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Abstract—We consider a cognitive radio network with distributed
multiple secondary users, where each user independently searches for
spectrum opportunities in multiple channels without exchanging infor-
mation with others. The occupancy of each channel is modeledas an i.i.d.
Bernoulli process with unknown mean. Users choosing the same channel
collide, and none or only one receives reward depending on the collision
model. This problem can be formulated as a decentralized multi-armed
bandit problem. We measure the performance of a decentralized policy
by the system regret, defined as the total reward loss with respect to
the optimal performance under the perfect scenario where all channel
parameters are known to all users and collisions among secondary users
are eliminated through perfect scheduling. We show that theminimum
system regret grows with time at the same logarithmic order as in the
centralized counterpart, where users exchange observations and make
decisions jointly. A decentralized policy is constructed to achieve this
optimal order. Furthermore, we show that the proposed policy belongs to
a general class of decentralized polices, for which a uniform performance
benchmark is established. All results hold for general stochastic processes
beyond Bernoulli and for collision models with or without carrier sensing.

Index Terms—cognitive radios, opportunistic spectrum access, decen-
tralized multi-armed bandit, order-optimal policy.

I. I NTRODUCTION

We consider a cognitive radio network consisting ofN independent
channels, whereM (M < N) distributed secondary users indepen-
dently search for idle channels temporarily unoccupied by the primary
network. We assume that the state—1 (idle) or 0 (busy)—of each
channel evolves as an i.i.d. Bernoulli process across time slots with
meanθi and the parameter setΘ = (θ1, · · · , θN ) is unknown to all
users. At the beginning of each slot, each secondary user chooses one
channel to sense and subsequently transmits if the sensed channel
is idle. Users do not exchange information on their decisions and
observations. Collisions may occur when multiple users choose the
same channel, and none or only one receives reward dependingon the
collision model. The objective is to design a decentralizedchannel
selection policy for optimal network throughput.

The above problem motivates an extension to the classic multi-
armed bandit (MAB) problem that considers only a single player. A
commonly used performance measure under a non-Bayesian formu-
lation is the so-called regret: the performance loss with respect to
the genie-aided case where the distribution of each arm is perfectly
known. The classic MAB with a single user under the assumption of
single play (only one arm can be chosen at each time) was solved by
Lai and Robbins in 1985 [1], where they showed that the minimum
regret grows with time at a logarithmic order and constructed a
policy that achieves the optimal regret growth rate. Anantharam et
al. extended Lai and Robbins’s results to MAB with multiple plays:
exactly M (M < N) arms can be played simultaneously at each
time [2]. They showed that allowing simultaneous multiple plays
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changes only the constant but not the logarithmic order of the regret
growth rate. They also extended Lai and Robbins’s policy to achieve
the optimal regret growth rate under multiple plays.

The single-user MAB with multiple plays considered in [2] is
equivalent to acentralizedMAB with multiple users. If allM users
can exchange their observations and make decisions jointly, they act
collectively as a single user who has the freedom of choosingM
arms simultaneously. As a direct consequence, the optimal regret
growth rate established in [2] provides a lower bound on the optimal
performance of adecentralizedMAB where users cannot exchange
observations and must make decisions independently based on local
observations.
Main Results The main questions we aim to answer in this paper are
the optimal order of the regret growth rate in a decentralized MAB
and how to construct decentralized policies to achieve the optimal
order. We show that in the decentralized setting where userscan only
learn from their individual observations and collisions are bound to
happen, the system can achieve the same logarithmic order inthe total
regret growth rate as in the centralized case. A decentralized policy
is constructed to achieve this optimal order. Furthermore,we show
that the order-optimal decentralized policy belongs to a general class
of decentralized polices. For this class of decentralized policies, we
establish a performance benchmark by constructing a lower bound
on the achievable growth rate of the system regret. This lower bound
is tighter than the trivial bound provided by the centralized system
considered in [2]. All results hold for general stochastic processes
beyond Bernoulli and for collision models with or without carrier
sensing.

A distinct feature of the proposed decentralized policy is that it
ensuresfairnessamong users,i.e.,all users achieve the same average
reward at the same rate. Note that without knowing the rewardrate
that each channel can offer, ensuring fairness requires that each user
identify the entire set of theM best arms and share each of theseM
arms evenly with other users. As a consequence, each user needs to
learn which of theCN

M possibilities is the correct choice. Another
approach to sharing theM best arms is that each user aims at
identifying and exploiting a single arm with a specific rank (for
example, theith user targets solely at theith best arm). In this
case, each user only needs to distinguish one arm (with a specific
rank) from the rest. The uncertainty facing each user, consequently,
the amount of learning required, is thus reduced fromCN

M to N .
Unfortunately, fairness among users is lost. We further point out that
under the proposed policy, each user identifies not only the set of the
M best arms, but also the entire rank of theseM arms.
Related Work The problem of searching for time-varying spectrum
opportunities in multiple channels has been considered in [3]–[5]
from a single user’s perspective. A Markovian model on the channel
occupancy is adopted in [3]–[5], which is more general than the
i.i.d. Bernoulli process considered in this paper. On the other hand,
even with known transition probabilities and with a single user,



the Markovian channel model results in a Partially Observable
Markovian Decision Process (POMDP) or a restless multi-armed
bandit problem [3]–[5]. Both are significantly more complexclasses
of sequential decision problems as compared to the classic MAB.

The assumption on known channel transition probabilities can
be relaxed under certain conditions while maintaining the optimal
performance defined by a known channel model, as shown in [4],
[5], which establish the universal or semi-universal structures of the
optimal policies. Extensions to multiuser case under the Markovian
channel model have been considered in [6], [7], where the problem is
formulated as a decentralized POMDP and heuristic policiesare pro-
posed. Unfortunately, finding the optimal policy for a decentralized
POMDP is, in general, intractable [8].

In this paper, we adopt a simpler channel occupancy model—i.i.d.
Bernoulli processes with unknown means. Without time correlation
in the channel occupancy model, addressing multiple distributed
users and unknown channel parameters becomes tractable. The same
problem has been considered in [9], where a heuristic randomized
policy is proposed. This policy, however, only achieves thelinear
order of the system regret and thus cannot achieve the maximum
time-average reward.

In a broader context, the problem considered in this paper gives
rise to a decentralized formulation of the classic MAB with multiple
players, which has not been clearly formulated or optimallysolved
in the literature. The significance of this work lies in establishing
the same logarithmic order of the system regret as in the centralized
counterpart and constructing a decentralized policy to achieve this
optimal order.
Notation For two positive integersK and L, defineK ⊘ L as the
integer in{1, · · · , L} satisfyingK ⊘L = K −DL for some integer
D ≥ 0.

II. CLASSIC RESULTS ONSINGLE-USERMAB

In this section, we give a brief review of the main results estab-
lished in [1], [2] for the classic MAB with a single player.

Consider anN -arm bandit with a single player. At each timet, the
player can choose exactlyM (1 ≤ M < N ) arms to play. Playing
arm i yields a random rewardYi drawn from a univariate density
function f(y; θi) parameterized byθi. The functionf(·; ·) is known
and the parameter setΘ = (θ1, · · · , θN) is unknown to the player.
For the simplicity of the presentation, we assume thaty ∈ {0, 1} and
f(y; θi) = θy

i (1− θi)
1−y, i.e., the reward process on each arm is an

i.i.d. bernoulli process as in the adopted channel model forcognitive
radio networks.

A policy π = {π(t)}∞t=1 is a series of functions, whereπ(t)
maps the previous observations of rewards to the current action that
specifies the set ofM arms to play in slott. The system performance
under policyπ is measured by the system regretRπ

T (Θ) over a time
horizon of lengthT as defined below. Letσ be a permutation of
{1, · · · , N} such thatθσ(1) ≥ θσ(2) ≥ · · · ≥ θσ(N), we have

Rπ
T (Θ)

∆
=TΣM

j=1θσ(j) − Eπ [ΣT
t=1Yπ(t)(t)], (1)

whereYπ(t)(t) is the random reward obtained in slott underπ(t),
andEπ[·] denotes the expectation under the policyπ. In other words,
Rπ

T (Θ) is the expected total reward loss up to timeT under policy
π compared to the perfect scenario thatΘ is known to the player
(leading to a total reward ofTΣM

j=1θσ(j), the first term of (1)). The
objective is to minimize the rate at whichRT (Θ) grows withT under
any parameter setΘ by choosing the optimal policyπ∗.

A policy is calleduniformly goodif for any parameter setΘ, we
haveRπ

T (Θ) = o(T b) for any b > 0. Note that a uniformly good
policy implies sub-linear growth of the system regret and achieves

the maximum time-average rewardΣM
j=1θσ(j) which is the same as

in the case with perfect knowledge ofΘ.
Theorem [1,2]:For any uniformly good policyπ,

lim inf
T→∞

Rπ
T (Θ)

log T
≥ Σj:θj<θσ(M)

θσ(M) − θj

I(θj , θσ(M))
, (2)

whereI(θi, θj) = θi log(θi/θj) + (1− θi) log((1− θi)/(1− θj)) is
the K-L distance between the reward distributions parameterized by
θi andθj , respectively. Lai and Robbins [1] in 1985 have constructed
a policy to solve the classic MAB with single play (M = 1), which
is presented as follows.
Lai and Robbins’s Policy for Single-User MAB with Single-Play [1]
In the firstN slots, play each arm once. Fixδ (0 < δ < 1/N). For all
t > N , let θ̃n(t) denote the sample mean of the reward obtained from
armn andτn,t the times armn is played up to (but excluding) slott.
Among all arms that have been played at least(t− 1)δ times, select
the leaderlt that has the largest sample mean. Letj = t ⊘ N . The
player plays armj if θ̃j(t) ≥ θ̃lt(t) or I(θ̃j(t), θ̃lt(t)) ≤ log t/τj,t;
otherwise the player plays armlt.

Lai and Robbins [1] have shown that their policy is asymptotically
optimal (i.e., it achieves the lower bound on the regret growth rate
given in (2)). Anantharamet al. [2] in 1987 have extended Lai and
Robbins’s results to multiple plays (M > 1).

III. PROBLEM FORMULATION

Consider the spectrum consisting ofN independent but nonidenti-
cal channels (arms). LetS(t) = [S1(t), · · · , SN (t)] ∈ {0, 1}N (t ≥
1) denote the system state, whereSi(t) is the state of channeli in
slot t. Assume that{Si(t)}t≥1 is an i.i.d. Bernoulli process with
unknown meanθi. We assume that theM largest means are distinct.

In slot t, a user (say useri (1 ≤ i ≤ M)) chooses a sensing action
ai(t) ∈ {1, · · · , N} that specifies the channel to sense based on its
sensing and observation history. Sensing is assumed to be accurate. If
the channel is sensed to be busy, the user refrains from transmission.
If the channel is idle, the user transmits with or without carrier
sensing as detailed below. Note that the user can also learn the system
from previous identified collisions to others. Its local observation
history thus consists of both the previous observed channelstates
and the collision history.

We define a local policyπi for useri as a sequence of functions
πi = {πi(t)}t≥1, whereπi(t) maps useri’s past observations and
decisions toai(t) in slot t. The decentralized policyπ is thus given
by the concatenation of the local policy for each user:

π = [π1, · · · , πM ].

Define immediate rewardY (t) as the total number of successful
transmissions by all users in slott, which depends on the system
collision model given below1.

Collision model 1 (with carrier sensing):When the channel is
sensed to be idle, the user generates a random backoff time and
transmits when the time expires and no other secondary usershave
claimed the channel. Under this model, we have

Y (t) = ΣN
j=1Ij(t)Sj (t),

whereIj(t) is the indicator function that equals to1 if channelj is
sensed by at least one user, and0 otherwise.

Collision model 2 (without carrier sensing):When the channel
is sensed to be idle, the user will transmit. The transmission will be
successful if and only if no other users have chosen the same channel.
Under this model, we have

Y (t) = ΣN
j=1I

′
j(t)Sj (t),

1The results apply to more general collision models, including the case that
all users involved in a collision receive reward.



whereI
′
j(t) is the indicator function that equals to1 if channelj is

sensed by only one user, and0 otherwise.
Similar to the classic MAB, we use the following system regret as

the performance measurement of a decentralized policyπ.

Rπ
T (Θ) = TΣM

j=1θσ(j) − Eπ [ΣT
t=1Y (t)].

The objective is to minimize the rate at whichRT (Θ) grows
with time T under any parameter setΘ by choosing the optimal
decentralized policyπ∗. Similarly, we call a decentralized policy is
uniformly goodif for any parameter setΘ, we haveRT (Θ) = o(T b)
for any b > 0. To address the optimal order of the regret, it is
sufficient to focus on uniformly good decentralized policesprovided
that such policies exist.

IV. T HE OPTIMAL ORDER OFTHE SYSTEM REGRET

In this section, we show that the optimal order of the rate at
which the system regret grows withT in the decentralized MAB
is logarithmic.

Theorem 1:Under both collision models, the optimal order of the
rate at which the system regret grows withT in the decentralized
MAB is logarithmic, i.e., for an optimal decentralized policyπ∗, we
have

L(Θ) ≤ lim inf
T→∞

Rπ∗

T (Θ)

log T
≤ lim sup

T→∞

Rπ∗

T (Θ)

log T
≤ U(Θ) (3)

for some constantsL(Θ) andU(Θ) that depend onΘ.
Proof: Note that the growth rate of the system regret in the

centralized MAB given in (2) provides a lower bound for the de-
centralized MAB. For the upper bound, we construct a decentralized
policy (see Sec. V) that achieves the logarithmic order of the regret
growth rate. Details can be found in [10].

V. A N ORDER-OPTIMAL DECENTRALIZED POLICY

In this section, we construct a decentralized policyπ̃ that achieves
the optimal logarithmic order of the system regret growth rate.

The basic structure of the proposed policyπ̃ is a round-robin
structure at each user for selecting thoseM best channels. Users
have different phases (offsets) in their round-robin schedule to avoid
excessive collisions. Consider, for example, the case ofM = 2. User
1 targets at the best channel in odd slots and the second best channel
in even slots, and user2 does the opposite. For each user, selecting
the best channel can be done efficiently using Lai and Robbins’s
single-user policy. The question here is how to select the second
best channel efficiently. One intuitive approach is to applyLai and
Robbins’s policy to the remainingN −1 channels after removing the
channel considered as the best channel. Specifically, consider user1
who targets at the second best channel in even slots. All the even
slots are divided intoN interleaving subsequences, where theith
subsequence consists of all the even slots that follow an oddslot
in which channeli is considered as the best channel. In theith
subsequence, user1 applies Lai and Robbins’s policy to channels
{1, · · · , i − 1, i + 1, · · · , N}. In other words, the local policy for
each user consists of multiple parallel Lai and Robbins’s procedures
applied in different subsequences of time slots to different subsets of
channels. These parallel procedures, however, are coupledthrough
the common observation history since in each slot (regardless of
which subsequence it belongs to), all the past observationsare used in
decision making. A detailed implementation of the proposedpolicy
for a generalM is given in Fig. 1.

We point out thatπ̃ is distributed in the sense that users do
not exchange information and make decisions solely based onlocal
observations. The offset in each user’s round-robin schedule can be

The Decentralized Policyπ̃
Consider useri. Choose aδ such that0 < δ < 1/N . Consider
a slott. Let kt = t⊘M andmt(j) the total number of events
that kt = j (1 ≤ j ≤ M) up to time t. let θ̃n(t) denote
the sample mean of the state of channeln and τn,t the times
channeln is played up to (but excluding) slott.

1. If k = i, go to Step 2; otherwise go to Step 3.
2. If mt(i) ≤ N , sense channelm(i); otherwise, the user

does the following. Among all channels that have been
sensed for at leastδ(mt(i)−1) slots, first select a leader
lt that has the largest sample mean. Letn = mt(i)⊘N .
The user senses channeln if and only if θ̃n(t) ≥ θ̃lt (t)
or I(θ̃n(t), θ̃lt (t)) ≤ log(t− 1)/τn,t; otherwise the user
chooses channellt.

3. If mt(kt) ≤ N , sense channelmt(kt); otherwise, the
user does the following. Letj = (kt − i + M + 1)⊘M .
The user removes thej − 1 arms played in the previous
j − 1 slots from the arm setN = {1, · · · , N}. Assume
a channel seta ⊂ N has been removed. Letma(kt)
denote the number of events that channel seta has been
removed up to timet. We relabel the remaining channels
in N\a with indices {1, 2, · · · , N − j + 1} according
to the order of their original indices. Among all the
remaining channels that have been sensed for at least
δ(ma(kt) − 1) slots, first select a leaderlt that has the
largest sample mean. Letn = ma(kt) ⊘ (N − j + 1).
The user senses channeln if and only if θ̃n(t) ≥ θ̃lt (t)
or I(θ̃n(t), θ̃lt (t)) ≤ log(t− 1)/τn,t; otherwise the user
chooses channellt. Reset the indices of the remaining
channels as the original ones.

Fig. 1. The Structure of the Decentralized Policyπ̃

predetermined (for example, based on the user’s ID). The policy can
thus be implemented in a distributed fashion.

The theorem below establishes the order optimality of the proposed
policy π̃. The difficulties in establishing the logarithmic order ofπ̃ as
compared to the centralized counterpart given in [1], [2] are two folds.
First, since the rank of any channel can never be perfectly identified,
the mistakes in identifying theith (1 ≤ i < M ) best channel will
propagate into the learning process for identifying the(i+1)th, up to
the M th best channels. Second, since users are learning the channel
statistics based on their individual local observations, they do not
always agree on the rank of the channels. Collisions are bound to
happen (for example, when a channel is considered as the bestby
one user but the second best by the other). Such issues need tobe
carefully dealt with in establishing the logarithmic orderof the regret
growth rate.

Theorem 2:Under the decentralized policỹπ, we have

lim sup
T→∞

Rπ̃
T (Θ)

log T
≤ C(Θ), (4)

where under collision model 1,

C(Θ) = M(ΣM
k=1xkθσ(k) − Σj:θj<θσ(M)

θj/I(θj , θσ(M))),

xk = Σk
i=1Σj:θj<θσ(i)

1/I(θj , θσ(i)),

and under collision model 2,

C(Θ) = M(ΣM
j=1Σ

M
k=1xkθσ(j) − Σj:θj<θσ(M)

θj max{1/I(θj , θσ(M))

− ΣM−1
i=1 1/I(θj , θσ(i)), 0}).

Define the local regret for useri as

Rπ̃
T,i(Θ)

∆
=

1

M
TΣM

j=1θσ(j) − Eπ̃ [ΣT
t=1Yi(t)],



whereYi(t) is the immediate reward obtained by useri in slot t, we
have

lim sup
T→∞

Rπ̃
T,i

(Θ)

log T
=

1

M
lim sup
T→∞

Rπ̃
T (Θ)

log T
. (5)

Proof: See [10].
From Theorem 1 and Theorem 2, the decentralized policy is order-

optimal. Furthermore, (5) shows thatπ̃ ensures fairness among users:
each user achieves the same time-average reward1

M
TΣM

j=1θσ(j) at
the same rate.

VI. A L OWER BOUND FOR A CLASS OFDECENTRALIZED

POLICES

In this section, we establish a uniform lower bound on the growth
rate of the system regret for a general class of decentralized policies,
to which the proposed policỹπ belongs. This lower bound provides
a tighter performance benchmark compared to the one defined by the
centralized MAB. The definition of this class of decentralized polices
is given below.

Definition 1: Time Division Selection PoliciesThe class of time
division selection (TDS) policies consists of all decentralized polices
π = [π1, · · · , πM ] that satisfy the following property: under any local
policy πi, there exists0 ≤ aij ≤ 1 (1 ≤ i, j ≤ M, ΣM

j=1aij = 1 ∀ i)
independent of the parameter setΘ such that the expected number
of slots that useri chooses thejth (1 ≤ j ≤ M) best channel to
sense up to timeT is equal toaijT − o(T b) for all b > 0.

A policy in the TDS class essentially allows a user to efficiently
select each of theM best arms according to a fixed time portion that
does not depend on the parameter setΘ. It can be shown that the
order-optimal decentralized policỹπ given in Fig. 1 belongs to the
TDS class withaij = 1/M for all 1 ≤ i, j ≤ M .

In the following, we establish a lower bound on the rate at which
the system regret grows withT for all uniformly good decentralized
polices in the TDS class.

Theorem 3:For any uniformly good decentralized policyπ in the
TDS class, we have

lim inf
T→∞

Rπ
T (Θ)

log T
≥ Σj:θj<θσ(M)

ΣM
i=1

θσ(M) − θj

I(θj , θσ(i))
. (6)

Proof: See [10].

VII. E XTENSIONS TOGENERAL STOCHASTICPROCESSES

In this section, we generalize all results to arbitrary i.i.d. stochastic
processes.

For general stochastic i.i.d. processes, the stateSn(t) ∈ R of arm
n is drawn from a univariate density functionf(s; θn) with unknown
parameterθn ∈ Θ . Let µ(θ) denote the mean of a random variable
S under the density functionf(s; θ).

While we have focused on Bernoulli processes in Sec. II, the classic
results on centralized MAB given in [1,2] hold for general stochastic
processes that satisfy the following conditions.
C1. µ(θ) exists for anyθ ∈ Θ .

C2. 0 < I(θ, θ′) < ∞ whenever µ(θ) < µ(θ′).

C3. ∀ǫ > 0 and µ(θ) < µ(θ′), ∃δ > 0 such that|I(θ, θ′) − I(θ, θ′′)| <
ǫ wheneverµ(θ′) ≤ µ(θ′′) ≤ µ(θ′) + δ.

C4. ∀θ and δ > 0,∃θ′ > 0 such thatµ(θ) < µ(θ′) < µ(θ) + δ.

C5. Let X1, X2, · · · be i.i.d. random variables with the com-
mon density functionf(x, θ). Assume there exist Borel functions
hi(X1, · · · , Xi) for i ≥ 1 andgt,i(X1, · · · , Xi) for t ≥ 1, 1 ≤ i <
t such that for anyθ ∈ Θ ,

Pr
θ
{gt,i(X1, · · · , Xi) ≥ r for all i < t} = 1−o(t−1) for everyr < µ(θ);

lim
ǫ↓0

(lim sup
t→∞

Σt−1
i=1 Pr

θ
{gt,i(X1, · · · , Xi) ≥ µ(θ′) − ǫ}/ log t)

≤ 1/I(θ, θ′) wheneverµ(θ′) > µ(θ);

gt,i is nondecreasing int for every fixedi = 1, 2, · · · ;

gt,i ≥ hi ∀ t;

Pr
θ
{ max

δt≤i≤t
|hi − µ(θ)| > ǫ} = o(t−1) ∀ ǫ > 0, 0 < δ < 1.

Note that conditions C1–C5 are satisfied for Gaussian, Bernoulli,
Poisson, and double exponential distributions, wherehi andgt,i have
been established in [1].

For the decentralized MAB, we show that all results established
in Sec. IV–VI can be extended to general stochastic processes. In
addition to conditions C1-C5 required by the centralized MAB, we
require that theM best arms have distinct nonnegative means. For
any i.i.d. stochastic processes satisfying these conditions, Theorem 1
holds. Furthermore, both the decentralized policyπ̃ and the lower
bound given in Theorem 3 can be obtained in general forms. Details
can be found in [10].

VIII. C ONCLUSION

In this paper, we have considered a decentralized multi-armed
bandit problem with distributed multiple players. This problem is mo-
tivated by distributed spectrum sharing in cognitive radionetworks.
We have shown that the optimal system regret in the decentralized
MAB grows at the same logarithmic order as that in the centralized
MAB considered in the classic work by Lai and Robbins [1] and
Anantharam,et al. [2]. A decentralized policy that achieves the
optimal order has been constructed.
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