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Abstract

We address the design of opportunistic spectrum access (OSA) strategies that allow secondary users

to independently search for and exploit instantaneous spectrum availability. The design objective is to

maximize the throughput of secondary users while limiting the probability of colliding with primary

users. Integrated in the joint design are three basic components: a spectrum sensor at the physical (PHY)

layer that identifies spectrum opportunities, a sensing strategy at the medium access control (MAC) layer

that determines which channels in the spectrum to sense, andan access strategy, also at the MAC layer,

that decides whether to access based on sensing outcomes that are subject to errors.

We formulate the joint PHY-MAC design of OSA as a constrainedpartially observable Markov

decision process (POMDP). Constrained POMDPs generally require randomized policies to achieve

optimality, which are often intractable. By exploiting therich structure of the underlying problem, we

establish a separation principle for the joint design of OSA. Specifically, the optimal joint design can

be carried out in two steps: first to choose the spectrum sensor and the access strategy to maximize

the instantaneous throughput under a collision constraint, and then to choose the sensing strategy to

maximize the overall throughput. This separation principle reveals the optimality of myopic policies

for the design of the spectrum sensor and the access strategy, leading to closed-form optimal solutions.

Furthermore, decoupling the design of the sensing strategyfrom that of the spectrum sensor and the

access strategy, the separation principle reduces the constrained POMDP to an unconstrained one, which

admits deterministic optimal policies. Numerical examples are provided to study the design tradeoffs,

the interaction between the PHY layer spectrum sensor and the MAC layer sensing and access strategies,

and the robustness of the ensuing design to model mismatch.
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I. INTRODUCTION

The exponential growth in wireless services and the physical limit on usable radio frequencies

have motivated various dynmaic spectrum sharing strategies, among which is opportunistic

spectrum access (OSA). OSA, first envisioned by Mitola [1] under the term “spectrum pooling”

and then investigated by the DARPA XG program [2], has recently received increasing attention

due to its potential for improving spectrum efficiency [3], [4]. The basic idea of OSA is to allow

secondary users to search for, identify, and exploit instantaneous spectrum opportunities while

limiting the level of interference perceived by primary users (or licensees).

In this paper, we address the design of OSA strategies for secondary users overlaying a slotted

primary network. Integrated in the OSA design are three basic components: 1) a spectrum sensor

at the physical (PHY) layer that identifies instantaneous spectrum opportunities; 2) a spectrum

sensing strategy at the medium access control (MAC) layer that specifies which channels in the

spectrum to sense in each slot; and 3) a spectrum access strategy, also at the MAC layer, that

determines whether to access the chosen channels based on imperfect sensing outcomes. The

design objective is to maximize the throughput of secondaryusers under the constraint that the

probability of collision perceived by any primary user is below a pre-determined threshold.

A. Fundamental Design Tradeoffs

We provide first an intuitive understanding of the fundamental tradeoffs in the joint design of

the three basic components.

Spectrum Sensor: False Alarm vs. Miss DetectionThe spectrum sensor of a secondary user

identifies spectrum opportunities by detecting the presence of primary signals,i.e.,by performing

a binary hypothesis test. With noise and fading, sensing errors are inevitable: false alarms occur

when idle channels are detected as busy, and miss detectionsoccur when busy channels are

detected as idle. In the event of a false alarm, a spectrum opportunity is overlooked by the

sensor, and eventually wasted if the access strategy truststhe sensing outcome. On the other

hand, miss detections may lead to collisions with primary users. The tradeoff between false alarm

and miss detection is captured by the receiver operating characteristic (ROC) of the spectrum

sensor, which relates the probability of detection (PD) andthe probability of false alarm (PFA)

(see an example in Fig. 1 where we consider an energy detector). The design of the spectrum

sensor and the choice of the sensor operating point are thus important issues and should be
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Fig. 1. The ROC of an energy detector. Each point on the ROC curve corresponds to a sensor operating characteristic resulting

from different detection threshold of the energy detector.(ǫ: probability of false alarm,δ: probability of miss detection.)

addressed by considering the impact of sensing errors on theMAC layer performance in terms of

throughput and collision probability. In particular, we are interested in the fundamental question

that which criterion should be adopted in the design of the spectrum sensor, the Bayes or the

Neyman-Pearson (NP). If the former, how do we choose the risks? If the latter, how should we

set the constraint on the PFA?

Sensing Strategy: Gaining Immediate Access vs. Gaining Information for Future Use Due to

hardware limitations and the energy cost of spectrum monitoring, a secondary user may not be

able to sense all the channels in the spectrum simultaneously. A sensing strategy is thus needed

for intelligent channel selection to track the rapidly varying spectrum opportunities. The purpose

of a sensing strategy is twofold: to find idle channels for immediate access and to gain statistical

information on the spectrum occupancy for better opportunity tracking in the future. The optimal

sensing strategy should thus strike a balance between thesetwo often conflicting objectives.

Access Strategy: Aggressive vs. ConservativeBased on the imperfect sensing outcomes given

by the spectrum sensor, the secondary user needs to decide whether to access. An aggressive

access strategy may lead to excessive collisions with primary users while a conservative one may
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result in throughput degradation due to overlooked opportunities. Whether to adopt an aggressive

or a conservative access strategy depends on the operating characteristic (false alarm vs. miss

detection) of the spectrum sensor and the collision constraint at the MAC layer. Hence, a joint

design of the PHY layer spectrum sensor and the MAC layer access strategy is necessary for

optimality.

B. Main Results

By modeling primary users’ spectrum occupancy as a Markov process, we establish a decision-

theoretic framework for the optimal joint design of OSA based on the theory of partially

observable Markov decision processes (POMDPs). This framework captures the fundamental

design tradeoffs discussed above. Within this framework, the optimal OSA strategy is given by

the optimal policy of a constrained POMDP.

While powerful in problem modeling, POMDP suffers from the curse of dimensionality and

does not easily lend itself to tractable solutions. Constraints on a POMDP further complicates

the problem, often demandingrandomizedpolicies to achieve optimality. Our goal is to develop

structural results that lead to simple yet optimal solutions and shed light on the interaction

between the PHY and the MAC layers of OSA networks.

Single-Channel Sensing We focus first on the case where the secondary user can sense and

access one channel in each slot (e.g.,in the case of single carrier communications). We establish

a separation principle for the optimal joint design of OSA. We show that the joint design can

be carried out in two steps without losing optimality: first to choose a spectrum sensor and an

access strategy that maximize the instantaneous throughput (i.e., the expected number of bits that

can be delivered in the current slot) under the collision constraint, and then to choose a sensing

strategy to optimize the overall throughput. As stated below, the significance of this separation

principle is twofold.

• The separation principle reveals the optimality of myopic policies for the design of the

spectrum sensor and the access strategy. Myopic policies that aim solely at maximizing the

immediate reward ignore the impact of the current actions onthe future reward. Hence,

obtaining myopic policies becomes a static optimization problem instead of a sequential

decision-making problem. While myopic policies are rarelyoptimal for a general POMDP,

we show that the rich structure of the problem at hand rendersan exception. As a con-

February 26, 2007 DRAFT



TECHNICAL REPORT TR-07-02,UC DAVIS, FEB. 2007. 5

sequence, we are able to obtain an explicit design of the optimum spectrum sensor and a

closed-form optimal access strategy. Moreover, this closed-form optimal design allows us

to characterize quantitatively the interaction between the PHY layer spectrum sensor and

the MAC layer access strategy.

• The separation principle decouples the design of the sensing strategy from that of the

spectrum sensor and the access strategy. More importantly,the design of the sensing strat-

egy is reduced to anunconstrainedPOMDP, which admitsdeterministicoptimal policies.

Unconstrained POMDPs have been well studied, and existing algorithms can be readily

applied [5]–[8].

We also provide simulation examples to study design tradeoffs. We will see that miss detections

are more harmful to the throughput of the secondary user thanfalse alarms. The tradeoff

study between the spectrum sensing time and the data transmission time indicates that the

spectrum sensor should take fewer channel measurements as the maximum allowable probability

of collision increases. In other words, when the collision constraint is less restrictive, the

secondary user can spend less time in sensing, leaving more time in a slot for data transmission.

Robustness studies show that the throughput loss due to inaccuracies in the assumed Markovian

model parameters is small, and more importantly, the probability of collision perceived by the

primary network is not affected by model mismatch.

Multi-Channel Sensing We then consider the scenario where the secondary user can sense

and access multiple channels simultaneously in each slot. We show that the separation principle

still holds if the spectrum sensor and the access strategy are designed independently across

channels. We note that such independent design is suboptimal since it ignores the potential

correlation among channel occupancies. We thus propose twoheuristic approaches to exploit

channel correlation, one at the PHY layer and the other at theMAC layer. Simulation results

show that exploiting channel correlation at the PHY layer ismore effective than at the MAC

layer.

We also find that the performance of the PHY layer spectrum sensor can improve over time by

incorporating the MAC layer sensing and access decisions. Such MAC layer decisions provide

information on the evolution of the primary users’ spectrumoccupancy, from which thea priori

probabilities of the hypotheses employed by the spectrum sensor can be learned. This finding,

along with the quantitative characterization of the impactof the spectrum sensor on the access
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strategy, illustrates the two-way interaction between thePHY and the MAC layers: the necessity

of incorporating the sensor operating characteristics into the MAC design and the benefit of

exploiting the MAC layer information in the PHY design.

C. Related Work

Two types of spectrum opportunities have been considered inthe literature: spatial and tem-

poral. A majority of existing work on OSA focuses on exploiting spatial spectrum opportunities

that are static or slowly varying in time (see [9]–[11] and references therein). A typical example

application is the reuse of locally unused TV broadcast bands. In this context, due to the slow

temporal variation of spectrum occupancy, realtime opportunity identification is not as critical

a component as in applications that exploit temporal spectrum opportunities, and the existing

work often assumes perfect knowledge of spectrum opportunities in the whole spectrum at any

location.

The exploitation of temporal spectrum opportunities resulting from the bursty traffic of primary

users is addressed in [12]–[15] under the assumption of perfect sensing. In [12], MAC protocols

are proposed for an ad hoc secondary network overlaying a GSMcellular network. It is assumed

that the secondary transmitter and receiver exchange information on which channel to use through

a commonly agreed control channel. Different from this work, optimal distributed MAC protocols

developed in [13] can synchronize the hopping patterns of the secondary transmitter and receiver

without the aid of additional control channels. More recently, the design of optimal spectrum

sensing and access strategies in a fading environment is addressed under an energy constraint

in [14]. In [15], access strategies for a slotted secondary user searching for opportunities in an

un-slotted primary network is considered, where a round-robin single-channel sensing scheme

is used. Modeling of spectrum occupancy has been addressed in [16]. Measurements obtained

from spectrum monitoring test-beds demonstrate the Makovian transition between busy and idle

channel states in wireless LAN.

Although the issue of spectrum sensing errors has been investigated at the PHY layer [17]–

[21], cognitive MAC design in the presence of sensing errorshas received little attention. To

the best of our knowledge, [22] is the first work that integrates the operating characteristic of

the spectrum sensor at the PHY layer with the MAC design. A heuristic approach to the joint

PHY-MAC design of OSA is proposed in [22]. In this paper, we establish a decision-theoretic

framework within which the optimal joint design of OSA in thepresence of sensing errors can
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be systematically addressed and the interaction between the PHY and the MAC layers can be

quantitatively characterized. Interestingly, the separation principle developed in this paper reveals

that the heuristic approach proposed in [22] is optimal.

For an overview on challenges and recent developments in OSA, readers are referred to [23].

D. Organization

This paper is organized as follows. Section II describes thenetwork model and the basic

operations performed by a secondary user to exploit spectrum opportunities. In Section III, we

introduce the three basic components of OSA and formulate their joint design as a constrained

POMDP. In Section IV, we establish the separation principlefor the optimal joint design of OSA

with single-channel sensing. Section V extends the separation principle to multi-channel sensing

scenarios. Section VI concludes this paper.

II. NETWORK MODEL

Consider a spectrum that consists ofN channels (e.g.,different frequency bands or tones in

an OFDM system), each with bandwidthBn (n = 1, · · · , N). TheseN channels are licensed

to a slotted primary network. We model the spectrum occupancy as a discrete-time homoge-

nous Markov process with2N states. Specifically, letSn(t) ∈ {0 (busy),1 (idle)} denote the

occupancy of channeln in slot t. The spectrum occupancy state (SOS)S(t)
∆
= [S1(t), . . . , SN(t)]

follows a discrete Markov process with finite state spaceS
∆
= {0, 1}N . The transition probabilities

are denoted as{Ps,s′} s∈S

s
′∈S

, wherePs,s′
∆
= Pr{S(t) = s

′ |S(t − 1) = s} is the probability that the

SOS transits froms ∈ S to s
′ ∈ S at the beginning of slott. Note that the transition probabilities

are determined by the dynamics of the primary traffic. We assume that they are known and

remain unchanged inT slots.

We consider a secondary ad hoc network whose users independently and selfishly exploit

instantaneous spectrum opportunities in theseN channels1. At the beginning of each slot, a

secondary user with data to transmit chooses a set of channels to sense. A spectrum sensor (e.g.,

an energy detector) is used to detect the states of the chosenchannels. Based on the sensing

outcomes, the secondary user decides which sensed channelsto access. Due to hardware and

1We assume that the inter-channel interference is negligible. Thus, a secondary user transmitting over an idle channel does

not interfere with primary users transmitting over other channels.
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Fig. 2. The slot structure.

energy constraints, we assume that a secondary user can sense and access at mostL (1 ≤ L ≤ N)

channels in a slot. At the end of the slot, the receiver acknowledges a successful transmission.

The basic slot structure is illustrated in Fig. 2.

Our goal is to develop an optimal OSA strategy for the secondary user, which sequentially

determines which channels in the spectrum to sense, how to design the spectrum sensor, and

whether to access based on the imperfect sensing outcomes. The design objective is to maximize

the throughput of the secondary user during a desired periodof T slots under the constraint that

the probability of collisionPn(t) perceived by the primary network in any channeln and slott

is capped below a pre-determined thresholdζ , i.e.,

Pn(t)
∆
= Pr{Φn(t) = 1 |Sn(t) = 0} ≤ ζ, ∀n, t, (1)

whereΦn(t) ∈ {0 (no access),1 (access)} denotes the access decision of the secondary user.

Remarks:

1) We assume that the transition probabilities of the SOS areknown or have been learned. In

Section IV-F, we study the robustness of the optimal OSA design to a mismatched Markov

model. For the case where the SOS dynamics are unknown, formulations and algorithms

for POMDP with an unknown model exist in the literature [24] and can be applied to this

problem, but is beyond the scope of this paper.

2) We use theconditionalprobability of collisionPn(t) in the design constraint and impose the

collision constraint on any channeln and slott. This ensures that a primary user experiences

collisions no more thanζ×100% of its transmission timeregardless of where and when it

transmits. Note that if the unconditional probability of collision Pr{Φn(t) = 1, Sn(t) = 0}

is adopted, the constraint depends on the traffic load of primary users in channels chosen

by the secondary users; primary users who have light traffic load may not be as well

protected as those with heavy traffic load.
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3) We assume that secondary users exploit spectrum opportunities independently and selfishly.

That is, secondary users do not exchange their information on the SOS and everyone aims

to maximize its own throughput without taking into consideration the interactions among

secondary users. This assumption is suitable for secondaryad hoc networks where there is

no central coordinator or dedicated control/communication channel. The secondary network

can adopt a carrier sensing mechanism to avoid collisions among competing secondary

users as detailed in [13], [22]. We point out that such selfishdecisions may not be optimal

in terms of network-level throughput. Nevertheless, this formulation allows us to focus on

the basic components of OSA and highlight the interaction among them.

III. CONSTRAINED POMDP FORMULATION

Integrated in the optimal design of OSA are three basic components: a spectrum sensor,

a sensing strategy, and an access strategy. In this section,we develop a decision-theoretic

framework for the optimal joint design based on the theory ofPOMDP. We focus first on

the single-channel sensing case where the secondary user can only sense and access one channel

in each slot (L = 1). Extensions to multi-channel sensing scenarios are detailed in Section V.

A. Spectrum Sensor

Suppose that channeln is chosen in slott. The spectrum sensor detects the presence of primary

users in this channel by performing a binary hypothesis test:

H0 : Sn(t) = 1 (idle)

vs. H1 : Sn(t) = 0 (busy).
(2)

Let Θn(t) ∈ {0 (busy),1 (idle)} denote the sensing outcome (i.e., the result of the binary

hypothesis test). The performance of the spectrum sensor ischaracterized by the PFAǫn(t)

and the probability of miss detection (PM)δn(t):

ǫn(t)
∆
= Pr{decideH1 | H0 is true} = Pr{Θn(t) = 0 |Sn(t) = 1}, (3a)

δn(t)
∆
= Pr{decideH0 | H1 is true} = Pr{Θn(t) = 1 |Sn(t) = 0}. (3b)

For a given PFAǫn(t), the largest achievable PD, denoted asP
(n)
D,max(ǫn(t)), can be attained by

the optimal NP detector with the constraint that the PFA is nolarger thanǫn(t) or an optimal
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Bayesian detector with a suitable set of risks [25, Sec. 2.2.1]. All operating points(ǫ, δ) above

the best ROC curveP (n)
D,max are thus infeasible.

Let Aδ(n)
∆
= {(ǫ, δ) : 0 ≤ ǫ ≤ 1 − δ ≤ P

(n)
D,max(ǫ)} denote all feasible operating points of

the spectrum sensor2. As illustrated in Fig. 3, the best ROC curveP (n)
D,max achieved by the

optimal NP detector forms the upper boundary of the feasibleset Aδ(n). We also note that

every sensor operating point(ǫn, δn) below the best ROC curve lies on a line that connects two

boundary points and hence can be achieved by randomizing between two optimal NP detectors

with properly chosen constraints on the PFA [25, Sec. 2.2.2]. For example, the operating point

(ǫn, δn) as shown in Fig. 3 can be achieved by applying the optimal NP detector under the

constraint of PFA≤ ǫ
(1)
n with probability p = ǫn−ǫ

(2)
n

ǫ
(1)
n −ǫ

(2)
n

and the optimal NP detector under the

constraint of PFA≤ ǫ
(2)
n with probability 1 − p. Therefore, the design of spectrum sensor is

reduced to the choice of a desired sensor operating point inAδ(n).
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Fig. 3. Illustration of the setAδ(n) of all feasible sensor operating points(ǫn, δn). (δ(i)
n = 1 − P

(n)
D,max(ǫ

(i)
n ), i = 1, 2)

The design of the optimal NP detector is a well-studied classic problem, which is not the

focus of this paper. Our objective is to define the criterion and the constraint under which the

2Since the two hypotheses in (2) play a symmetric role, we haveassumed, without loss of generality, that the PD is no smaller

than the PFA,i.e., 1 − δ ≥ ǫ.
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spectrum sensor should be designed, equivalently, to find the optimal sensor operating point

(ǫ∗n(t), δ∗n(t)) ∈ Aδ(n) to achieve the best tradeoff between false alarm and miss detection. Note

that the optimal sensor operating point may vary with time (see Section V-D for an example.)

As discussed in Section I, if the secondary user completely trusts the sensing outcomes

in making access decisions, false alarms result in wasted spectrum opportunities while miss

detections lead to collisions with primary users. To optimize the performance of the secondary

user while limiting its interference to the primary network, we need to carefully design the

spectrum sensor by considering its impact on the MAC layer performance in terms of throughput

and collision probability. Further, the spectrum access decisions should be made by taking into

account the sensor operating characteristics. A joint design of the PHY layer spectrum sensor

and the MAC layer access strategy is thus necessary to achieve optimality.

B. Sensing and Access Strategies

In each slot, a sensing strategy decides which channel in thespectrum to sense, and an

access strategy determines whether to access given the sensing outcome3. Below we illustrate

the sequence of operations in each slot.

At the beginning of slott, the SOS transits toS(t) = [S1(t), . . . , SN(t)] according to the

transition probabilities of the underlying Markov process. The secondary user first chooses a

channela(t) ∈ As
∆
= {1, . . . , N} to sense and a feasible sensor operating point(ǫa(t), δa(t)) ∈

Aδ(a(t)). It then determines whether to accessΦa(t) ∈ {0 (no access),1 (access)} by taking

into account the sensing outcomeΘa(t) ∈ {0 (busy),1 (idle)} provided by the spectrum sensor

that is designed according to the chosen operating point(ǫa(t), δa(t)). A collision with primary

users happens when the secondary user accesses a busy channel. At the end of this slot, the

receiver acknowledges a successful transmissionKa(t) ∈ {0 (no ACK), 1 (ACK)}. We assume

that the ACK is error-free4.

3An alternative formulation of the joint design is to combinethe spectrum sensor with the access strategy. In this case, the

access decision is made directly based on the channel measurements. It can be readily shown that this formulation is equivalent

to the one adopted here.

4Note that the ACK is sent after the success reception of data.Hence, the channel over which the ACK is transmitted is

ensured to be idle in this slot.

February 26, 2007 DRAFT



TECHNICAL REPORT TR-07-02,UC DAVIS, FEB. 2007. 12

C. Constrained POMDP Formulation

We show here that the joint design of OSA can be formulated as aconstrained POMDP with

states, actions, transition probabilities, observations, and reward structure defined as follows.

State Space The system state is given by the SOS of the primary network. The state space is

thusS = {0, 1}N .

Action Space In each slott, the secondary user needs to decide which channel to sense,

which sensor operating point to choose, and whether to access. Hence, the action in the POMDP

formulation consists of three parts: a sensing decisiona(t) ∈ As, a spectrum sensor design

(ǫa(t), δa(t)) ∈ Aδ(a(t)), and an access decisionΦa(t) ∈ {0, 1}.

Transition Probabilities The transition probabilities of the SOS are given by{Ps,s′}, which

are determined by the primary traffic.

Observation Space As will become clear later, optimal channel selection for opportunity

tracking relies on the exploitation of the statistical information on the SOS provided by the

observation history of the secondary users. To ensure synchronous hopping in the spectrum

without introducing extra control message exchange, the secondary user and its desired receiver

must have the same history of observations so that they make the same channel selection

decisions. Since sensing errors may cause different sensing outcomes at the transmitter and

the receiver, the acknowledgementKa(t) ∈ {0, 1} should be used as the common observation

in each slot.

Reward A nature definition of the reward is the number of bits that canbe delivered by the

secondary user, which is assumed to be proportional to the channel bandwidth. Given sensing

actiona(t) and access actionΦa(t), the immediate rewardRKa(t) can be defined as

RKa(t) = Ka(t)Ba = Sa(t)Φa(t)Ba. (4)

Hence, the expected total reward of the POMDP represents overall throughput, the expected total

number of bits that can be delivered by the secondary user inT slots.

Belief Vector Due to partial spectrum monitoring and sensing errors, a secondary user cannot

directly observe the true SOS. It can, however, infer the SOSfrom its decision and observation

history. As shown in [5], the statistical information on theSOS provided by the entire decision

and observation history can be encapsulated in a belief vector Λ(t)
∆
= {λs(t)}s∈S ∈ Π(S), where

λs(t) ∈ [0, 1] denotes the conditional probability (given the decision and observation history)
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that the SOS iss ∈ S at the beginning of slott prior to the state transition, and

Π(S)
∆
=

{

{λs}s∈S : λs ∈ [0, 1],
∑

s∈S

λs = 1

}

(5)

denotes the belief space which includes all possible probability mass functions (PMF) on the

state spaceS. Given belief vectorΛ(t), the distribution of the system stateS(t) in slot t after

the state transition is then given by

Pr{S(t) = s} =
∑

s′∈S

λs′(t)Ps′,s, ∀s ∈ S. (6)

Policy A joint design of OSA is given by policies of the above POMDP. Specifically, a sensing

policy πs specifies a sequence of functions, each mapping a belief vector Λ(t) ∈ Π(S) at the

beginning of slott to a channela(t) ∈ As to be sensed in this slot:πs = [µs(1), . . . , µs(T )],

whereµs(t) : Π(S) → As. Since the optimal policy for a finite-horizon POMDP is generally

non-stationary, functions{µs(t)}T
t=1 are not identical. Similarly, a sensor operating policyπδ

specifies, in each slott, a spectrum sensor design(ǫa(t), δa(t)) ∈ Aδ(a(t)) based on the current

belief vectorΛ(t) and the chosen channela(t). An access policyπc specifies an access decision

Φa(t) ∈ {0, 1} in each slott based on the current belief vectorΛ(t) and the sensing outcome

Θa(t) ∈ {0, 1}.

The above defined policies are deterministic. For unconstrained POMDPs, there always exist

deterministic optimal policies. For constrained POMDPs, however, we may need to resort to

randomized policies to achieve optimality. A randomized sensing policyπs defines a sequence

of functions, each mapping a belief vectorΛ(t) to a PMF on the setAs of channels, and a

randomized sensor operating policyπδ defines the mapping fromΛ(t) to a probability density

function (PDF) on the setAδ(a(t)) of feasible sensor operating points. A randomized access

policy πc mapsΛ(t) and sensing outcomeΘa(t) to a transmission probability in each slott. In

other words, the actions chosen in a randomized policy are probability distributions. Due to the

uncountable space of probability distributions, randomized policies are usually computationally

prohibitive.

Objective and Constraint We aim to develop the optimal joint design of OSA{π∗
δ , π

∗
s , π

∗
c}

that maximizes the expected total number of bits that can be delivered by the secondary user

(i.e., the expected total reward of the POMDP) inT slots under the collision constraint given in
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(1):

{π∗
δ , π

∗
s , π

∗
c} = arg max

πδ,πs,πc

E{πδ,πs,πc}

[

T
∑

t=1

RKa(t)

∣

∣

∣

∣

∣

Λ(1)

]

s.t. Pa(t) = Pr{Φa(t) = 1 |Sa(t) = 0} ≤ ζ, ∀a, t,

(7)

whereE{πδ,πs,πc} represents the expectation given that policies{πs, πδ, πc} are employed,Pa(t)

is the probability of collision perceived by the primary network in chosen channela(t) and slot

t, and Λ(1) is the initial belief vector, which can be set to the stationary distribution of the

underlying Markov process if no information on the initial SOS is available.

We consider in (7) the non-trivial case where the conditional collision probability Pa(t) is

well-defined, i.e., Pr{Sa(t) = 0} > 0. Note thatPr{Sa(t) = 0} = 0 (or 1) implies that the

system stateSa(t) is known based on the current belief vectorΛ(t). In this case, the optimal

access decision is straightforward, and the design of the spectrum sensor becomes unnecessary

since the channel state is already known.

IV. SEPARATION PRINCIPLE FOROPTIMAL OSA

In this section, we solve the constrained POMDP given in (7) to obtain the optimal joint

design of OSA. Specifically, we establish a separation principle that reveals the optimality of

deterministic policies and leads to closed-form optimal design of the spectrum sensor and the

access strategy. It also allows us to characterize quantitatively the interaction between the PHY

layer sensor operating characteristics and the MAC layer access strategy.

A. Optimality Equation

The first step to solving (7) is to express the objective and the constraint explicitly as functions

of the actions. We establish first the optimality of deterministic sensing and sensor operating

policies, which significantly simplifies the action space.

Optimality of deterministic policies In Proposition 1, we show that it is sufficient to consider

deterministic sensing and sensor operating policies in theoptimal joint design of OSA.

Proposition 1: For the optimal joint design of OSA given by (7), there exist deterministic

optimal sensing and sensor operating policies.

Proof: The proof is based on the concavity of the best ROC curve and the fact that the

collision constraint is imposed on every channel. See details in Appendix A.
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As a result of Proposition 1, the secondary user needs to choose, in each slot5, a channel

a ∈ As to sense, a feasible sensor operating point(ǫa, δa) ∈ Aδ(a), and a pair of transmission

probabilities(fa(0), fa(1)), where

fa(θ)
∆
= Pr{Φa = 1 |Θa = θ} ∈ [0, 1]

is the probability of accessing channela given sensing outcomeΘa = θ ∈ {0, 1}. The composite

action space is then given by

A
∆
= {(a, (ǫa, δa), (fa(0), fa(1))) : a ∈ As, (ǫa, δa) ∈ Aδ(a), (fa(0), fa(1)) ∈ [0, 1]2}. (8)

Objective function Let Vt(Λ(t)) be the value function, which represents the maximum expected

reward that can be obtained starting from slott (1 ≤ t ≤ T ) given belief vectorΛ(t) at the

beginning of slott. Given that the secondary user takes actionA = {a, (ǫa, δa), (fa(0), fa(1))} ∈

A and observes acknowledgementKa = k, the reward that can be accumulated starting from

slot t consists of two parts: the immediate rewardRKa
= kBa and the maximum expected future

rewardVt+1(Λ(t + 1)), where

Λ(t + 1)
∆
= {λs(t + 1)}s∈S = T (Λ(t) |A, k)

represents the updated knowledge of the SOS after incorporating the actionA and the acknowl-

edgementk in slot t. Averaging over all possible statess ∈ S and acknowledgementsk ∈ {0, 1}

and maximizing over all actionsA ∈ A, we arrive at the following optimality equation

Vt(Λ(t)) = max
A∈A

∑

s∈S

∑

s′∈S

λs′(t)Ps′,s

1
∑

k=0

Us,k(A) [kBa + Vt+1(T (Λ(t) |A, k))] , 1 ≤ t < T,

(9a)

VT (Λ(T )) = max
A∈A

∑

s∈S

∑

s′∈S

λs′(t)Ps′,sUs,1(A)Ba, (9b)

where
∑

s′∈S
λs′(t)Ps′,s is the distribution of the SOS in slott (see (6)), andUs,k(A)

∆
= Pr{Ka =

k |S = s} is the conditional distribution of the acknowledgement given current states and

action A. SinceKa = SaΦa, the conditional distributionUs,k(A) of the acknowledgement can

5Time indext will be omitted for notation convenience.
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be calculated as

Us,1(A)
∆
= Pr{Ka = 1 |S = s} = Pr{Sa = 1 |S = s}Pr{Φa = 1 |S = s, Sa = 1}

= 1[sa=1]

1
∑

θ=0

Pr{Θa = θ |S = s}fa(θ) = sa[ǫafa(0) + (1 − ǫa)fa(1)], (10a)

Us,0(A) = 1 − Us,1(A), (10b)

where1[x] is the indicator function andPr{Sa = 1 |S = s} = 1[sa=1] is given by the occupancy

statesa of channela. Applying Bayes’ rule, we obtain the updated belief vectorΛ(t + 1) =

T (Λ(t) |A, k) as

λs(t + 1) =

∑

s′∈S
λs′(t)Ps′,sUs,k(A)

∑

s∈S

∑

s′∈S
λs′(t)Ps′,sUs,k(A)

, s ∈ S. (11)

We see from (11) that by adopting the acknowledgementKa as their observation, the transmitter

and the receiver will have the same updated belief vectorΛ(t+1), which ensures that they tune

to the same channel in the next slot.

Note from (9) that the actionA = {a, (ǫa, δa), (fa(0), fa(1))} taken by the secondary user

affects the expected total reward in two ways: it acquires animmediate rewardRKa
= kBa

and transforms the current belief vectorΛ(t) to a new oneΛ(t + 1) = T (Λ(t) |A, k) which

determines the future rewardVt+1(T (Λ(t) |A, k)). Hence, the function of the secondary user’s

action is twofold: to exploit immediate spectrum opportunities and to gain information on the

SOS (characterized by belief vectorΛ(t + 1)) so that more rewarding decisions can be made

in the future. As a consequence, the optimal joint design of OSA should achieve the tradeoff

between these two often conflicting objectives. Myopic policies that aim solely at maximizing

the instantaneous throughput (i.e., the expected immediate reward) without considering future

consequences are generally suboptimal.

Collision Constraint The collision probabilityPa(t) is determined by the sensor operating

point (ǫa, δa) and the transmission probabilities(fa(0), fa(1)):

Pa(t)
∆
= Pr{Φa(t) = 1 |Sa(t) = 0}

=

1
∑

θ=0

Pr{Θa = θ |Sa = 0}Pr{Φa = 1 |Θa = θ, Sa = 0}

= (1 − δa)fa(0) + δafa(1) ≤ ζ. (12)
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In principle, by solving (9) recursively (starting from thelast slotT using (9b)) under the

constraint of (12), we can obtain the maximum overall throughput V1(Λ(1)) of the secondary

user and the corresponding policies{π∗
s , π

∗
δ , π

∗
c}. However, (9) is generally intractable due to the

uncountable action spaceA.

B. The Separation Principle

Theorem 1:The Separation Principle for OSA with Single-Channel Sensing

The joint design of OSA given in(9) can be carried out in two steps without losing optimality.

• Step 1: Choose the sensor operating policyπδ and the access policyπc to maximize

the instantaneous throughput subject to the collision constraint. Specifically, for any cho-

sen channela, the optimal sensor operating point(ǫ∗a, δ
∗
a) and transmission probabilities

(f ∗
a (0), f ∗

a (1)) are given by

{(ǫ∗a, δ
∗
a), (f

∗
a (0), f ∗

a (1))} = arg max
(ǫa,δa)∈Aδ(a)

(fa(0),fa(1))∈[0,1]2

E
[

RKa(t)

∣

∣ Λ(t)
]

= arg max
(ǫa,δa)∈Aδ(a)

(fa(0),fa(1))∈[0,1]2

ǫafa(0) + (1 − ǫa)fa(1) (13a)

s.t. Pa(t) = (1 − δa)fa(0) + δafa(1) ≤ ζ. (13b)

• Step 2: Using the optimal sensor operating and access policies {π∗
δ , π

∗
c} given by (13),

choose sensing policy to maximize the overall throughput. Specifically, the optimal sensing

policy π∗
s is given by

π∗
s = arg max

πs

Eπs

[

T
∑

t=1

RKa(t)

∣

∣

∣

∣

∣

Λ(1)

]

. (14)

Proof: The proof is based on the convexity of the value functionVt(Λ(t)) with respect to

the belief vectorΛ(t) and the structure of the conditional observation distributionsUs,k(A). See

Appendix B for details.

The separation principle simplifies the optimal joint design of OSA in two ways. First, it

reveals that myopic policies, rarely optimal for a general POMDP, are optimal for the design

of the spectrum sensor and the access strategy. We can thus obtain the optimal spectrum sensor

(ǫ∗a, δ
∗
a) ∈ Aδ(a) and the optimal transmission probabilities(f ∗

a (0), f ∗
a (1)) ∈ [0, 1]2 by solving

a static optimization problem given in (13). This allows us to characterize quantitatively the

interaction between the spectrum sensor and the access strategy as given Proposition 2 and to
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obtain the optimal joint design in closed-form as given in Theorem 2. While the proof is lengthy,

there is an intuitive explanation for this apparently surprising. We note that upon receiving the

ACK Ka = 1, the secondary user knows exactly that the chosen channel isidle. However, when

Ka = 0 (no packet is received), the secondary receiver cannot tellwhether the chosen channel

is busy or not accessed. Hence,Ka = 1 provides the secondary user with more information

on the current SOS. We also note that accessing the chosen channel maximizes not only the

instantaneous throughput but also the chance of receiving more informative observationKa = 1.

Hence, getting immediate reward and gaining information for more rewarding future decisions

are no longer conflicting here.

Second, the separation principle decouples the design of the sensing strategy from that of the

spectrum sensor and the access strategy. Furthermore, it reduces the design of the sensing strategy

from a constrained POMDP (7) to an unconstrained one with finite action space (14). This is

because the sensor operating points and the transmission probabilities determined by (13) have

ensured the collision constraint regardless of channel selections. The optimal sensing policy

is thus obtained by maximizing the overall throughput without any constraint. Unconstrained

POMDPs have been well-studied. The optimal sensing policy can thus be readily obtained by

using computationally efficient solution procedures in [5]–[8].

C. Interaction between the PHY and the MAC Layers

Before solving for the optimal sensor operating and access policies, we study the interaction

between the PHY layer spectrum sensor and the MAC layer access strategy.

We note that when the spectrum sensor at the PHY layer is given, the separation principle

still holds for the design of the sensing and access strategies. The optimal access strategy for a

given spectrum sensor can thus be obtained.

Proposition 2: Given a chosen channela and a feasible sensor operating point(ǫa, δa), the

optimal transmission probabilities(f ∗
a (0), f ∗

a (1)) are given by

(f ∗
a (0), f ∗

a (1)) =























( ζ−δa

1−δa
, 1), δa < ζ,

(0, 1), δa = ζ,

(0, ζ

δa
), δa > ζ.

(15)

Proof: The proof is based on the separation principle (13) and the fact that all feasible

operating points lie above the line1 − δa = ǫa. See details in Appendix C.
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As seen from Proposition 2, randomized access policies are necessary to achieve optimality

when δa 6= ζ . Moreover, Proposition 2 quantitatively characterizes the impact of the sensor

performanceδa on the optimal access strategy(f ∗
a (0), f ∗

a (1)). As illustrated in Fig. 4, the set

Aδ(a) of feasible sensor operating points can be partitioned intotwo regions: the “conservative”

region (δa > ζ) and the “aggressive” region (δa < ζ). When δa > ζ , with high probability,

the spectrum sensor detects a busy channel as idle (i.e., a miss detection occurs). Hence, the

access policy should be conservative to ensure that the collision probability is capped belowζ .

Specifically, even when the sensing outcomeΘa = 1 indicates an idle channel, the secondary user

should only transmit with probabilityζ
δa

< 1. When the channel is sensed as busyΘa = 0, the

user should always refrain from transmission. On the other hand, whenδa < ζ , the probability

of false alarm is high; the spectrum sensor is likely to overlook an opportunity. Hence, the

secondary user should adopt an aggressive access policy: always transmit when the channel is

sensed as idle and transmit with probabilityζ−δa

1−δa
> 0 even when the sensing outcome indicates a

busy channel. Whenδa = ζ , the access policy is to simply trust the sensing outcome:Φa = Θa.

We will show in Section IV-D that the splitting pointδa = ζ on the best ROC curveP (a)
D,max is

the optimal sensor operating point.
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Fig. 4. Illustration of conservative and aggressive regions.
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As a counterpart of Proposition 2, we study the impact of the MAC layer access strategy on

the design of spectrum sensor in Proposition 3.

Proposition 3: Consider a chosen channela and transmission probabilities(fa(0), fa(1)).

• If fa(0) ≤ fa(1) and fa(0) ≤ ζ , the optimal spectrum sensor is given by the optimal NP

detector with constraintδa ≤ ζ−fa(0)
fa(1)−fa(0)

on the PM.

• If fa(0) > fa(1) and fa(1) ≤ ζ , the optimal spectrum sensor is given by a randomized

detector which detects the channel as busy with probabilityζ−fa(1)
fa(0)−fa(1)

regardless of channel

measurements.

• Otherwise, the collision constraint can not be satisfied by any spectrum sensor.

Proof: See Appendix D.

For example, in the case wherefa(0) ≤ fa(1) and fa(0) ≤ ζ , we see that a more restrictive

NP constraint should be used in the spectrum sensor design when the transmission probability

fa(1) is large. This agrees with our intuition that when the accesspolicy is aggressive under

Θa = 1 (channel is sensed as idle), the spectrum sensor should havea low PM (i.e., be less

likely to detect a busy channelSa = 0 as idleΘa = 1) to avoid excessive collisions with primary

users.

D. Optimal Joint Design of Spectrum Sensor and Access Policy

Optimizing (15) over all feasible sensor operating points,we obtain an explicit optimal design

for the spectrum sensor and a closed-form deterministic optimal access policy in Theorem 2.

Theorem 2: For any chosen channela in any slot, the optimal sensor should adopt the optimal

NP detector with constraintδ∗a = ζ on the PM. Correspondingly, the optimal access policy is to

trust the sensing outcome given by the spectrum sensor, i.e., f ∗
a (0) = 0 and f ∗

a (1) = 1.

Proof: The proof of Theorem 2 exploits the convexity of the setAδ of feasible sensor

operating points, which follows directly from the concavity of the best ROC curve [25]. See

Appendix E for details.

We find that the optimal sensor operating point coincides with the splitting pointδ∗a = ζ of

the “conservative” region and the “aggressive” region on the best ROC curve (see Fig. 4). This

indicates that atδ∗a = ζ , the best tradeoff between false alarm and miss detection isachieved

and the access policy does not need to be conservative or aggressive. We thus have a simple and

deterministic optimal access policy: trust the sensing outcomeΦa = Θa, i.e., access if and only
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if the channel is sensed to be available. Summarized below are the properties of the optimal

sensor operating and access policies given in Theorem 2.

Properties 1: The optimal spectrum sensor design and the optimal access policy are

P1.1 time-invariant and belief-independent.

P1.2 model-independent.

As a result of P1.1, the spectrum sensor can be configured off-line, and there is no need to

calculate and store the optimal transmission probabilities, leading to significant reduction in both

implementation complexity and memory requirement. The second property is that the optimal

design of the spectrum sensor and the access strategy does not require the knowledge of the

transition probabilities of the underlying Markov process. Since the probability of collision (12)

is solely determined by the sensor operating and access policies, P1.2 indicates that the collision

constraint on the joint OSA design can be ensured regardlessof the accuracy of the Markovian

model used by the secondary user. In other words, the primarynetwork is not affected by the

inaccurate model adopted by the secondary user. Model mismatch only affects the performance

of the secondary user (see Fig. 8 for a simulation example).

E. Optimal Sensing Policy

As revealed by the separation principle, the optimal sensing policy can be obtained by solving

an unconstrained POMDP with finite action spaceAs. Specifically, by applying the optimal

spectrum sensor design and the optimal access policy given in Theorem 2 to (9), we simplify

the optimality equation as

Vt(Λ(t)) = max
a∈As

∑

s∈S

∑

s′∈S

λs′(t)Ps′,s

1
∑

k=0

Us,k(a)[kBa + Vt+1(T (Λ(t) | a, k))], 1 ≤ t < T,

(16a)

VT (Λ(T )) = max
a∈As

∑

s∈S

∑

s′∈S

Λs′(t)Ps′,sUs,k(a)Ba. (16b)

By applyingf ∗
a (0) = 0 andf ∗

a (1) = 1 to (10), we obtain the conditional observation probability

Us,1(a) as

Us,1(a) = sa(1 − ǫ∗a), Us,0(a) = 1 − Us,1(a), (17)

where ǫ∗a is the PFA associated with the PD1 − δ∗ = 1 − ζ on the best ROC curveP (a)
D,max.

The updated belief vectorT (Λ(t) | a, k) can be obtained by substitutingUs,k(A) in (11) with

Us,k(a).
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It is shown in [5] that the value function of an unconstrainedPOMDP with finite action space

is piece-wise linear and can be solved via linear programming. We can thus use the existing

computationally efficient algorithms [6]–[8] to solve (9) for the optimal sensing policy.

Although myopic sensor operating and access policies are shown to be optimal for the joint

design of OSA (see the separation principle), myopic sensing policy is suboptimal in general.

Interestingly, it has been shown in [26] that the myopic sensing policy is optimal when the SOS

evolves independently and identically across channels. When the channel occupancy states are

correlated, the myopic approach can serve as a suboptimal solution with reduced complexity.

F. Simulation Examples

Here we provide simulation examples to study different factors that affect the optimal joint

design of OSA. We considerN = 3 channels, each with bandwidthBn = 1. While the

separation principle applies to arbitrarily correlated SOS, we consider here the case where the

SOS evolves independently but not identically across thesethree channels for simplicity. As

illustrated in Fig. 5, the SOS dynamics are given by the transition probabilitiesα
∆
= [α1, α2, α3]

andβ
∆
= [β1, β2, β3], whereαn denotes the probability that channeln transits from state0 (busy)

to state1 (idle), andβn denotes the probability that channeln stays in state1. In all figures,

the transition probabilities are given byα = [0.2, 0.4, 0.6] and β = [0.8, 0.6, 0.4]. We assume

that they remain unchanged inT = 10 slots. The maximum allowable probability of collision is

ζ = 0.05. We use the normalized overall throughputV1(Λ(1))/T , whereΛ(1) is the stationary

distribution of the SOS, to evaluate the performance of the optimal OSA design.

0 1
(busy) (idle)

αn

βn1 − αn

1 − βn

Fig. 5. The Markov channel model.

To illustrate the interaction between the PHY layer spectrum sensor and the MAC layer access

policy, we consider a simple spectrum sensing scenario where the background noise and the

primary signal are modeled as white Gaussian processes. Letσ2
n,0 andσ2

n,1 denote, respectively,

the noise and the primary signal power in channeln. At the beginning of each slot, the spectrum
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sensor takesM independent measurementsYn
∆
= [Yn,1, . . . , Yn,M ] from chosen channeln and

performs the following binary hypothesis test:

H0(Sn = 1) : Yn ∼ N (0M , σ2
n,0IM),

vs. H1(Sn = 0) : Yn ∼ N (0M , (σ2
n,1 + σ2

n,0)IM),
(18)

whereN (0M , σ2
IM) denotes theM-dimensional Gaussian distribution with identical mean 0

and varianceσ2 in each dimension. An energy detector is optimal under the NPcriterion [25,

Sec. 2.6.2]:

||Yn||2 =

M
∑

i=1

Y 2
n,i ≷H1

H0
ηn. (19)

The PFA and the PM of the energy detector are given by [25, Sec.2.6.2]:

δn = γ

(

M

2
,

ηn

2(σ2
n,0 + σ2

n,1)

)

, ǫn = 1 − γ

(

M

2
,

ηn

2σ2
n,0

)

, (20)

whereγ(m, a) = 1
Γ(m)

∫ a

0
tm−1e−t dt is the incomplete gamma function. The optimal decision

thresholdη∗
n of the energy detector is chosen so thatδ∗n = ζ . Unless otherwise mentioned, we

assume thatM = 10, σ2
n,0 = σ2

0 = 0 dB, andσ2
n,1 = σ2

1 = 5 dB for all channelsn = 1, . . . , N .

1) Impact of Sensor Operating Characteristics:Fig. 6 shows the impact of sensor operating

characteristics on the secondary user’s throughput and theoptimal access policy. The upper figure

plots the maximum throughputV1(Λ(1))/T vs. the PMδ. The optimal transmission probabilities

(f ∗
a (0), f ∗

a (1)) are shown in the middle and the lower figures, respectively. We can see that the

maximum throughput is achieved atδ∗ = ζ = 0.05 and the transmission probabilities change

with δ as given by Theorem 2. Interestingly, the throughput curve is concave with respect to

δ in the “aggressive” region (δ < ζ) and convex in the “conservative” region (δ > ζ). The

performance thus decays at a faster rate when the sensor operating point drifts toward the

“conservative” region. This suggests that miss detectionsare more harmful to the OSA design

than false alarms.

2) Impact of the Number of Channel Measurements:In this example, we study the tradeoff

between the spectrum sensing time, which determines on the numberM of channel measurements

taken by the spectrum sensor, and the transmission time. Taking more channel measurements

can improve the fidelity of the sensing outcome but will reduce the data transmission time and

hence the number of transmitted bits. We are thus motivated to study the throughput of the

secondary user as a function ofM for different maximum allowable probabilities of collision ζ .

We assume that each channel measurement takesc = 5% of a slot time. The transmission time
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Fig. 6. The impact of sensor operating characteristics on the performance of the optimal OSA design.

is thus given by1−Mc = 1−0.05M . Assuming that the number of bits that can be transmitted

by the secondary user is proportional to both the channel bandwidth and the transmission time,

we modify the immediate reward (4) of the POMDP toRKa
= (1 − Mc)KaBa.

Fig. 7 shows that the throughput of the secondary user increases and then decreases with

the numberM of channel measurements. Note that the PM is a function of thenumberM of

channel measurements and the detection thresholdη∗
a of the energy detector (as seen from (20)).

When the PM is fixed to beδ∗a = ζ according to the separation principle, the detection threshold

η∗
a increases withM , and hence the PFAǫ∗a decreases withM . As a consequence, whenM

is small, the throughput of the secondary user is limited by the large PFA. On the other hand,

when M is large, the PFA is reduced at the expense of less transmission time in each slot,

which also leads to low throughput. We also observe that the optimal numberM∗ of channel

measurements at which the throughput is maximized decreases with the maximum allowable

collision probabilityζ . The reason behind this observation is that the PMδ∗a increases withζ
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Fig. 7. The impact of the number of channel measurements on the performance of the optimal OSA design.

and hence less measurements are required to achieve the samePFA (as seen from (20)).
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Fig. 8. The impact of mismatched Markov model on the performance of the optimal OSA strategy.
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3) Impact of Mismatched Markov Model:We have assumed that the secondary user has

perfect knowledge of the transition probabilities of the underlying Markov model. The transition

probabilities learned by the secondary user, however, may have errors. Suppose that the true

transition probabilities are given byα and β. The secondary user employs the optimal OSA

design based on inaccurate transition probabilitiesα′ and β′. In the upper half of Fig. 8, we

plot the relative throughput loss as a function of the relative estimation errorΨ in transition

probabilities, whereΨ = α′
n−αn

αn
×100% = β′

n−βn

βn
×100%. Note that whenΨ = 0, the secondary

user has perfect knowledge of the transition probabilitiesand hence achieves the maximum

throughput. Inaccurate knowledge can cause performance loss. We observe that the relative

throughput loss is below4% even when the relative error is up to20%. In the lower figure, we

examine the probability of collision perceived by the primary network. We see that the probability

of collision is not affected by inaccurate transition probabilities, which confirms P1.2.

V. OSA WITH MULTI -CHANNEL SENSING

In this section, we address the joint design of OSA in the casewhere multiple channels can

be sensed and accessed simultaneously in each slot (L > 1). We focus on the extension of the

separation principle developed in Section IV.

A. Optimal Joint Design

Within the POMDP framework presented in Section III, we firstdescribe the three basic

components of OSA with multi-channel sensing and then derive the optimality equation.

1) Spectrum Sensor:Suppose that a setA(t) ⊂ {1, . . . , N} of channels is chosen in slott,

where|A(t)| = L ≥ 1. The spectrum sensor performs a2L-ary hypothesis test:

H0 : SA(t) = [1, 1, . . . , 1],

H1 : SA(t) = [0, 1, . . . , 1],

...

H2L−1 : SA(t) = [0, 0, . . . , 0],

(21)

where SA(t)
∆
= {Sn(t)}n∈A(t) ∈ {0, 1}L denotes the occupancy states of the chosen channels

A(t) in the current slot. Thea priori probabilities of these hypotheses can be learned from the

observation and decision history, which is characterized by the belief vector. For example, given
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current belief vectorΛ(t) and chosen channelsA(t), the a priori probability ofH0 in this slot

is given by

Pr{H0} =
∑

s∈S

∑

s′∈S

λs′(t)Ps′,s

∏

n∈A(t)

1[sn=1]. (22)

This indicates that how sensor and access information at theMAC layer can be used in the

design of the spectrum sensor at the PHY layer.

Let ΘA(t)
∆
= {Θn(t)}n∈A(t) ∈ {0, 1}L denote the sensing outcomes. Sensing errors occur if

the spectrum sensor mistakes one hypothesis for another,i.e., ΘA(t) 6= SA(t). Since there are

total 2L hypotheses, the performance of the spectrum sensor can be specified by a setE(t) of

2L(2L − 1) error probabilities:

E(t)
∆
= {Pr{detectHi | Hj is true} : 0 ≤ i, j ≤ 2L − 1, i 6= j}. (23)

The optimal design of the spectrum sensor should achieve a tradeoff among these2L(2L−1) error

probabilities. LetA(L)
δ (A) include all sets of achievable error probabilities. A sensor operating

policy specifies, in each slott, a feasible sensor operating point (i.e., a set of achievable error

probabilities)E(t) ∈ A
(L)
δ (A(t)) based on the current belief vectorΛ(t) and the chosen channels

A(t).

2) Sensing and Access Policies:At the beginning of each slott, a sensing policy specifies a

setA(t) ∈ A
(L)
s

∆
= {A ⊂ {1, . . . , N}, |A| = L} of channels to be sensed based on the current

belief vectorΛ(t) ∈ Π(S). Based onΛ(t) and the imperfect sensing outcomesΘA(t) given

by the spectrum sensor, an access policy decides whether to accessΦA(t)
∆
= {Φn(t)}n∈A(t) ∈

{0, 1}L. At the end of slott, the receiver acknowledges every successful transmission. The

acknowledgments (i.e., the common observation of the transmitter and the receiver)are denoted

by KA(t)
∆
= {Kn(t)}n∈A(t) ∈ {0, 1}L, whereKn(t) = Sn(t)Φn(t). Given observationsKA(t)

and sensing actionA(t), the secondary user obtains an immediate rewardRKA(t):

RKA(t) =
∑

n∈A

Kn(t)Bn. (24)

3) Optimality Equation: In a similar fashion as Section III, we can formulate the optimal

design of OSA with multi-channel sensing as a constrained POMDP. We can also show that

Proposition 1 holds,i.e., it is sufficient to consider deterministic sensor operatingand sensing

policies for the optimal design of OSA with multi-channel sensing. Therefore, in each slot, the

secondary user needs to make the following decisions: whichsetA ∈ A
(L)
s of channels to sense,
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which sensor operating pointE ∈ A
(L)
δ (A) to choose, and which setF

∆
= {fn(θ)} n∈A

θ∈{0,1}L

of

transmission probabilities to use, where

fn(θ) = Pr{Φn = 1 |ΘA = θ} ∈ [0, 1]

is the probability of accessing chosen channeln given belief vector and sensing outcomeΘA = θ.

The composite action space is denoted by

A
(L) = {{A, E ,F} : A ∈ A

(L)
s , E ∈ A

(L)
δ (A),F ∈ [0, 1]L2L

}.

We can obtain the optimality equation and the design constraint as

Vt(Λ(t)) = max
A={A,E,F}∈A(L)

∑

s∈S

∑

s′∈S

λs′(t)Ps′,s

∑

kA∈{0,1}L

U
(L)
s,kA

(A)

× [RkA
+ Vt+1(T (Λ(t) |A,kA))] , 1 ≤ t < T, (25a)

VT (Λ(T )) = max
A={A,E,F}∈A(L)

∑

s∈S

∑

s′∈S

λs′(t)Ps′,s

∑

kA∈{0,1}L

U
(L)
s,kA

(A)RkA
, (25b)

s.t. Pn(t) =
∑

θA,sA∈{0,1}L

hSA|Sn
(sA | 0) lΘA|SA

(θA | sA) fn(θA) ≤ ζ, ∀n, t, (25c)

wherehSA|Sn
(sA | i)

∆
= Pr{SA = sA |Sn = i} is the conditional distribution of channel occupancy

statesSA given current belief vectorΛ(t), lΘA|SA
(θA | sA)

∆
= Pr{ΘA = θA |SA = sA} is

the error probability determined by the current sensor operating pointE , and the conditional

distributionU
(L)
s,kA

(A) of observationsKA can be calculated as

U
(L)
s,kA

(A)
∆
= Pr{KA = kA |S = s}

=
∑

θA∈{0,1}L

lΘA|SA
(θA | sA)

∏

n∈A

Pr{Kn = kn |ΘA = θA,SA = sA}

=
∑

θA∈{0,1}L

lΘA|SA
(θA | sA)

∏

n∈A

[knsnfn(θA) + (1 − kn)(1 − snfn(θA))].

(26)

The updated belief vectorT (Λ(t) |A,kA) can be obtained by substituting (26) into (11).

In principle, the optimal decisions{A∗, E∗,F∗} in each slot can be obtained by solving

(25) recursively. However, without any structural resultson this constrained POMDP, (25) is

computationally prohibitive. A natural question here is whether there exists a separation principle

similar to Theorem 1 that can be used to simplify the optimal design of OSA with multi-channel

sensing.
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B. Separation Principle

We show that under certain conditions, the separation principle established for the single-

channel sensing case can be applied in the multi-channel sensing scenarios.

Theorem 3: When the spectrum sensor and the access policy aredesigned independently

across channels, the separation principle developed in Theorem 1 is valid for optimal OSA

design with multi-channel sensing. In this case, the optimal spectrum sensor adopts the optimal

NP detector with PM equal toζ , which detects the occupancy of a chosen channel by using the

measurements from this channel, and the optimal access decision on a chosen channel is to trust

the sensing outcome from this channel. The optimal sensing policy can be obtained by solving

an unconstrained POMDP.

Proof: The proof is built upon that of Theorem 1. See Appendix F.

We emphasize that the extension of the separation principleto multi-channel sensing scenarios

is based on the condition that the spectrum sensor and the access policy are designed indepen-

dently across channels. Specifically, we assume that the occupancy of a channel is detected

independently of the measurements taken from other channels and the access decision on a

channel is made independently of the sensing outcomes from other channels. Intuitively, in this

case, the design of spectrum sensor and access policy for themulti-channelL > 1 sensing

case can be treated asL independent design problems, one for each chosen channel. Hence, the

optimal design for the single-channel case can be extended to L > 1.

Theorem 3 provides sufficient conditions under which the design given by the separation

principle (referred to as the SP approach for simplicity) isoptimal. In Proposition 4, we show

that the SP approach is locally optimal (i.e., maximizes the instantaneous throughput) under

certain relaxed conditions.

Proposition 4: Suppose that the spectrum sensor is designedindependently across channels

while the access policy jointly exploits the sensing outcomes from all channels. The SP approach

is locally optimal when channels evolve independently.

Proof: See Appendix G.

It may sound plausible that the SP approach is (globally) optimal when channels evolve

independently since in this case the sensing outcomes are independent across channels and

independent access decisions seem to suffice. Interestingly, counter examples can be constructed

to show that introducing correlation among access decisions across channels can improve the
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overall throughput. The rationale behind this is that the joint access design enables the secondary

user to trade the immediate access to “bad” channels (e.g.,channels with small bandwidth) for

information on the occupancy states of “good” channels, leading to potentially more rewarding

future decisions. Specifically, as noted in Section IV-B, the secondary user cannot distinguish

a busy channelSn = 0 from the decision of no accessΦn = 0 when observingKn = 0.

However, if the access decisionΦm on channelm 6= n is correlated withΦn, then we can infer

the occupancy state of channeln from bothKm andKn. That is, by sacrificing the immediate

access to channelm with small bandwidth, we can obtain more information on the occupancy

state of channeln.

C. Heuristic Approaches to Exploiting Channel Correlation

While simplifying the design of OSA with multi-channel sensing, the condition that the

spectrum sensor and the access policy are designed independently across channels can cause

throughput degradation since the correlation among channel occupancies is ignored. We propose

two heuristic approaches to exploit the channel correlation: one at the PHY layer and the other

at the MAC layer.

1) Exploiting Channel Correlation at the PHY Layer:When the occupancy states are cor-

related across channels, we have correlated channel measurements at the PHY layer. Hence,

the measurements at all chosen channels should be jointly exploited in spectrum opportunity

identification. With this in mind, we propose a heuristic design of the spectrum sensor: it performs

L binary hypothesis tests, one for each chosen channel, by using all channel measurements

and adopting the optimal NP detector with PM equal toζ . We point out that, different from

the SP sensor, the proposed spectrum sensor performsL composite hypothesis tests since it

uses all channel measurements and the occupancy states of other channels are unknown in

each hypothesis test. Hence, the structure of the optimal NPdetector adopted by this heuristic

sensor relies on the joint distribution of the channel occupancy states, which is given by the

belief vector (see Section V-D for an example). That is, the spectrum sensor design is affected

by the observation and decision history and thus varies withtime. As illustrated in Fig. 9,

the performance of this spectrum sensor improves over time,resulting from more informative

distribution of the SOS obtained from accumulating observations. Note that the design of this

spectrum sensor is much simpler than the2L-ary hypothesis test given in (21).
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Based on the sensing outcomes given by this sensor that exploits measurements from all

chosen channels, access decisions are made independently across channels,i.e., access if and

only if a channel is sensed as idle. We refer this approach as the PHY layer approach.

Proposition 5: Suppose that the access policy is designed independently across channels while

the spectrum sensor jointly exploits the measurements taken from all chosen channels. The PHY

layer approach is locally optimal. When channels evolve independently, the PHY layer approach

reduces to the SP approach.

Proof: See Appendix H.

Note that the PHY layer approach is locally optimal even whenchannels are correlated.

2) Exploiting Channel Correlation at the MAC Layer:When channel occupancies are corre-

lated, so are the sensing outcomes given by the spectrum sensor. Hence, the channel correlation

can also be exploited at the MAC layer by making access decisions jointly across channels. A

heuristic MAC layer approach is to adopt the spectrum sensorof the SP approach,i.e., detects

the occupancy state of a channel by using only the measurements of this channel, and then

choose the access policy that exploits sensing outcomes from all chosen channels to maximize

the instantaneous throughput. Specifically, for given chosen channelsA ∈ As and belief vector

Λ(t) in slot t, we choose transmission probabilitiesF̂ = {fn(θA)} n∈A
θA∈{0,1}L

∈ [0, 1]L2L

as follows

F̂ = arg max
F∈[0,1]L2L

E [RKA
| Λ(t)] (27a)

= arg max
F∈[0,1]L2L

∑

n∈A

Bn Pr{Kn = 1} arg max
F∈A

(L)
c

∑

n∈A

Bn Pr{ΦnSn = 1}

= arg max
F∈[0,1]L2L

∑

n∈A

Bn Pr{Sn = 1}
∑

θA,sA∈{0,1}L

hSA|Sn
(sA | 1) lΘA|SA

(θA | sA) fn(θA) (27b)

s.t. Pn(t) =
∑

θA,sA∈{0,1}L

hSA|Sn
(sA | 0) lΘA|SA

(θA | sA) fn(θA) ≤ ζ, ∀n ∈ A, (27c)

where the conditional probabilityhSA|Sn
(sA | i) (i = 0, 1) of the current channel occupanciesSA

and the sensing error probabilitylΘA|SA
(θA | sA) are defined below (25).

The access policy given in (27) can be obtained via linear programming. Proposition 6

shows that this MAC layer approach is equivalent to the SP approach when the SOS evolves

independently across channels. This agrees with our intuition that when channels are independent,

so are the sensing outcomes from the chosen channels. Hence,independent access decisions

perform as well as the joint one in terms of instantaneous throughput.
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Proposition 6: Suppose that the spectrum sensor is designedindependently across channels

while the access policy jointly exploits the sensing outcomes from all chosen channels. When

channels evolve independently, the MAC layer approach reduces to the SP approach and hence

is locally optimal.

Proof: See Appendix G.

D. Simulation Examples

Next, we study the performance of the SP, the PHY layer, and the MAC layer approaches. Note

that these three approaches differ in the spectrum sensor and the access policy. We can employ

any sensing policy to compare their performance. For simplicity, we consider a myopic sensing

policy that chooses the setA of channels to maximize the expected instantaneous throughput

under perfect sensing:i.e., for given belief vectorΛ(t) in slot t,

A = arg max
A∈As

∑

n∈A

Bn Pr{Sn = 1}. (28)

We adopt the model of Gaussian noise and Gaussian primary signal described in Section IV-F.

In this case, the spectrum sensor of the SP approach employs an energy detector given in (19).

The detection thresholdηn of the energy detector is chosen so that the PM is fixed atζ .

Using the measurements{Yn}n∈A from all chosen channels, the sensor employed by the PHY

layer approach performs a composite hypothesis test for each chosen channeln:

H0(Sn = 1) : Yn ∼ N (0M , σ2
n,0IM),

Ym ∼ N (0M , (σ2
m,0 + 1[Sm=0]σ

2
m,1)IM), ∀m ∈ A\{n}

H1(Sn = 0) : Yn ∼ N (0M , (σ2
n,1 + σ2

n,0)IM),

Ym ∼ N (0M , (σ2
m,0 + 1[Sm=0]σ

2
m,1)IM), ∀m ∈ A\{n}.

(29)

Note that the distribution of the measurements under each hypothesis depends on the distribution

of the current channel occupancy statesSA = {Sn}n∈A, which is given byhS|Sn
(sA | i) (defined

below (25)) and can be calculated from the current belief vector Λ(t). In this case, the optimal

NP detector for (29) is given by a likelihood ratio test [25, Sec. 2.5]:
∑

sA∈{0,1}L hSA|Sn
(sA | 0)

∏

m∈A p(Ym|Sm = sm)
∑

sA∈{0,1}L hSA|Sn
(sA | 1)

∏

m∈A p(Ym|Sm = sm)
≷H1

H0
τn, (30)
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wherehS|Sn
(sA | 0) = 0 when sn 6= 0 and p(Yn|Sn = sn) is the PDF of independent Gaussian

channel measurementsYn:

p(Yn|Sn = sn) =

M
∏

i=1

1
√

2π(σ2
n,0 + 1[sn=0]σ

2
n,1)

e
−

Y 2
n,i

2(σ2
n,0+1[sn=0]σ

2
n,1) . (31)

Note that when channel occupancies are independent, the above sensor employed by the PHY

layer approach is equivalent to that of the SP approach, which demonstrates Proposition 5. The

PFA and the PM of this sensor can be evaluated via simulation.In each slot, the detection

thresholdτn is chosen according to the belief vector so that the resulting PM is fixed atζ , i.e.,

the design of the spectrum sensor varies with time.

As proven in Propositions 4 - 6, the PHY layer and the MAC layerapproaches are equivalent to

the SP approach when channels evolve independently. We thuscompare below the performance

of these three approaches in correlated channels. Specifically, we considerN = 4 correlated

channels, each with bandwidthBn = 1. The transition probabilities of the SOS are given by

P[0000],[0111] = 0.6, P[0000],[0000] = 0.4, P[0111],[0000] = P[1011],[0000] = P[1101],[0000] = P[1110],[0000] =

0.2, andP[0111],[1011] = P[1011],[1101] = P[1101],[1110] = P[1110],[0111] = 0.8. The maximum allowable

probability of collision is assumed to beζ = 0.05. In each slot,L = 3 channels are chosen.

The spectrum sensor takesM = 1 measurement at each chosen channel, and the noise and the

primary signal powers are given byσ2
n,0 = 0 dB andσ2

n,1 = 10 dB for all n.

1) Comparison of Sensor Performance:In Fig. 9, we plot the ROC curves (1 − δn vs. ǫn)

of the SP sensor and the sensor employed by the PHY layer approach. Note that the sensor

employed by the MAC layer approach is the same as the SP sensor. We see that the sensor of

the PHY approach outperforms that of the SP sensor. Specifically, for a fixed PM, the PFA of the

sensor employed by the PHY approach is smaller than that of the SP sensor. This is because the

sensor of the PHY approach exploits the correlation among channel measurements in detection

while the SP sensor uses measurements from a single channel.We also observe that the ROC

curve of the sensor of the PHY approach improves over time while that of the SP sensor remains

the same. This observation can be explained by comparing theoptimal detectors (19) and (30).

Clearly, the energy detector (19) used by the SP sensor is static and so is its performance. As seen

from (30), the decision variable of the sensor of the PHY approach depends on the conditional

distributionhSA|Sn
(sA | i) of the channel occupancies, which varies with time according to the

belief vector. As timet increases, the belief vector provides more information on the SOS due
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Fig. 9. Comparison of ROC curves.

to the accumulating observations, leading to improved sensor performance. Fig. 9 demonstrates

that the performance of the spectrum sensor can be improved by incorporating the sensing and

access decisions at the MAC layer, which are encoded in the belief vector.

2) Comparison of Throughput Performance:In Fig. 10, we compare the throughput of these

three approaches. As expected, the SP approach, which ignores the channel correlation, performs

the worst. By jointly exploiting the sensing outcomes in access decision-making, the MAC layer

approach can improve throughput performance. A much largerperformance gain is achieved by

the PHY layer approach which jointly exploits the channel measurements in spectrum opportunity

identification. We can thus see that exploiting channel correlation at the PHY layer is more

effective than that at the MAC layer. In other words, independent opportunity identification

at the PHY layer hurts the throughput more than independent access decision-making at the

MAC layer. This agrees with our intuition because independent opportunity identification makes

hard decisions on whether the channel is idle. The correlation among the resulting sensing

outcomes is less informative than that in the original channel measurements, leading to throughput

degradation.
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VI. CONCLUSION

Unique challenges in the design of OSA networks arise from the tension between the secondary

users’ desire for performance and the primary users’ need for protection. Such tension dictates the

interaction between opportunity identification at the physical layer and opportunity exploitation

at the MAC layer, and a cross-layer approach is necessary to achieve optimality.

In this paper, we have developed a POMDP framework that captures basic components and

design tradeoffs in OSA. We have shown that, surprisingly, there exists a separation principle

in the optimal joint design of OSA that circumvents the curseof dimensionality in general

POMDPs. Being able to obtain the optimal joint design in closed-form allows us to characterize

quantitatively the interaction between the physical and MAC layers. In particular, we have demon-

strated how sensing errors at the PHY layer affect MAC designand how incorporating MAC

layer information into physical layer leads to acognitivespectrum sensor whose performance

improves over time by learning from accumulating observations.

APPENDIX A: PROOF OFPROPOSITION1

We first prove the existence of a deterministic optimal sensor operating policy. Suppose that

channeln is chosen in the current slot. Letω : Aδ(n) → [0, 1] be an arbitrary PDF on the set
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Aδ(n) of feasible sensor operating points,i.e.,
∫

(ǫ,δ)∈Aδ(n)
ω(ǫ, δ)dǫdδ = 1. We can compute the

resulting PFAǫn and the PD1 − δn as

ǫn = E[ǫ] =

∫

(ǫ,δ)∈Aδ(n)

ǫω(ǫ, δ)dǫdδ, (32a)

1 − δn = E[1 − δ] =

∫

(ǫ,δ)∈Aδ(n)

(1 − δ)ω(ǫ, δ)dǫdδ. (32b)

Since0 ≤ ǫ ≤ 1 − δ ≤ P
(n)
D,max(ǫ) for every sensor operating point inAδ(n), we have

0 ≤ ǫn ≤ 1 − δn ≤

∫

(ǫ,δ)∈Aδ(n)

P
(n)
D,max(ǫ)ω(ǫ, δ)dǫdδ. (33)

Since the best ROC curveP (n)
D,max is concave, we haveE[P

(n)
D,max(ǫ)] ≤ P

(n)
D,max(E[ǫ]) and hence

0 ≤ ǫn ≤ 1 − δn ≤ P
(n)
D,max(ǫn). That is, the resulting PFA and PM(ǫn, δn) of any randomized

sensor operating policyω belongs to the setAδ(n). Therefore, it is sufficient to consider

deterministic sensor operating policies.

The spectrum sensor and the access policy should ensure thatthe collision constraint is satisfied

no matter which channel is chosen. Letvn denote the maximum expected remaining reward

when channeln is chosen in the current slot. Then, the deterministic sensing policy that chooses

channeln∗ = arg maxn∈As
vn in this slot is optimal since the maximum expected remaining

reward that can be achieved by a randomized sensing policy is
∑

n∈∈As
vnµ(n) ≤ vn∗, where

µ : As → [0, 1] is a PMF on the setAs.

APPENDIX B: PROOF OFTHEOREM 1

The proof of the separation principle is built upon the following three Lemmas. For ease

of presentation, we defineQt(Λ |A) as the maximum expected remaining reward that can

be obtained starting from slott given that the current belief vector isΛ and actionA =

{a, (ǫa, δa), (fa(0), fa(1))} ∈ A is taken in this slot,i.e.,

Qt(Λ |A) =
∑

s∈S

∑

s′∈S

λs′Ps′,s

1
∑

k=0

Us,k(A) [kBa + Vt+1(T (Λ |A, k))] . (34)

Let A
∆
= {a, (ǫa, δa), (fa(0), fa(1))} ∈ A and A′ ∆

= {a, (ǫ′a, δ
′
a), (f

′
a(0), f ′

a(1))} ∈ A be two ac-

tions with the same channel selection but different sensor operating points and transmission

probabilities.
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Lemma 1: The value function given in(9) is convex in the belief vector. Specifically, at any time

t, the value functionsVt(Λ1) and Vt(Λ2) of any two belief vectorsΛ1 ∈ Π(S) and Λ2 ∈ Π(S)

satisfy

Vt(τΛ1 + (1 − τ)Λ2) ≤ τVt(Λ1) + (1 − τ)Vt(Λ2), where0 ≤ τ ≤ 1. (35)

Proof: We use mathematical induction. From the value function given in (9b), we can see

that VT (Λ) in the last slott = T is linear and hence convex in the belief vectorΛ. Suppose

that Vt(Λ) is convex for every slott > t0. By the definition of convex functions, we can show

that the maximum remaining rewardQt(Λ |A) under an actionA ∈ A is convex. Since the

maximum of a set of convex functions is convex, the value function Vt0(Λ) in slot t = t0 is

convex and Lemma 1 follows.

Lemma 2: If acknowledgementKa = 1 is observed in a slott, then the future reward, given

by the value functionVt+1(T (Λ |A, 1)), is independent of the sensor operating point(ǫa, δa)

and the transmission probabilities(fa(0), fa(1)) employed in the current slot. That is,

Vt+1(T (Λ |A, 1)) = Vt+1(T (Λ |A′, 1)). (36)

Proof: Applying the conditional observation probabilityUs,1(A) given in (10) to (11), we

obtain the updated belief vectorΛ1(t + 1)
∆
= T (Λ |A, 1) whose elementλ1

s
(t + 1) is given by

λ1
s
(t + 1) =

∑

s′∈S
λs′(t)Ps′,ssa

∑

s′∈S

∑

s′∈S
λs′(t)Ps′,ssa

, (37)

which is independent of the sensor operating point(ǫa, δa) and the transmission probabilities

(fa(0), fa(1)).

Lemma 3: In any slott, the future rewardsVt+1(T (Λ |A, k)) and Vt+1(T (Λ |A′, k)) satisfy

the following inequality:

Vt+1(T (Λ |A, 0)) ≤ τVt+1(T (Λ |A, 1)) + (1 − τ)Vt+1(T (Λ |A′, 0)), (38)

whereτ is given by

τ =

∑

s∈S

∑

s′∈S
λs′(t)Ps′,s [Us,0(A) − Us,0(A

′)]
∑

s∈S

∑

s′∈S
λs′(t)Ps′,sUs,0(A)

. (39)

Proof: Applying the conditional observation probabilityUs,k(A) given in (10) to (11), we

can obtain the updated belief vectorsT (Λ |A, k) and T (Λ |A′, k). After some algebras, we

reach the following equality:

T (Λ |A, 0) = τT (Λ |A, 1) + (1 − τ)T (Λ |A′, 0), (40)
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whereτ is given by (39). Lemma 3 follows from the convexity of the value function proven in

Lemma 1.

With the above three Lemmas, we now prove the separation principle. First notice that the

expected immediate rewardE[RKa(t) |Λ(t)] can be obtained as

E[RKa(t) |Λ(t)] = Ba

∑

s∈S

∑

s′∈S

λs′(t)Ps′,sUs,1(A)

= [ǫafa(0) + (1 − ǫa)fa(1)]Ba

∑

s∈S

∑

s′∈S

λs′(t)Ps′,ssa. (41)

SinceBa

∑

s∈S

∑

s′∈S
λs′(t)Ps′,ssa is a constant for given belief vectorΛ(t) and sensing action

a, the expected immediate rewardE[RKa(t) |Λ(t)] increases withǫafa(0) + (1 − ǫa)fa(1).

Second, we note that the sensor operating point(ǫa, δa) and the transmission probabilities

(fa(0), fa(1)) only affect the expected remaining rewardQt(Λ(t) |A) defined in (34) through

the observation probabilityUs,1(a, δ, f(0), f(1)) = sa[ǫafa(0) + (1 − ǫa)fa(1)]. Therefore, if we

can show thatQt(Λ(t) |A) increases with the quantityǫafa(0) + (1 − ǫa)fa(1), then this will

prove the separation principle.

To this end, we consider two actionsA andA′ such thatǫ′af
′
a(0)+(1−ǫ′a)f

′
a(1) ≥ ǫafa(0)+(1−

ǫa)fa(1) in slot t. Comparing the resulting maximum expected remaining rewards Qt(Λ(t) |A′)

andQt(Λ(t) |A), we obtain that

Qt(Λ(t) |A′) − Qt(Λ(t) |A)

=
∑

s∈S

∑

s′∈S

λs′(t)Ps′,s {Ba [Us,1(A
′) − Us,1(A)]

×
1

∑

k=0

[Us,k(A
′)Vt+1(T (Λ(t) |A′, k)) − Us,k(A)Vt+1(T (Λ(t) |A, k))]}

≥
∑

s∈S

∑

s′∈S

λs′(t)Ps′,s

1
∑

k=0

[Us,k(A
′)Vt+1(T (Λ(t) |A′, k)) − Us,k(A)Vt+1(T (Λ(t) |A, k))] (42)

Applying Lemmas 2 and 3, we obtain after some algebras:

Qt(Λ(t) |A′) − Qt(Λ(t) |A) ≥ 0, (43)

which proves the monotonicity of the expected remaining reward Qt(Λ(t) |A) with ǫafa(0) +

(1 − ǫa)fa(1) and hence completes the proof of the separation principle.
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APPENDIX C: PROOF OFPROPOSITION2

Whenδa = 1, we haveǫa = 0 and the objective functionǫafa(0)+(1−ǫa)fa(1) given in (13a)

is maximized whenf ∗
a (1) = 1. Whenδa ∈ [0, 1), the constraint given in (13) can be written as

0 ≤ fa(0) ≤
ζ − δafa(1)

1 − δa

. (44)

Applying (44) to the objective function in (13a), we obtain that

ǫafa(0) + (1 − ǫa)fa(1) ≤ fa(1)

[

1 −
ǫa

1 − δa

]

+
ǫaζ

1 − δa

, (45)

where the equality holds whenfa(0) = ζ−δafa(1)
1−δa

. Since1 − δa ≥ ǫa (see footnote 2), the right

hand side of (45) increases withfa(1). Hence, to maximize the objective functionǫafa(0) +

(1 − ǫa)fa(1), we should choose the largestfa(1) such thatfa(0) = ζ−δafa(1)
1−δa

≥ 0 (see (44)).

Therefore, whenδa ≤ ζ , f ∗
a (1) = 1 and correspondinglyf ∗

a (0) = ζ−δa

1−δa
. Whenδa ≥ ζ , f ∗

a (1) = ζ

δa

and correspondinglyf ∗
a (0) = 0.

APPENDIX D: PROOF OFPROPOSITION3

Whenfa(0) ≤ fa(1) andfa(0) ≤ ζ , the optimal spectrum sensor is given by (13):

(ǫ∗a, δ
∗
a) = arg min

(ǫa,δa)∈Aδ

ǫa, s.t. δa ≤
ζ − fa(0)

fa(1) − fa(0)
, (46)

which gives the optimal detector under the NP criterion.

Whenfa(0) > fa(1) andfa(0) ≥ ζ , (13) reduces to

(ǫ∗a, δ
∗
a) = arg max

(ǫa,δa)∈Aδ

ǫa, s.t. δa ≥
fa(0) − ζ

fa(0) − fa(1)
. (47)

Sinceǫa ≤ 1 − δa for all operating points considered inAδ, we haveǫ∗a = δ∗a = ζ−fa(1)
fa(0)−fa(1)

.

Otherwise, the collision constraint cannot be satisfied.

APPENDIX E: PROOF OFTHEOREM 2

Applying the optimal transmission probabilities(f ∗
a (0), f ∗

a (1)) given in Proposition 2 to the

objective function (13a), we obtain that

ǫafa(0) + (1 − ǫa)fa(1) =











1 − ǫa

1−δa
(1 − ζ), δa ≤ ζ,

1−ǫa

δa
ζ, δa ≥ ζ.

(48)

Since the best ROC curve is concave [25, Sec. 2.2], bothǫa

1−δa
and 1−ǫa

δa
increase withǫa and

hence decrease withδa. From (48), we can see that the objective functionǫafa(0)+(1−ǫa)fa(1)
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increases withδa when δa ≤ ζ , but decreases whenδa ≥ ζ . Hence, the maximum is achieved

when δ∗a = ζ . Correspondingly, the optimal transmission probabilities (f ∗
a (0), f ∗

a (1)) are given

by (0, 1).

APPENDIX F: PROOF OFTHEOREM 3

Let A(L) ∆
= {A, {(ǫn, δn)}n∈A, {(fn(0), fn(1))}n∈A} and An

∆
= {n, (ǫn, δn), (fn(0), fn(1))} ∈

A, whereAn corresponds to the actions taken on chosen channeln ∈ A. When the spectrum

sensor is designed independently across channels, we can write lΘA|SA
(θA | sA) = Pr{ΘA =

θA |SA = sA} =
∏

n∈A Pr{Θn = θn |Sn = sn} in a product form since the occupancy of

a channel is detected independently of the measurements at other chosen channels. When the

access policy is designed independently across channels, we havefn(θA) = fn(θn) for all

sensing outcomesθA ∈ {0, 1}L. Therefore, we can write the conditional observation probability

U
(L)
s,kA

(A(L)) as (26)

U
(L)
s,kA

(A(L)) =
∑

θA∈{0,1}L

∏

n∈A

Pr{Θn = θn |Sn = sn}[knsnfn(θn) + (1 − kn)(1 − snfn(θn))]

=
∏

n∈A

1
∑

θn=0

Pr{Θn = θn |Sn = sn}[knsnfn(θn) + (1 − kn)(1 − snfn(θn))]

=
∏

n∈A

Us,kn
(An). (49)

Similarly, after some algebras, the design constraint in (25c) can be written as

Pn(t) =

1
∑

θn=0

Pr{Θn = θn |Sn = 0}fn(θn) = (1 − δn)fn(0) + δnfn(1) ≤ ζ, ∀n ∈ A. (50)

Applying (49) to (25), we can see that the sensor operating point (ǫn, δn) and transmission

probabilities(fn(0), fn(1)) of a chosen channeln ∈ A affect the maximum remaining reward

only throughUs,1(An) = sn[ǫnfn(0) + (1 − ǫn)fn(1)], which is independent of the actions

{Am}m∈A\{n} taken on the other channels. Moreover, the simplified constraint (50) reveals that

the collision probability of a channeln is also independent of the actions{Am}m∈A\{n} taken

at other channels. Therefore, the design of the sensor operating and access policies can be

decoupled across channels. Following the same proof as given in Appendix B, we can show that

the expected remaining reward increases withǫnfn(0) + (1 − ǫn)fn(1) of every chosen channel

n ∈ A.
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On the other hand, the expected immediate rewardE[RKA(t) |Λ(t)] is given by

E[RKA(t) |Λ(t)] =
∑

n∈A

Bn Pr{Kn = 1} =
∑

n∈A

Bn Pr{Sn = 1}[ǫnfn(0) + (1 − ǫn)fn(1)], (51)

which also increases withǫnfn(0)+(1− ǫn)fn(1). Therefore, the separation principle developed

in Theorem 1 holds forL > 1.

APPENDIX G: PROOF OFPROPOSITIONS4 AND 6

Let A ∈ A
(L)
s denote a set of chosen channels andĀn = A\{n} be all the set of cho-

sen channels excludingn. Since channels evolve independently, we havehSĀn
|Sn

(sĀn
| 0) =

hSĀn
|Sn

(sĀn
| 1), wherehSĀn

|Sn
(sĀn

| i) = Pr{SĀn
= sĀn

|Sn = i}. Hence, given belief vector

Λ(t) and chosen channelsA in slot t, the myopic (i.e., locally optimal) sensor operating point

(ǫ̂n, δ̂n) and transmission probabilitieŝF = {f̂n(θA)} are given by (27)

{(ǫ̂n, δ̂n), F̂} = arg max
(ǫn,δn)∈Aδ

F∈[0,1]L2L

E
[

RKA(t) |Λ(t)
]

= arg max
(ǫn,δn)∈Aδ

F∈[0,1]L2L

∑

n∈A

Bn Pr{Sn = 1}
1

∑

θn=0

Pr{Θn = θn |Sn = 1}gn(θn)

= arg max
(ǫn,δn)∈Aδ

F∈[0,1]L2L

∑

n∈A

Bn Pr{Sn = 1}[ǫngn(0) + (1 − ǫn)gn(1)] (52a)

s.t. Pn(t) =
1

∑

θn=0

Pr{Θn = θn |Sn = 0}gn(θn) = (1 − δn)gn(0) + δngn(1) ≤ ζ, ∀n ∈ A,

(52b)

whereg(θn) ∈ [0, 1] is defined as

gn(θn)
∆
=

∑

θĀn
∈{0,1}L−1

fn(θĀn
, θn)

∑

sĀn
∈{0,1}L−1

Pr{SĀn
= sĀn

}
∏

m∈Ān

Pr{Θm = θm |Sm = sm}.

(53)

We see from (52) that the myopic approach should maximizeǫngn(0) + (1− ǫn)gn(1) under the

constraint(1 − δn)gn(0) + δngn(1) ≤ ζ for every chosen channeln ∈ A, leading to the same

optimization problem as (13). By Theorem 2,δ̂n = ζ and(ĝn(0), ĝn(1)) = (0, 1) are the solution

to (52). That is, the SP sensor is locally optimal. Furthermore, since(ĝn(0), ĝn(1)) = (0, 1) is

achieved by choosinĝfn(θĀn
, θn) = 1[θn=1] in (53), transmission probabilitieŝfn(θA) = θn are

locally optimal, which completes the proof of Proposition 4.
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Proposition 6 follows directly from the fact that the MAC layer approach employs the myopic

access policy and the SP sensor, which has been proven to be locally optimal.

APPENDIX H: PROOF OFPROPOSITION5

When the access policy is designed independently across channels, we havefn(θA) = fn(θn)

for any sensing outcomeΘA = θA from chosen channelsA. Hence, given belief vector

Λ(t) and chosen channelsA in slot t, the myopic spectrum sensor̂E and access decisions

{(f̂n(0), f̂n(1))}n∈A are given by

{Ê , {(f̂n(0), f̂n(1))}n∈A} = arg max
E∈A

(L)
δ

fn(0),fn(1)∈[0,1]

∑

n∈A

Bn Pr{Sn = 1}[Pr{Θn = 1 |Sn = 1}fn(1)

+ Pr{Θn = 0 |Sn = 1}fn(0)] (54a)

s.t. Pn(t) = Pr{Θn = 1 |Sn = 0}fn(1) + Pr{Θn = 0 |Sn = 0}fn(0) ≤ ζ, ∀n ∈ A, (54b)

where

Pr{Θn = θn |Sn = sn} =
∑

θĀn
,sĀn

∈{0,1}L−1

Pr{ΘĀn
= θĀn

, Θn = θn |SĀn
= sĀn

, Sn = sn}

(55)

is determined by the sensor operating pointE ∈ A
(L)
δ . Since (54) has the same form as (13), the

PHY layer approach is locally optimal.

Furthermore, when the SOS evolves independently across channels, the measurements from

different channels are independent. Hence, the sensor employed by the PHY layer approach is

equivalent to the SP sensor.
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