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Abstract—We analyze the multihop delay of ad hoc cognitive
radio networks, where the transmission delay of each hop caists
of the propagation delay and the waiting time for the availablity
of the communication channel {.e., the occurrence of a spectrum
opportunity at this hop). Using theories and techniques fron
continuum percolation and ergodicity, we establish the sdang
law of the minimum multihop delay with respect to the source-
destination distance in cognitive radio networks. We show he
starkly different scaling behavior of the multihop delay in
connected networks as compared to networks that are only
intermittently connected due to scarcity of spectrum opportunities.

Index Terms—Cognitive radio network, multihop delay, con-
nectivity, intermittent connectivity, continuum percolation.

|. INTRODUCTION

network but also the transmitting and receiving activitéthe
privileged primary network. The connectivity of the secand
network is thus determined by two critical parameters: the
density\s of the secondary users and the densipy of the
primary transmitters representing the traffic load of thenary
network. As illustrated in Fig. 1, we show that accordingte t
connectivity of the secondary network, ttigs, Apr) plane
can be partitioned into three regions: disconnected, atirde
and intermittently connected, which are all interpretedhia
percolation sense. The secondary network is disconnetted i
there does not exist almost surely (a.s.) an infinite cormukect
component formed by topological links connecting two sec-
ondary users within each other’s transmission range, aad th
secondary network is connected if there exists a.s. an t@fini

The basic idea of opportunistic spectrum access is to aghi@@nnected component formed by communication links, where

spectrum efficiency and interoperability through a hienaral

communication links are those topological links experiegc

access structure with primary and secondary users [1]. S#te spectrum opportunities. Since the set of communication

ondary users, equipped with cognitive radios [2] capable

ks is a subset of topological links, we define the intetemt

sensing and learning the communication environment, ifjentconnectivity for a secondary network that is not connected
and exploit instantaneous and local spectrum opportgniti@s the a.s. existence of an infinite connected component

without causing unacceptable interference to primarysuggr

Using theories and techniques from continuum percolatiéigtailed in Sec.

and ergodicity, we analytically characterize the conwigti

and multihop delay of the secondary network. Specificall%PT

we consider a Poisson distributed secondary netivovkrlaid

with a Poisson distributed primary network in an infinite

two-dimensional Euclidean sp&ceDue to the hierarchical

structure of spectrum sharing, the transmission delay ol ea
hop in the secondary network consists of two components: the

propagation delay and the waiting time for the availabitfy

the communication channel€, the occurrence of a spectrum

opportunity at this hop).

A. Main Results

consisting of topological links. The above three concepts a
Il
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Fig. 1. The shaded region is the set(afs, A pr) under which the secondary

Disconnected

The contribution of this paper is twofold. First, we analytnetwork is connectedi.¢, the connectivity regiorC), the white region is

ically characterize the connectivity of the secondary oekw

which depends on not only the topology of the secondalfy‘

the set of(Ag, Apr) under which the secondary network is intermittently
nectedi(e., the intermittent connectivity regioi;), and the colored region
the set of(\s, Ap) under which the secondary network is disconnected.
The critical density\g of the secondary users is equal to the critical density
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1The notions of cognitive radio networks and secondary nessvare used
interchangeably in this paper.

2This infinite network model is equivalent in distribution tiee limit of a
sequence of finite networks with a fixed density as the aredehetwork
increases to infinityj.e., the so-calledextended network [3].

Second, we establish the scaling law of the minimum
multihop delay in the secondary network with respect to the
source-destination distance. When the secondary netvgork i
disconnected, there exist only finite topologically cortedc
components. If we randomly choose two secondary users,



then they belong to two different topologically connectedie show that the minimum multihop delay scales linearly
component a.s., which implies that they are not reachabie fr with the source-destination distance in both connected and
each other. We thus focus on the multihop delay betweatiermittently connected regimes, but with different safer
two secondary users in the infinite topologically connectdtle linear scaling. In particular, the limiting behavior thie
component when the secondary network is either connectate asr — 0 is distinct in the two regimes,e,, a.s.
or intermittently connected. ;

To highlight the impact of the waiting time for spectrumlim  lim (p,v) {
opportunities on multihop delay, we first study the scalinf~? ()= d(p,v)

law of the minimum multihop delay assuming that the propt indicates that when the propagation delay is sufficiently
agation delay is negligible. We show that the scaling lagmall, the scaling rate of the multihop delay for a connected

of the minimum multihop delay with respect to the sourceyetwork is much smaller than the one for a intermittently
destination distance has two distinct regimes, correspord connected network.

whether the secondary network is connected or intermigtent

connected. Specifically, gt be the sourcey the destination, B. Related Work
t(p, v) the minimum multihop delay from to v, andd(u, v)
the distance betweem and v, then we show that, a.s.

=0, if connected
> 0, if intermittently connected

As a fundamental issue for the feasibility and efficiency
of large-scale wireless networks, the scaling law has daise
t(u,v) [ =0, if connected increasing interest in the research community since thénsgm
d(p,lljr)rioo d(p,v) { > 0, if intermittently connected work of P. Gupta and P. R. Kumar [4]. The capacity scaling
When the secondary network is connected, a much stron%aé’y of CR networks hag been analyzed n [5-7]. To our
statement is actually shown, that is, est knowledge, the scallng Ia_vv of _the mul'qhop delay with

respect to the source-destination distance in a CR network
lim t(p, v) —0as, has not been characterized analytically or experimentally
d(uv)—oo g(d(p, 1)) the literature.
whereg(d(y, v)) is any monotonically increasing function of The scaling law of the multihop delay in homogeneous ad
d(p,v) satisfying  lim  g(d(u,v)) = co. Itimplies that the Nhoc networks has been well studied in [8-16]. As the number

o d(p,p)—o0 _ _ ) of users in the network increases to infinity, the multihofage
minimum multihop delayt(y, v) is asymptotically indepen- (o 5 shecific routing algorithm is analyzed in [8-10], and th
dent of the distance(y, v) asd(u,v) — co. Thus when the c4na ity delay tradeoff is revealed under a given netwark a

propagation delay is negligible, a connected CognitiVdor""qnobility model in [11-13]. Based on continuum percolation

(CR) network behaves almost the same as a homogenem.é%ry’ the scaling law of the multihop delay with respect to

ad hoc network, in the sense that the waiting time for thge goyrce-destination distance is established in [14-16]
spectrum opportunities does not affect the scaling law ef th

multihop delay with respect to the source-destinatioredice. Il. NETWORK MODEL

The above scaling law of the multihop delay may be i ) .
We consider a Poisson distributed secondary network over-

illustrated with an analogy of traveling from a plageto laid with . distributed ori Ki i
another placev, where the waiting time for the spectrumo. with a Poisson distributed primary network in an infnit

opportunities is likened to the waiting time for traffic ligh two dimensional Euclidean space. The primary network aopt

Suppose that we can move fast enough such that (s.t.) fh&ynchronized slotted structure with a slot length The
driving time on the road is negligible. When the secondaf alizations of active primary 'Fransm|tters vary from slot
network is connected, there exists an infinite connected-co ot and_ are assumed _to be i.i.d. across $lothus T can
ponent consisting of communication links a.s. which can considered as the time constant of the spectrum opportu-

regarded as a highway without traffic lights betweerand nities which are determined by the transmitting and reagivi
v. Given that both and v are within a finite distance to the activities of the primary users. Without loss of generalite

highway (independent of the distance betwgeand v), the aSSUMme thaT,S - L . .
traveling time fromu to v, which is exactly the waiting time _At, the beg'””'”g of each SIOt,’ the primary transmitters are
for traffic lights before entering the highway and after iegv distributed Qccordm_g toa two—d|menS|c_>naI Poisson _pomt_p
the highway, is independent of the distance betwgeand cessX pr with density \pr. To each primary transmitter, its

v. When the secondary network is intermittently connecteffCeiVer is uniformly distributed within its transmissicange
there does not exist an infinite connected component formBg: Here we have assumed that all the primary transmitters
use the same transmission power and the transmitted signals

by communication links a.si,e., such a highway between ; X .
and v can not be found. Then we have to use local patwgdergo an isotropic path loss. Based on the displacement

and wait for traffic lights from time to time, leading to the"€orem [17, Chapter 5], it is easy to see that the primary
linear scaling of the traveling time with respect to the atiste '€C€iVers form another two-dimensional Poisson point @ssc

betweenu andv. 3 . - R I
We al tudy the impact of the propadation delay on mul- The different realizations of active primary transmitténsdifferent slots
€ also study p propag y "f:l n be caused by the mobility of these users or changes imétffie pattern

tihop delay. When the propagation delayis nonnegligible, or both.




Xpgr with density A\pr. Note that the two Poisson processes
Xpr and Xpg are correlated.

The secondary users are distributed according to a two-
dimensional Poisson point process with density Ag, in-
dependent ofX pr and Xpr. The locations of the secondary
users are static over time. Based on the scaling argument [18
Chapter 2], we can set the transmission rangeof the

secondary users tb without loss of generality. 'm Primary Tx

Primary Rx

IIl. CONNECTIVITY VS. INTERMITTENT CONNECTIVITY

A secondary network is disconnected if there does not exist Fig. 2. Definition of spectrum opportunity.
an infinite connected component formed by topological links ) o
where a topological link exists between two secondary usétglay frompu to v is the waiting time for the presence of the
if they are within the transmission range of each other. d¢oti first bidirectional opportunity plus the propagation detay
that this condition for the existence of a topological lirk iB  Connectivity and Connectivity Region
equivalent to the one for the existence of a communication

S . . In a primary slott, based on the conditions for the existence
link in homogeneous ad hoc networks. As discussed in [1 P y siot, b . .
of a communication link, we can obtain an undirected random

_chapte_r 3], the connectivity .Of homogeneoug r?e_tworks, Whm%@phgfz(/\s, Apr,t) which represents the connectivity of the
is defined as the a.s. existence of an infinite connect . . . A )
. ) . : . secondary network in this slot. As illustrated in Fig. 3,sthi
component, is uniquely determined by its density. Thus, t%?apth()\s Apr, 1) is determined by the three Poisson point
secondary network with densitys is disconnected if and only ’ !

i [ it i rocesses in slat X, Xpr, andX pg, whereX pr and X
if As < A, where), is the critical density of homogeneoué0 S1 4PT PR PT PR
networks are correlated.

Due to the hierarchical structure of spectrum sharing, be-
sides the densitypg of the secondary users, the densityr
of the primary transmitters affects the connectivity of the
secondary network. Specifically, in contrast to the caseoin h
mogeneous ad hoc networks, the existence of a communicatio
link between two secondary users depends on not only th
distance between them (at meg) but also the availability of
the communication channel.€, the presence of a spectrum
opportunity). The latter is determined by the transmittamgl
receiving activities of the primary network as describetble

#Primary Tx
EPrimary Rx
® Secondary Use

A. Spectrum Opportunity

As illustrated in Fig. 2, where we consider the disk signéig. 3. A realization of the random graghy; (As, Apr,t) which consists

; ; ; f all the secondary users and all the communication linkshe primary
propagation and interference model, there exists an O I:O@Iott (denoted by solid lines). The solid circles denote the fatence

nity from p, the secondary transmitter, tg the secondary regions of the primary transmitters within which secondasers can not
receiver, if the transmission from does not interfere with successfully receive, and the dashed circles denote théredqgprotection

nearbvorimary receivers in the solid circle. and the rece tionregions for the primary receivers within which secondargrashould refrain
_yp y . ! . . P from transmitting.

at v is not affected by nearbprimary transmitters in the

dashed circle [19]. Referred to as the interference range o

. N f\/\/e define the connectivity of the secondary network as
the secondary users, the radits of the solid circle atu y y

q q the t o &nd the interf the a.s. existence of an infinite connected component in
epends on the transmission power,oand the Interterence Gu(As, Apr,t) for all t. Given the transmission power and the

tolerance of Fhe primary receivers, whereas the rgdiusnf interference tolerance of both the primary and the secgndar
the dashed circle (the interference range of the primarysyise

o . users {.e., R,, R, rp, andr; are fixed), the connectivity
depends on the transmission power of the primary users 30ionC is defined as
the interference tolerance of
It is clear from the above discussion that spectrum oﬁé{(/\s, Apr) : the secondary network is connected
portunities areasymmetric. Specifically, a channel that is an
opportunity whery. IS the trangmltter and th? FECEVErmay — peferred to as the critical density of the secondary users,
not be an opportunity whew is the transmitter ang. the

. . C . - A& is the infimum density of the secondary users to ensure
receiver. We consider applications with guaranteed dslive o . ; : :
. connectivity under a positive density of active primarynsa
where acknowledgements are required to complete communi-,~ "~
. A o mitters:
cations. Hence, bidirectional spectrum opportunitiesveen

p andrv are needed. As a result, the single-hop transmissiag 2 inf{\s : IApr > 0 s.t. secondary network is connecfed

A detailed analytical characterization @fis given in [20, 21].



It is shown in [20, 21] that\¢ equals the critical densit. connected component dfs(\s), let t(x, ) denote the min-
of a homogeneous ad hoc network. imum multihop delay fromu to v and d(u, v) the distance

C. Intermittent Connectivity tieiwie&“ a;d V)’ thgn
L M (As, ApT) €C,

By connecting two secondary users which are within the

transmission range of each other via a topological link, we lim t(u,v) —0as

derive an undirected random gragh (\s) which depends d(p.v)—oo g(d(p,v)) ’

only on the Poisson point processs of the secondary where g(d) is any monotonically increasing function of
network. Similarly, we define the connectivity ¢fs(\s) as d with lim g(d) = o0

the a.s. existence of an infinite connected component i i . —oQ

follows from the classic result on homogeneous networks [&4'2 if (As; Apr) €Cr, 30 < S <oosit,

Chapter 3] thatgs()\s) is connected if and only ifg > A., . tp,v) 1
where . is the critical density of homogeneous networks. dw,i?LOO dlp,v) pas, (1)

Gs(As) can also be obtained by adding topological links
that do not see the opportunities in sidb the random graph where the Vélue off depends of{As, Apr). o
Gir(As, \pr,1). Thus, even if the secondary network is not Proof S<etch.ﬁ_To show T1.1, we use the |nf|n|t_e con-
connected, it is still possible thais(\s) is connected. On nected componehin Gr (As, Apr, to) during some primary

the other hand, given a connectd(\s), there may not be slot ¢y to construct a pz.ﬂh. from to v such that the multihop
enough topological links which experience the opportensiti delay along this path is independent of the distarige v)

simultaneously to form an infinite connected component ir{see Fig. 4 for an iIIustrat@or}).. Let) be the first primary slot
Gir(As, Apr, 1), but for any two secondary usersand v in such thafu belongs to the infinite connected compon€ft, )

the infinite connected component 6§ (\s), packets fromy  Of 9 (As; Apr.to), andw, be the user inC'(to) which is
can reach along a path inGs(\s) with a finite multihop closest tov. Since thg propagation delay= 0, the multihop
delay. In this case, although the transmission of the pack8€!ay fromw,, to w, is zero. It follows that

may not be completed in one primary slot, the packets can t(p,v) = to + t(wy, v).

stay whenever the absence of the spectrum opportunities ] )

blocks their transmission and wait for some finite time tghen it suffices to show that andt(w,,) are independent
get through. The finiteness of the waiting time is guarante@fd(x: '), which can be done by using continuum percolation
by the following two facts: (i) for each topological link theory and ergodic theory. _

in the secondary network, the probability of the spectrum 10 ShOV‘t/(# T1.2, we first prove the existence of
opportunity is strictly positive no matter how large the siegn lim .y based on the Subadditve Ergodic

J,1) —00

of the primary transmi_tt_ers is (s_ee [22, _Appendix Al); _(i_i)Theorem [23] and then derive a lower bound V)
the _spe<_:trum oppo_rtunltles are time-varying due to thd""'by considering the fact that the message frernan travtéyrse
distribution of the primary network across slots. We thufsnde only a finite distance towards during each primary slot. Due

the intermittent connectivity fqr a secondary network t@t to the page limit, we omit the details, which can be found
not connected as the connectivity G§(\s). We also define in [22]

. ) - : u
the intermittent connectivity regio@; as
A T
Cr={(As, Apr) ¢ C: Ag > A} e T
IV. MULTIHOP DELAY C(to) L¢
In this section, we analytically characterize the asyniptot \L Wy
behavior of the minimum multihop delay as the source-/ M
destination distance tends to infinity. LE{Gs(\s)) be the | v
infinite connected component Bis(\s) whenig > A, i.e, \\} d(p,v) - |
the secondary network is either connected or intermigentl . e
connected. The question we aim to answer here is the scaling - ____
law of the minimum multihop delay between two arbitrary. . .
g. 4. An illustration of the constructed pattho from p to v

. . . 1g.
users 'rC(g.S(/\S)) with respectto the dBtanC? betwe?n theMynen (g, A\pr) € C. C(to) is the infinite connected component of
As shown in the following two theorems which consider the(\s, Apr, to) which first containsy, andw, is the user inC'(to) which

two cases when the propagation delay= 0 andr > 0, the s closest to.

connectivity of the secondary network determines the sgali T > A that 0. F o q
law of the minimum multihop delay, where the highway corem 2. Assume fhatr > O. FOr any two secondary

provided by the infinite connected component consisting 8§er3“’t Vd € C’(gs()\s;[))@threCI(gtsg;\s)) s ;he ir;finti':]e
communication links plays an indispensable role. connected componen s(As), let t7(u,v) denote the

Theorem 1. Assume thatr = 0. For any t_WO seponQary 4t is shown in [20, 21] that there exists either zero or onanitdiconnected
usersu, v € C(Gs(As)), whereC(Gs(\g)) is the infinite  component inGg (As, Apr, t) a.s. for any givert.



minimum multihop delay fromu to v andd(u, v) the distance
betweenu andv, then3 v = ~(7) > 0 s.t.

7 (p,v)

lim =~ > T a.s. 2
d(p,v)—o00 d(,u, I/) = ( )
Furthermore, if(As, A\p1) € C,
: : t(p,v)
lim lim ————= =0a.s; 3
7—0 d(p,v)—oc0 d(,u,l/) ( )
if ()\5,)\pT) e Cy,
lim  lim M >3 >0 a.s, (4)

70 d(p,v)—o0 d(/L, V)

t(p,v)

(4]

(5]

(6]

(7]

(8]

9]

where§ = » lir)n i) is defined in (1).
V) —00 ’
Proof Sketch: The equality in (2) is based on the

Subadditive Ergodic Theorem [23], while the inequality iTlO]

(2) is established via a simple lower bound Griu, ). The

basic idea behind establishing (3) is to consider the maytih
delay along the path constructed in Fig. 4. Eqn. (4) follow$1]

immediately from the fact that™(u,v) > t(p,v), where
t(p,v) is the minimum multihop delay whem = 0. The

details are omitted due to the page limit, and are given ih [2

V. CONCLUSION

112

[13]

We have studied the connectivity and multihop delay of ad

hoc cognitive radio networks. The criterion for connedivs

the occurrence of percolatione., the almost sure existence ofl14]
an infinite connected component. The impact of connectivity
on the multihop delay has been examined by establishiﬂg]
the asymptotic behavior of the minimum multihop delay as

the source-destination distance tends to infinity. Spedijic

depending on whether the cognitive radio network is coretect16]
or intermittently connected, the scaling of the minimum mul

tihop delay behaves distinctly, in terms of either the seali

law when the propagation delay is negligible or the scalifg7
rate when the propagation delay is nonnegligible. Thisltesu

on scaling is independent of the random positions of tH&8!
source and the destination, and it only depends on the nbtw&;?
parameters (e.g., the density of the secondary users and é
traffic load of the primary network). In establishing these

results, we have used theories and techniques from comtinuf20]

percolation and ergodicity including the concept of catic
density and the Subadditive Ergodic Theorem.
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