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|. PROBLEM STATEMENT
A. Network Model

Consider a spectrum oWV orthogonal channels licensed to a slotted primary netwbek.
Sn(t) € {0 (busy),1 (idle)} denote the occupancy of channelin slot . We assume that
the spectrum occupand(t) 2 [S1(t),...,Sn(t)] follows a discrete-time homogeneous Markov
process with finite state spaﬁeA: {0,1}" and known transition probabilitiesP; ¢ }s s'cs, Where
Py 2 Pr{S(t+1) =s"| S(t) = s} is the probability that the spectrum occupancy state ttsinsi
froms € Stos’ € S. We assume that the transition probabilities remain ungbdror1" slots.

We consider a secondary ad hoc network whose users indegndad selfishly search
for and exploit instantaneous spectrum opportunities @s¢hV channels. Specifically, at the
beginning of slott, a secondary user with data to transmit

1) chooses a setl(t) € A" = {A:AcC{l,....,N}, |A| = L} of channels to sense;

2) chooses an operating poiéitt) € AgL)(A(t)) for the spectrum sensgrwhich is used to

detect the occupancy statBs () = {S,(t) }ncaq) Of the chosen channeld(t);

3) based on the sensing outcon@a(t)é{@n(t)}neA(t) € {0 (busy),1 (idle)}*, decides

whether to access each sensed chadmgt) 2 {®,,(t) }neaw € {0 (no access)] (access)*.
At the end of the slot, every successful transmission is aeledgedK 4(¢) 2 {KG () Yneaw €
{0 (not successful)] (successful)r. We assume that the acknowledgement is error-free and that
secondary users do not collide with each other. That is,aeladgementy,, (¢) = 1 is received
if and only if the secondary user accesses an idle chanegl K, (t) = S,(t)®,(t). Our goal
is to design an OSA strategy for secondary users, which séigllg specifies which channels

in the spectrum to sense, which spectrum sensor to use, aicth sdnsed channels to access.

1See [2] for a detailed description of the spectrum sensor.
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B. A Constrained POMDP Formulation

As detailed in [1], [2], the optimal design of OSA can be fotatad as a constrained partially
observable Markov decision process (POMDP).
Belief Vector The secondary user's knowledge of the spectrum occuparsgdban all past
actions and observations can thus be summarized by a belsbrv

A() 2 {As(t)}ses € TI(S) = {{As}ses A €[0,1],) A= 1} , (1)

seS
where \s(¢) is the conditional probability (given the decision and aliadon history) that the
spectrum occupancy is in statat the beginning of the slatprior to the state transition. Hence,
based on the belief vectax(¢) at the beginning of slot, we obtain thea priori distribution of
current spectrum occupan8(t) as
Pr{S(t) =s} =Y A(t)Pvs,  Vs€ES, 2)
s'€S
which can be in the design of spectrum sensor.
Policy Within the POMDP framework, a sensing poligy that sequentially determines which

channels to sense is given by a sequence of functions:
Ts = [:ula o muT]a Where,ut : H(S) — AgL)7 (3)

where i, maps the belief vectoA(¢) € T1(S) at the beginning of slot to a setA(t) € Al of
channel to be sensed in slotSimilarly, a sensor operating poliey that specifies, in each slot

t, an achievable sensor operating pditit) € A((SL) is given by a sequence of functions:
5 = wi,...,wr], Wherew; :II(S) — A((;L) (A(t)), 4)

where A(t) = 1,(A(t)) is the set of channels chosen by the sensing policy intslot
As shown in [2], randomized access policies are requiredctoese optimality of this con-
strained POMDP. A randomized access policy specifies, i es#ut ¢, a set of transmission

probabilitiesF () 2 { £,(6.4, 1) neaw.0.4c01y2, Where
Fo(04,8) 2 Pr{d,(t) = 1| ©4(t) = 0.4}

is the probability of accessing sensed channel A(¢) when sensing outcomes are given by

6,4 € {0,1}-. For notation convenience, we It 2[0,1]-%" include all possible sets of
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transmission probabilitieg (¢). Hence, a randomized access policy is given by
e = [v1,...,vr], Wherey, : II(S) — A((:L). (5)

Objective Our goal is to develop the optimal OSA strategy by jointlyiopzing the sensor op-
erating policyr; and the spectrum sensing/access poli¢iesn.}. The objective is to maximize
the total expected number of information bits that can béveedd by the secondary usere,
the total expected reward of the POMDP)linslots under the constraint that the probability of
collision perceived by the primary network in any channed any slot is capped belog, i.e.,

ZR

t=1

A1)

{my, w2, m} = arg max Egq r ry

T§,Ts,Te

(6)
St P,(t) 2 Pr{®,(t) = 1|S.(t) =0} < ¢, Vi,n,

where E.; - -1 IS the expectation given sensor operating poligyand sensing and access

policies {r,, 7.}, P,(t) is the probability of collision perceived by the primary wetk in

channeln in slot ¢, and A(1) is the initial belief vector given by the stationary distriton of

the spectrum occupancy. Note that when{S, (t) = 0} = 0, no collision will occur and the

optimal access decision is straightforwabd(t) =

C. Optimality Equation

The value functiorV;(A(t)), defined as the maximum expected remaining reward that can be
obtained starting from slat (1 < ¢ < T') given that the current belief vector i%(¢) € II(S), is
the key to solving the POMDP. It can be shown that the valuetfan is the unique solution

to the following optimality equation:

Vi(A() = A={A%1,§;}§EA<L> Z Z A () Fors Z : kA

s€S s’eS k4€{0,1}L

x [R£i>+vt+1<:r<A<t>|A,kA>>}, 1<t<T,  (73)
Vo(A(T)) = Ay (t U (AR, 7b
r(AT) =, 2 2 M) {Z} s (AR (7b)
SLP(t)= > hsys,(54]0)leys,(0asa) fu(B4) ¢, Vit (7¢)

0.4,54€{0,1}F
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whereA( £ {{A, € F}: A, & e AP (A), F € A} include all possible decisions in a slot,

and

US) (A)2 Pr{Ka=ku|S =5}, (8a)
h i (54 ]7) 2 Pr{Ss=s4|S, = i}, (8b)
le 4js.(0.4|54) = Pr{® s =604|Ss=s4}, (8c)

Swes M (D) Py s U (A)
ZSES ZS’ES )\S'(t)PS'vSUS(i)A (A)

Specifically,hs , |5, (s.4 | 7) is the conditional distribution of channel occupancies= {Sn}neas

TAM) | A k) 2A(E+1), wheredy(t+1) = (8d)

which can be calculated via (2):

. > _ses Pr(S = 8)1s,=s 4 5,=i
h _ sE ATSAOn .
SalSn (8.4 7) > e Pr(S = 8)15, -

Clearly, hs,s,(sa]i) = 0 if s, # i. l@,s,(0.4|s4) is an error probability of the spectrum

(9)

sensor, which is determined by the current operating pﬁinUS(f{L(A) is the probability of
observingK 4 = k4 given actionA = {A4,&,F} € AP and current spectrum occupancy

S = s, which can be derived as

UL (A= Y Pr{O4=04]S=s}Pr{Ks=ka|O4=04S=5s}
0 4€{0,1}~
= > loysi(0alsa) [[ Pr{K.=k.|©a=0454=s4} (10)
6 4€{0,1}L neA
= > lousi(0alsa) [[Fnsnfn(6.4) + (1= k)1 = 5,f0(6.4))].
0 4€{0,1}~ neA

In principle, the optimal decisioq.A*,£*, F*} in each slot can be obtained by solving
(7) recursively. However, without any structural results this constrained POMDP, (7) is
computationally prohibitive. A nature question here is whbere exists a separation principle

similar to [1] that can be used for the optimal design of OSAhwnulti-channel sensing.

[l. SEPARATION PRINCIPLE

Theorem 1: The Separation Principle
When the spectrum sensor and the access strategy are designed independently across channels,

the optimal joint design of OSA can be carried out in two steps:
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Step 1: Choose the sensor operating points and the transmission probabilities to maximize the
expected immediate reward subject to collision constraint.

Step 2: Choose the sensing strategy to maximize the expected total reward.

In this case, the optimal spectrum sensor should detect the occupancy of a chosen channel by
applying the measurement of this channel to the optimal NP detector with probability of miss
detection equal to ¢, and the optimal access decision is to trust the sensing outcome.
Proof: See Appendix A. (111

We call the spectrum sensor and the access policy given ioréhe 1 the Il approach,
indicating the conditions of independent spectrum oppityuidentification and independent
access decision-making. We have shown in Theorem 1 thatl tapproach is optimal under
these conditions. In Proposition 1, we will further showtttias Il approach is locally optimal
(i.e, maximizes the instantaneous throughput) under certaaixeel conditions.

Proposition 1: When the spectrum sensor is designed independently across channels, the 11
approach given in 1 is locally optimal if the spectrum occupancy evolves independently across
channels.

Proof: See Appendix B. (117

IIl. HEURISTIC APPROACHES

We propose two heuristic approaches to exploiting the oblacorrelation: the PHY layer and
the MAC layer approaches.

1) The PHY Layer Approach: When the occupancy states are correlated across chanmels, w
have correlated channel measurements at the PHY layereHgre measurements of all chosen
channels should be jointly exploited in spectrum oppotjuidentification. With this in mind,
we propose a heuristic design of the spectrum sensor: ittdetiee occupancy of a channel by
applying the measurements of all chosen channels to thenaphNP detector with probability
of miss detection equal t¢. Different from the Il approach, this heuristic approacbarporates
all channel measurements into the occupancy detectionatf eaividual channel. Hence, the
structures of the optimal NP detector used in the heurigifr@ach and the Il approach are
different, leading to different error performance of thespum sensor.

By combining the above heuristic design of spectrum sengbrtive access strategy of the II

approach, we have the JI approach that performs joint spactipportunity identification and



TECHNICAL REPORT TR-07-01UC DAVIS, JAN. 2007. 6

independent access decision-making. Proposition (2)igees\a sufficient condition under which
this JI approach is locally optimal.

Proposition 2: When the access policy is designed independently across channels, the Ji
approach is locally optimal and it reduces to the Il approach if the spectrum occupancy evolves
independently across channels.

Proof: See Appendix C. (1]

2) The MAC Layer Approach: When channel occupancies are correlated, so are the sensing
outcomes given by the spectrum sensor. Hence, the chanmelatmn can also be exploited at
the MAC layer by making access decisions jointly across nbbn A heuristic approach is to
adopt the myopic access policy that maximizes the instaotas throughput. Specifically, for
given chosen channeld € A, and belief vectorA (t) € II(S) in slot ¢, we choose transmission

probabilitiesF = {f,(6.4)} nea € [0,1]*2" as follows
0 4c{0,1}F

F = arg max E [Ri;“) ‘ A(t)]

A
Feal

— B, Pr{K, =1} = B, Pr{®,5, = 1
arg max » B, Pr{K, =1} = arg max » B, Pr{®,5, = 1}

FEAC TLG.A FEAC TLG.A

= arg max S B Pr{S, =1} > hsys.(sall)les,(0alsa) f(04) (11a)
FEAT nea 0 4,54€{0,1}L

st. Pu(t) = ) hsys.(s4]0)le s, (04]54) fu(8.4) < ¢, Vnit, (11b)

0 4,54€{0,1}F
where the conditional probabilitys ,|s, (s | %) (: = 0, 1) of the current channel occupancies
and the sensing error probability , s , (6.4 |s4) are defined in (8).

Combining this myopic access policy with the spectrum sew$dhe Il approach, we have
the |J approach that performs independent spectrum opptyrtdentification and joint access
decision-making. In this case, the myopic access policgrgin (11) can be obtained via linear
programming. Proposition 3 shows that this 1J approach isvatent to the Il approach when
the spectrum occupancy evolves independently across elsann

Proposition 3: When the spectrum sensor is designed independently across channels, the 1J
approach reduces to the Il approach, and it is locally optimal if the spectrum occupancy evolves
independently across channels.

Proof: See Appendix B. (1]
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APPENDIX A: PROOF OFTHEOREM 1

When the spectrum sensor and the access policy are desigtepkendently across channels,
the secondary user chooses, in each slot, a set of chadnelst!” and then determines for
each chosen channele A a sensor operating poifit,, 4,) € Al"”(n) and a pair of transmission
probabilities(£,,(0), f.(1)) € AL = [0,1]2. Let A® 2 {A, {(en, 5n) bnea, {(£2(0), fu(1)) bnea}
and 4, 2 {n, (en, 0n), (fn(0), fn(1))} € A, whereA,, corresponds to the action taken on chosen
channeln € A.

When the spectrum sensor is designed independently adrasaels, we can writky s, (0.4 |s4) =
Pr{® 4 =04|Sa=s4}=1]],c4 Pr{On = 0,| S, = s} in a product form since the occupancy
detection of a channel is independent of the measuremenhef chosen channels. When the
access policy is designed independently across chanrelsavef,, (0 4) = f,.(6,,) for all sensing
outcomesd 4 € {0,1}~. Therefore, we can write the observation probabiﬁ@{)f‘(A(L)) given
action AX) as (10)

Und (AP = > [] Pr{On = a1 S0 = su}knsufa(0a) + (1 = k) (L = 50 fu(60))]

G_AE{O,I}L neA

= H Z Pr{©, = 0, | Sn = sp}[knsnfu(0n) + (1 = Kp) (1 — spfu(6n))]

neA 0,=0

neA
whereUs ;. (A,) = Pr{K,, = k,|S = s} is the observation probability in the design of OSA

with single-channel sensing (see [3]). Similarly, aftemgoalgebras, the design constraint in
(7c) can be written as

Pt)= > > Pr{Sa=s4]|8,=0}Pr{®4 =04 1S4 =54}

sa€{0,1}" 8 4, €{0,1}-71

X Y Pr{0 =0, | S, = 0}£u(6,) (13)

0,=0
1
= Pr{0, =0, |8, = 0}fu(0) = (1 = 6,) fa(0) + 6, fu(1) < ¢, Vn € A
0,=0
Substituting (12) into (7), we can see that the sensor dpgrabint (¢, d,,) and transmission
probabilities(f,,(0), f.(1)) of a chosen channel € A affect the maximum remaining reward
only throughUs(A,) = sulenfn(0) + (1 — €,) fn(1)], which is independent of the actions
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{Ap }mea\(ny taken on other channels. Moreover, the simplified condt(di) reveals that the
collision probability of a channek is also independent of the actiofsl,, },.c 4\ »} taken on
other channels. Therefore, the design of the spectrum sansloaccess policy can be decoupled
across channels. Following the same proof as given in [3],cae show that the expected
remaining reward increases withf,,(0) + (1 —¢,) f,(1) for each channeb € A.

On the other hand, the expected immediate revigiigk! | A(t)] is given by

E[Ri oy | AWM =Y B Pr{K, = 1} = 3 B.Pr{S, = 1}[eafu(0) + (1 = &) fu(D)], (14)

neA neA

which also increases with each f,,(0) + (1 — ¢,) f.(1). Therefore, the separation principle

developed in [1] can be used for the optimal design of OSA wwithiti-channell > 1 sensing.

APPENDIX B: PROOF OFPROPOSITIONS1 AND 3

To show Propositions 1 and 3, we derive the myopic spectrummoseand the myopic access
policy below. LetA € A denote a set of chosen channels afig = A\{n} be all chosen
channels except for. Since spectrum opportunities are identified indepengerttioss channels,

we have

hSAISn (SA | 0) = ]'[sn:O] hS_A_nISn (S./Tn 0) (15)

Since spectrum opportunities evolve independently acthasnels, we have
hs; 15.(84,10) = hs; 1s.(84, 1) = Pr{S4, =s4,}- (16)

Therefore, given belief vectoA(¢) and chosen channeld in slot ¢, the myopic {.e., locally

optimal) sensor operating poifi,, 3,) and transmission probabilities = { f,(6.4)} are given
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by (11)
{(é.6,), 7} =arg  max E[RY)|A()]
(Gn n)EA(l)
Feal

=arg max ZB Pr{S, =1} Z Pr{©, =0, | S, = 1}9.(0,)

(6"75")EA6 ncA 0,=0
Feall
=arg max Z B, Pr{S,, = 1}[€,9,(0) + (1 — €,)gn(1)] (17a)
(Gn n)EA(S neA
Feall

sit. Py Z Pr{0, = 0, | S, = 0}9,(0,) = (1 — 3,)9(0) + 6,9,(1) <, Vn € A,

0,=0

(17b)
whereg(6,) € [0,1] is defined as

w0 Y ful04.0) Y. Pr{Si =sa) [] Pr{Om =0l Sm = sm}.

0z, €{0,1}1~1 s, €{0,1}-1 meAn

(18)
We see from (17) that the myopic approach should maximjzg(0) + (1 — €,)g,(1) under the
constraint(1 — 4,)g,(0) 4+ d,9.(1) < ¢ for every chosen channel € A, leading to the same
optimization problem as [3, (11)]. Hencé, = ¢ and (§,(0), §.(1)) = (0,1) are the solution
to (17). That is, the Il sensor is locally optimal. Furthermosince(g,(0), g,(1)) = (0,1) is
achieved by choosinﬁn(egn,en) = 1jp,—1) in (18), transmission probabilitieﬁ(eA) =0, are
locally optimal, which completes the proof of PropositionPtoposition 3 follows directly from
the fact that the IJ approach employs the myopic accessypanid the Il sensor, which has been

proven to be locally optimal.

APPENDIX C: PROOF OFPROPOSITIONZ2

When the access policy is designed independently acrosselsa we have,,(04) = f.(6,)
for any sensing outcom® 4, = 64 from the chosen channeld. Hence, given belief vector

A(t) and chosen channeld in slot ¢, the myopic spectrum sensdr and access decision
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{(£a(0), fu(1))}nea are given by

e n
F2 0. fu(efo) "

X fu(1) +Pr{0, =0|S, =1}/.(0)] (19a)
St Py(t) = Pr{O, = 1|5, = 0} fu(1) + Pr{O, = 0] S, = 0} f,(0) <, Yne A, (19b)
wherePr{©, = 6, |5, = s,} is determined by the sensor operating paint A\":

Pr{0, =0,|S, = s,} = > Pr{®1 =04,0,=0,|Sx, =i, =50}
Ojn,San{O,l}Lfl

(20)
Since (19) has the same form as [3, (1DHO, = 1|5, = 0} = ¢ and (f,(0), (1)) = (0,1)
are the solution to (19). Hence, the JI approach is locallyngd.
Furthermore, when spectrum opportunities evolve indepetiyl across channels, the mea-
surements of different channels are independent. HeneeJltlsensor is equivalent to the Il

sensor.
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