no matter which channel is chosen. Lgt denote the maximum expected remaining reward
when channeh is chosen in the current slot. Then, the deterministic sgngolicy that chooses
channeln* = arg max,cs, v, IN this slot is optimal since the maximum expected remaining
reward that can be achieved by a randomized sensing polidy, is., v.u(n) < v,-, where
Ay —[0,1] is a PMF on the seh,.

APPENDIX B: PROOF OFTHEOREM 1

The proof of the separation principle is built upon the faliog three Lemmas. For ease
of presentation, we defin€;(A|A) as the maximum expected remaining reward that can
be obtained starting from slat given that the current belief vector iA and actionA =
{a, (€4, 04), (f2(0), fa(1))} € A is taken in this slotj.e.,

A‘A ZZ)\ Ps SZUSk kBa"i_‘/t—H(T(A‘Avk))] (34)

s€S s’eS

Let A2 {a, (ca,6), (fa(0). ful1))} € A and A'2 {a, (. 3,), (f2(0), f2(1))} € A be two ac-
tions with the same channel selection but different seng@raiing points and transmission

probabilities.
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Lemma 1: The value function given(®) is convex in the belief vector. Specifically, at any time
t, the value functiond/;(A;) and V;(A;) of any two belief vectord; € II(S) and A, € TI(S)
satisfy
Vi(TA1 + (1 —7)A2) < 7Vi(Ay) + (1 —7)Vi(A2), where0 <7 <1. (35)
Proof: We use mathematical induction. From the value functionmgive(9b), we can see
that V7(A) in the last slott = T is linear and hence convex in the belief vector Suppose
that V,(A) is convex for every slot > ¢,. By the definition of convex functions, we can show
that the maximum remaining rewaxd,(A | A) under an actiorA € A is convex. Since the
maximum of a set of convex functions is convex, the value tioncV;,(A) in slott = ¢, is
convex and Lemma 1 follows. (117
Lemma 2: If acknowledgemehf, = 1 is observed in a slot, then the future reward, given
by the value functiorV,. (7 (A | A, 1)), is independent of the sensor operating pdiat, d,)

and the transmission probabilitig€s,(0), f.(1)) employed in the current slot. That is,

Virt(T(A A1) = Vi (T (A | AL 1)) (36)
Proof: Applying the conditional observation probability ; (A) given in (10) to (11), we
obtain the updated belief vectar' (¢ + 1) éT(A | A, 1) whose elemendl(t + 1) is given by

Zs’eS As/ (t)PS’,SSa

A(t+1) = : (37)

( ) Zs’eS Zs’eS Ast () Py s8a

which is independent of the sensor operating pditd,) and the transmission probabilities
(fa(0), fa(1))- EEN

Lemma 3: In any slot, the future rewards/; (7 (A | A, k)) and V,.1(7 (A | A’ k)) satisfy

the following inequality:
Virt(T(A 1A, 0)) < Vel (T(A A 1) + (1 = 1)V (T (A | A, 0)), (38)

wherer is given by

_ Zseg Zs/eg )‘S’(t)PSHS [US,O(A) - US,O(A/)]
ESGS ES’GS )\S' (t)PS',SUS,()(A)
Proof: Applying the conditional observation probability ,(A) given in (10) to (11), we

can obtain the updated belief vectdf§A | A, k) and 7 (A | A, k). After some algebras, we

(39)

reach the following equality:

T(A|A0)=7T(A|A 1)+ (1 —7)T(A]|A,0), (40)
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wherer is given by (39). Lemma 3 follows from the convexity of the walfunction proven in
Lemma 1. (11

With the above three Lemmas, we now prove the separatioriplen First notice that the
expected immediate rewaiit{ Ry, ) | A(t)] can be obtained as

E[RKa(t |A B ZZ)\ Ps’ Usl )

seS s’eS

= [sza( ) (1 — € fa ZZ)\ s sSa- (41)

seS s’eS

SinceB, ) ..« > ves A (t) Py ssq IS @ constant for given belief vectdr(t) and sensing action
a, the expected immediate rewallRx, ) | A(t)] increases with, f,(0) + (1 — €,) fa(1).

Second, we note that the sensor operating p@intd,) and the transmission probabilities
(f2(0), fo(1)) only affect the expected remaining rewa@@(A(t) | A) defined in (34) through
the observation probability/s 1 (a, 9, f(0), f(1)) = saléafa(0) + (1 — €,) fo(1)]. Therefore, if we
can show that),(A(t)| A) increases with the quantity, f,(0) + (1 — €,) fo(1), then this will
prove the separation principle.

To this end, we consider two actiorsand A’ such that! f(0)+(1—¢€.) f/(1) > €4 fa(0)+(1—
€a) fo(1) in slott. Comparing the resulting maximum expected remaining réswgy (A (t) | A')
and Q,(A(t)| A), we obtain that

Qu(A(t) [ A") — Qu(A(t) | A)
=YD At Pos {Ba [Usa(A) = Usa(A)]

seS s’eS

x Z sk (AWt (T(A(E) | A, ) = Us o (A)Verr (T (A(8) | A, )]}

1

>SS ()P Y Ui Aot (T(A() | A, K)) — U (Vi (T(A) [ A, K))]  (42)

seS s’eS k=0

Applying Lemmas 2 and 3, we obtain after some algebras:

Qu(A(t) [ A)) — Qu(A(t) [ A) = 0, (43)

which proves the monotonicity of the expected remainingarev®); (A (t) | A) with €, f,(0) +

(1 —€,)fa(1) and hence completes the proof of the separation principle.
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APPENDIX C: PROOF OFPROPOSITIONZ2

Whend, = 1, we havee, = 0 and the objective function, f,(0)+ (1 —e¢,) f.(1) given in (13a)
is maximized whenf;(1) = 1. WhenJ, € [0, 1), the constraint given in (13) can be written as

C - 6afa(1)

< < .
0< ful0) S 255 (44)
Applying (44) to the objective function in (13a), we obtalmat
£0) + (1= e fol1) < £ul) |1 = =2 | 42 (45)
6CL a 6CL a — a 1 _ 5(1 1 _ 5(17

where the equality holds whefy,(0) = <=2/« Sincel — 4§, > ¢, (see footnote 2), the right
hand side of (45) increases witfy(1). Hence, to maximize the objective functiepf,(0) +
(1 — €4)fa(1), we should choose the largegt(1) such thatf,(0) = ==l > ¢ (see (44)).

Therefore, wher, < ¢, f:(1) = 1 and correspondingly; (0) = $=2¢. Wheng, > ¢, fi(1) = &

and correspondingly;(0) = 0.

APPENDIX D: PROOF OFPROPOSITION3

When f,(0) < f,(1) and f,(0) < ¢, the optimal spectrum sensor is given by (13):

. C - fa(o)
€,0,) =arg min ¢, st 9, < ———————, 46
( “ ) g(ﬁm‘sa)EAé fa(l) - fa(o) ( )
which gives the optimal detector under the NP criterion.
When £,(0) > f.(1) and f,(0) > ¢, (13) reduces to
fa(o) - C
€.,0,) =arg max ¢, st 0, > >t 47
( “ ) g(ﬁm‘sa)EAé fa(o) - fa(l) ( )
Sincee, <1 — ¢, for all operating points considered #;, we havee: = §* = %}%

Otherwise, the collision constraint cannot be satisfied.

APPENDIX E: PROOF OFTHEOREM 2

Applying the optimal transmission probabiliti€g*(0), /(1)) given in Proposition 2 to the

objective function (13a), we obtain that

1- 1ia 1 - C ) 5a < Cu
€afa(0) + (1 — &) fa(1) = =) (48)
e, da = G-

3
Since the best ROC curve is concave [25, Sec. 2.2], béth and % increase withe, and

hence decrease with). From (48), we can see that the objective functf,(0)+ (1 —¢,) fa(1)
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increases withy, whend, < ¢, but decreases whefy > (. Hence, the maximum is achieved
when ¢ = (. Correspondingly, the optimal transmission probab#itig*(0), f(1)) are given
by (0,1).

APPENDIX F: PROOF OFTHEOREM 3

Let A®) 2 LA, {(en, ) bneas {(fa(0); fu(1)}bneat aNd Ay = {n, (60,0n), (fa(0). fu(1))} €
A, where A,, corresponds to the actions taken on chosen chamrel4d. When the spectrum

sensor is designed independently across channels, we ¢ani@r s, (0.4|s4) = Pr{®,4 =
04184 = sa} = [[,eaPr{©n = 0,5, = s,} in a product form since the occupancy of
a channel is detected independently of the measurementhet chosen channels. When the
access policy is designed independently across channelshawe f,,(604) = f.(0,) for all
sensing outcome® 4 € {0, 1}L. Therefore, we can write the conditional observation phdlkis
UL (A®) as (26)

Usid, A7) = 3 T Pr{On = 0,150 = su}lkusnfu(6) + (1= ko) (1 = s, fu(60))]

6 4c{0,1}L neA

= H Z Pr{©, = 0, | Sn = sp}[knsnfu(0n) + (1 = Kp) (1 — spfu(6n))]

neA 6,=0

= [ Vs (A0). (49)

neA
Similarly, after some algebras, the design constraint stZan be written as

Po(t) = Pr{0, =0, ]S, =0} fu(6) = (1 = 6,)£a(0) + 0ufu(1) ¢, Vn €A (50)

0,=0

Applying (49) to (25), we can see that the sensor operatirigtfde,, J,,) and transmission
probabilities( f,,(0), f.(1)) of a chosen channel € A affect the maximum remaining reward
only throughUs:1(A,) = sulenfn(0) + (1 — €,)f.(1)], which is independent of the actions
{An }mea(ny taken on the other channels. Moreover, the simplified caimt(50) reveals that
the collision probability of a channel is also independent of the actiogsl,, },.c.a\ (-} taken
at other channels. Therefore, the design of the sensor topgrand access policies can be
decoupled across channels. Following the same proof as giveppendix B, we can show that
the expected remaining reward increases wijtfy,(0) + (1 — ¢,) f.(1) of every chosen channel
ne A
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On the other hand, the expected immediate reviiigk , ) | A(t)] is given by
E[RKA(t |A ZB Pr{K = 1} ZB Pr{S = 1}[Enfn( ) (1 - En)fn(l)]> (51)
neA neA

which also increases with, f,,(0) + (1 —¢€,) f(1). Therefore, the separation principle developed

in Theorem 1 holds fod. > 1.

APPENDIX G: PROOF OFPROPOSITIONS4 AND 6

Let A € A" denote a set of chosen channels afg = A\{n} be all the set of cho-
sen channels excluding. Since channels evolve independently, we hayg s, (s4,[0) =
hs; 1s.(84, 1), Wwherehs ; |s,(s4, | i) = Pr{S4, = sz, | S, = i}. Hence, given belief vector
A(t) and chosen channeld in slot ¢, the myopic {.e., locally optimal) sensor operating point
(én,0,) and transmission probabilities = {/,(6.4)} are given by (27)

{(én,6n), F} = arg max E [Ri o) | A(t)]

(Gn n)EAE
Felo,1] L2k

= arg max ZB Pr{S, —1}2131"{@ = Op | Sn = 1}gn(0n)

(en )EA;
Felopiet "€ On=0
=arg max, ZB Pr{S, = 1}engn(0) + (1 — €,)gn(1)] (52a)
(en, neA
]—'E[O 1]L2L

s.t. P, Z Pr{0, =0, | S, = 0}g,(0n) = (1 — 6,)gn(0) + 0ngn(1) < ¢, Vn € A,

0,=0
(52b)
whereg(6,,) € [0,1] is defined as
w0 Y ful04.0) Y. Pr{Ss =sa) [] Pr{Om =0l Sm = sm}.
GAnE{O,l}Lfl SAnE{OJ}L*l meA,
(53)

We see from (52) that the myopic approach should maximjzg(0) + (1 — €,)g,(1) under the
constraint(1 — 6,,)g,(0) + d,9,(1) < ¢ for every chosen channel € A, leading to the same
optimization problem as (13). By Theorem®,= ¢ and(j,(0), §.(1)) = (0, 1) are the solution
to (52). That is, the SP sensor is locally optimal. Furtheemsince(g,(0), §.(1)) = (0,1) is
achieved by choosin(jn(ejn,@n) = 1jp,=1] in (53), transmission probabilitieg, (8.4) = 0, are
locally optimal, which completes the proof of Proposition 4
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Proposition 6 follows directly from the fact that the MAC E&yapproach employs the myopic

access policy and the SP sensor, which has been proven taddly loptimal.

APPENDIX H: PROOF OFPROPOSITIONS

When the access policy is designed independently acrosselsa we have,,(04) = f,.(6,)
for any sensing outcom® , = 6, from chosen channelsl. Hence, given belief vector

A(t) and chosen channeld in slot ¢, the myopic spectrum sensdr and access decisions
{(fn(o)afn(l))}ne.%l are given by

£eAl
fn(0),fn(1)€[0,1]

St Py(t) = Pr{O©, = 1|5, = 0} fu(1) + Pr{O, = 0| S, = 0} fo(0) < ¢, Vnec A, (54b)

where

Pr{©, = 0,|S, = s,} = > Pr{©4, = 04,0, =0,|Sx, =5x,,S5 = sn}
Ojn,s_;ne{(),l}[’*l
(55)
is determined by the sensor operating p@int A((SL). Since (54) has the same form as (13), the
PHY layer approach is locally optimal.
Furthermore, when the SOS evolves independently acrosmels the measurements from
different channels are independent. Hence, the sensomgetpby the PHY layer approach is

equivalent to the SP sensor.
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