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Abstract—We consider a cognitive radio network with distributed changes only the constant but not the logarithmic order efrédgret

multiple secondary users, where each user independently aehes for  growth rate. They also extended Lai and Robbins’s policyctuieve

spectrum opportunities in multiple channels without exchanging infor- : :
mation with others. The occupancy of each channel is modeleas an i.i.d. the optimal regret growth rate under multiple plays.

Bernoulli process with unknown mean. Users choosing the sanchannel The single-user MAB with multiple plays considered in [2] is
collide, and none or only one receives reward depending on ¢hcollision ~ equivalent to acentralizedMAB with multiple users. If allM users
model. This problem can be formulated as a decentralized mtitarmed  can exchange their observations and make decisions joihdy act
bandit problem. We measure the performance of a decent_ralizd policy collectively as a single user who has the freedom of chooging
by the system regret, defined as the total reward loss with reect to . . .

the optimal performance under the perfect scenario where alchannel arms S'mU|tane0u_S|y' A_s a dlrect. consequence, the OptIE.Fgliet
parameters are known to all users and collisions among secdary users ~growth rate established in [2] provides a lower bound on théneal
are eliminated through perfect scheduling. We show that theninimum  performance of alecentralizedVMAB where users cannot exchange

system regret grows with time at the same logarithmic order & in the gpservations and must make decisions independently baséutal
centralized counterpart, where users exchange observatis and make observations

decisions jointly. A decentralized policy is constructed @ achieve this i . . . . .
optimal order. Furthermore, we show that the proposed poliy belongs to  Main Results The main questions we aim to answer in this paper are

a general class of decentralized polices, for which a unifon performance  the optimal order of the regret growth rate in a decentrelixe\B
benchmark is established. All results hold for general statastic processes and how to construct decentralized policies to achieve {tenal
beyond Bernoulli and for collision models with or without carrier sensing. order. We show that in the decentralized setting where useronly
B ) o learn from their individual observations and collisiong &ound to

Index Terms—cognitive radios, opportunistic spectrum access, decen- happen, the system can achieve the same logarithmic orttee total
ralized muild-armed bandit, order-optimal policy. regret growth rate as in the centralized case. A decergdhlolicy
I. INTRODUCTION is constructed to achieve this optimal order. Furthermosm,show

id . i K . ind q that the order-optimal decentralized policy belongs to regal class
We consider a cognitive radio network consisting\oindependent ¢ 4o centralized polices. For this class of decentralizelities, we

channels, wherd/ (M < N) distributed secondary users indGpen'establish a performance benchmark by constructing a lowand

dently search for idle channels temporgrily unoccupiedeyprimary on the achievable growth rate of the system regret. Thisridwand
network. We assume that the state-tidle) or 0 (busy)—of each is tighter than the trivial bound provided by the centradizystem

channel evolves as an i..d. Bernoulli process across tiots with considered in [2]. All results hold for general stochastiogesses

meand; and the parameter sét = (61,---,6x) is unknown to all beyond Bernoulli and for collision models with or withoutrdar
users. At the beginning of each slot, each secondary useseb®ne sensing

channel to sense and subsequently transmits if the sensetheh A distinct feature of the proposed decentralized policyhiat tit

is idle. Qsers do ,nc,’t exchange information on their decisiand ensuredairnessamong userg,e., all users achieve the same average
observations. Collisions may occur wheq multiple usersosbqthe reward at the same rate. Note that without knowing the rewatel
same channel, and none °r_°”'y_ one receives reward dePe""““'"@ that each channel can offer, ensuring fairness requir¢seteh user
coIhspn mod_el. The opjectlve is to design a decentralizbdnnel identify the entire set of tha7 best arms and share each of thage
selection policy for optimal network throughput. arms evenly with other users. As a consequence, each usis tee

The abov<_e problem motivates an ex_tensmn to th_e classm-mu“aam which of theCY, possibilities is the correct choice. Another
armed bandit (MAB) problem that considers only a single efaj approach to sharing th@é/ best arms is that each user aims at

I(:ommgnlyhused pe“rfgrmance' n;]easur? under a Inon-Bgyesmmior identifying and exploiting a single arm with a specific rarfior(
atlon IS t gdscc)j-ca € rﬁgret.ht ed.pe.rborr.nanc;e OSE W'gpf:t to example, theith user targets solely at th#&h best arm). In this
the genie-aided case where the distribution of each armrisqily case, each user only needs to distinguish one arm (with dfispec

k!’\own. The classic MAB with a single user under _the assumpoio rank) from the rest. The uncertainty facing each user, apresgly,
single play (only one arm can be chosen at each time) wastsblve o amount of learning required, is thus reduced fro} to N.

Lai and Robbing ri]n _1985 (11, vlvhere_ ';]he_y Sh%‘Ned thdat the rnmj"'imuUnfortunately, fairness among users is lost. We furthentpout that
reg_ret grows V\_”t time at a ogarithmic order and constuicee 4o the proposed policy, each user identifies not only ¢hefsthe
policy that achieves the optimal regret growth rate. Anardgm et M best arms. but also the entire rank of thdgearms

al. extended Lai and Robbins’s results to MA,B with multiple mlay Related Work The problem of searching for time-varying spectrum
exactly M (M < N) arms can be played simultaneously at eaCgpportunities in multiple channels has been considered3jr[]

time [2]. They showed that allowing simultaneous multipl@ys ¢, 5 single user's perspective. A Markovian model on thenciel
OThis work was supported by the Army Research Laboratory udant occupancy is adopted in [3]5], which is more general thae t

DAAD19-01-C-0062, by the Army Research Office under GrantirgF-08- 1-i.d. Bernoulli process considered in this paper. On theeohand,
1-0467 and by the National Science Foundation under Gramt-@830685. even with known transition probabilities and with a singleeuy



the Markovian channel model results in a Partially Obsdevabthe maximum time-average rewakt”, 6, ;) which is the same as
Markovian Decision Process (POMDP) or a restless multieakmin the case with perfect knowledge 6.

bandit problem [3]-[5]. Both are significantly more compleasses
of sequential decision problems as compared to the clasaiB.M

The assumption on known channel transition probabilitiaa ¢

be relaxed under certain conditions while maintaining tip¢inoal

performance defined by a known channel model, as shown in [

[5], which establish the universal or semi-universal gduites of the
optimal policies. Extensions to multiuser case under thekiblaan
channel model have been considered in [6], [7], where thbleno is
formulated as a decentralized POMDP and heuristic pol@iespro-
posed. Unfortunately, finding the optimal policy for a decelized
POMDRP is, in general, intractable [8].

In this paper, we adopt a simpler channel occupancy modet—i.
Bernoulli processes with unknown means. Without time dati@n
in the channel occupancy model, addressing multiple digted
users and unknown channel parameters becomes tractaklsaiie
problem has been considered in [9], where a heuristic raimiam
policy is proposed. This policy, however, only achieves linear

order of the system regret and thus cannot achieve the maximu

time-average reward.

In a broader context, the problem considered in this papersgi
rise to a decentralized formulation of the classic MAB withltiple
players, which has not been clearly formulated or optimatijved
in the literature. The significance of this work lies in edibing
the same logarithmic order of the system regret as in theaesd
counterpart and constructing a decentralized policy tdeaehthis
optimal order.

Notation For two positive integerds’ and L, define K © L as the
integer in{1, --- , L} satisfyingK ©® L = K — DL for some integer
D > 0.

II. CLASSICRESULTS ONSINGLE-USERMAB

In this section, we give a brief review of the main resultsabst
lished in [1], [2] for the classic MAB with a single player.

Consider anV-arm bandit with a single player. At each timethe
player can choose exactly/ (1 < M < N) arms to play. Playing
arm ¢ yields a random reward’; drawn from a univariate density
function f(y; 0;) parameterized by;. The functionf(-;-) is known
and the parameter sé = (61,--- ,0x) is unknown to the player.
For the simplicity of the presentation, we assume that{0, 1} and

Theorem [1,2]:For any uniformly good policyr,
R7(9)
logT

O (ar) — 0;

liminf > Ej:9j<90(M) 106,.0
g

T— oo

) @

o (M)
hereI(Gh 9J) =0, log(bh/ﬁj) + (1 — 92) log((l — OL)/(l — QJ)) is

the K-L distance between the reward distributions pararizet by

0; andf;, respectively. Lai and Robbins [1] in 1985 have constructed

a policy to solve the classic MAB with single playA = 1), which

is presented as follows.

Lai and Robbins’s Policy for Single-User MAB with SingleP[1]

In the firstV slots, play each arm once. RiX0 < § < 1/N). For all

t > N, letd,(t) denote the sample mean of the reward obtained from

armn andr, : the times armn is played up to (but excluding) slot

Among all arms that have been played at lg@st 1)¢ times, select

the leaderl; that has the largest sample mean. liet t © N. The

player plays arny if 6,(t) > 6,,(t) or 1(0;(t),0,,(t)) < logt/7j.:;

otherwise the player plays artn

Lai and Robbins [1] have shown that their policy is asymptity

optimal (.e., it achieves the lower bound on the regret growth rate

given in (2)). Anantharanet al. [2] in 1987 have extended Lai and

Robbins’s results to multiple plays\{ > 1).

Consider the spectrum consisting &findependent but nonidenti-
cal channels (arms). L&(t) = [Si(t),--- ,Sn(t)] € {0,1}V (¢t >
1) denote the system state, whe¥g(t) is the state of channelin
slot ¢. Assume that{S;(t)}.>1 is an i.i.d. Bernoulli process with
unknown mear#;. We assume that th&/ largest means are distinct.

In slot¢, a user (say user(1 < i < M)) chooses a sensing action
ai(t) € {1,--- , N} that specifies the channel to sense based on its
sensing and observation history. Sensing is assumed tocheate. If
the channel is sensed to be busy, the user refrains frormtissisn.
If the channel is idle, the user transmits with or without riear
sensing as detailed below. Note that the user can also leasystem
from previous identified collisions to others. Its local ebstion
history thus consists of both the previous observed chastatts

and the collision history.

We define a local policyr; for useri as a sequence of functions
m; = {mi(t) }+>1, wheren;(t) maps user’s past observations and
decisions tau;(¢) in slot t. The decentralized policy is thus given

PROBLEM FORMULATION

f(y;0:) = 0Y(1—6;)'7Y, i.e., the reward process on each arm is aRY the concatenation of the local policy for each user:

i.i.d. bernoulli process as in the adopted channel modetdgnitive

radio networks.

A policy 7 = {=n(t)}2, is a series of functions, where(t)
maps the previous observations of rewards to the curreidratiiat
specifies the set aff arms to play in slot. The system performance
under policyr is measured by the system regféf(O) over a time
horizon of lengthT as defined below. Let be a permutation of
{1,---,N} such thatf, 1y > 0,2y > --- > 0,(n), We have

Ry.(©)2TEM — Ex[ST, Ya() ()], (1)

where Y, (t) is the random reward obtained in slounder(t),
andE-[-] denotes the expectation under the policyin other words,
R7(0) is the expected total reward loss up to tiffleunder policy
w compared to the perfect scenario tlgtis known to the player
(leading to a total reward df'$}2,6,;), the first term of (1)). The
objective is to minimize the rate at whidky (©) grows withT" under
any parameter séd by choosing the optimal policy ™.

A policy is calleduniformly goodif for any parameter se®, we
have R7.(©) = o(T") for any b > 0. Note that a uniformly good
policy implies sub-linear growth of the system regret antiees

195(5)

T = [, M

Define immediate reward(¢) as the total number of successful
transmissions by all users in slot which depends on the system
collision model given below

Collision model 1 (with carrier sensing)When the channel is
sensed to be idle, the user generates a random backoff tiche an
transmits when the time expires and no other secondary hsees
claimed the channel. Under this model, we have

Y (1) = 5751055 (1),

wherel;(t) is the indicator function that equals 1oif channelj is
sensed by at least one user, andtherwise.

Collision model 2 (without carrier sensing)When the channel
is sensed to be idle, the user will transmit. The transmissidl be
successful if and only if no other users have chosen the shareel.
Under this model, we have

Y (1) = S, 15(0)85 (),

1The results apply to more general collision models, incigahe case that
all users involved in a collision receive reward.



wherel}(t) is the indicator function that equals toif channelj is The Decentralized Policy®

sensed by On'y one user, afdbtherwise. Consider usei. Choose & such thatd < § < 1/N Consider
Similar to the classic MAB, we use the following system regre aslott. Let k =t © M andm(j) the total number of events
the performance measurement of a decentralized palicy thatk; = j (1 < j < M) up to timet. let 6, (¢t) denote
. Ny . the sample mean of the state of channednd , ; the times
R7(0) = TEj2105(;) — Ex[Zi=1 Y (1)]- channeln is played up to (but excluding) slot
The objective is to minimize the rate at whicRr(©) grows 1. If k=i, go to Step 2; otherwise go to Step 3.

2. If me(z) < N, sense channeh(:); otherwise, the usar
does the following. Among all channels that have been
sensed for at leastm. (i) — 1) slots, first select a leader
l; that has the largest sample mean. ket m:(:) @ N.

with time T under any parameter sé by choosing the optimal
decentralized policyr™. Similarly, we call a decentralized policy is
uniformly goodif for any parameter se, we haveR7(0) = o(T?)

for any b > 0. To addr_ess the optimal order_ of the_ regr_et, it is The user senses channelf and only if §, () > 4, (t)
sufficient to focus on uniformly good decentralized polipesvided or (6, (t), 6y, (1)) < log(t —1)/7n,¢; Otherwise the user
that such policies exist. chooses channé}.
3. If mi(kt) < N, sense channek(k:); otherwise, the
IV. THE OPTIMAL ORDER OFTHE SYSTEM REGRET user does the following. Let= (k; —i+ M + 1)@ M.

In this section, we show that the optimal order of the rate at The user removes the— 1 arms played in the previoys
which the system regret grows with in the decentralized MAB j — 1 slots from the arm sew = {1, , N}. Assume
is logarithmic. a channel set C N has been removed. Leh?(k;)

Theorem 1:Under both collision models, the optimal order of the denote the num_ber of events that chann(_alz_zslaas beer
rate at which the system regret grows within the decentralized removed up to time. We relabel the remaining channels
MAB is logarithmic, i.e., for an optimal decentralized policy*, we in M\a with indices {1,2,--- ,N — j + 1} according
have to the order of their original indices. Among all the

o o remaining channels that have been sensed for at |least
L(©) < liminf L(@) < limsup L(@) <U(©) (3) 8(m®(kt) — 1) slots, first select a leadéy that has the
T—oo logT T—oo logT largest sample mean. Let = m®(k:) © (N —j + 1).
for some constantg (©) and U (©) that depend or®. The user senses channeif and only if 0. (¢) > 0, (1)

or I(8,(t), 81, (t)) < log(t —1)/7s,¢; otherwise the usgr
chooses channeél. Reset the indices of the remaining
channels as the original ones.

Proof: Note that the growth rate of the system regret in the
centralized MAB given in (2) provides a lower bound for the de
centralized MAB. For the upper bound, we construct a deabnéd
policy (see Sec. V) that achieves the logarithmic order ef régret Fig. 1. The Structure of the Decentralized Policy
growth rate. Details can be found in [10]. [ ]

V. AN ORDER-OPTIMAL DECENTRALIZEDPOLICY ) )
predetermined (for example, based on the user’s ID). Thieypoan

In this section, we construct a decentralized poficthat achieves s pe implemented in a distributed fashion.
the optimal logarithmic order of the system regret growtte.ra The theorem below establishes the order optimality of tepased

The basic structure of the proposed poligyis a round-robin pojicy 7. The difficulties in establishing the logarithmic orderiofs
structure at each user for selecting thase best channels. Users compared to the centralized counterpart given in [1], [2]taro folds.
have different phases (offsets) in their round-robin soletb avoid  Fijrst, since the rank of any channel can never be perfectigtitied,
excessive collisions. Consider, for example, the cask/of 2. User  the mistakes in identifying théth (1 < i < M) best channel will
1 targets at the best channel in odd slots and the second taestaih propagate into the learning process for identifying the 1)th, up to
in even slots, and user does the opposite. For each user, selectinge 7/th best channels. Second, since users are learning theethann
the best channel can be done efficiently using Lai and Rolsbingtatistics based on their individual local observatiom@ytdo not
single-user policy. The question here is how to select th@r 5ways agree on the rank of the channels. Collisions are dhdoin
best channel efficiently. One intuitive approach is to appdy and  pappen (for example, when a channel is considered as thebpest
Robbins’s policy to the remaining — 1 channels after removing the gne yser but the second best by the other). Such issues nded to

channel considered as the best channel. Specifically, demaserl  carefully dealt with in establishing the logarithmic ordéithe regret
who targets at the second best channel in even slots. All ¢ba € growth rate.

slots are divided intaV interleaving subsequences, where thie Theorem 2:Under the decentralized policy, we have
subsequence consists of all the even slots that follow an sbatd

R%(©
in which channeli is considered as the best channel. In ttie lim sup IZ(T) <C(o), 4)
subsequence, usdr applies Lai and Robbins’s policy to channels ] .TH‘X’ s
{1,---,i—1,i+1,---,N}. In other words, the local policy for Where under collision model 1,

each user c.onsists of multiple paralle! Lai and Robpinstmpdures c(©) M(EM 230,k — 550, <6, ary 03/ 105, 0 (ar)),

applied in different subsequences of time slots to diffesesets of &

channels. These parallel procedures, however, are cotlptedgh T = Vi %5:0;<0,) Y105, 00)),

the common observation history since in each slot (regssdlef and under collision model 2,

which subsequence it belongs to), all the past observatimased in

decision making. A detailed implementation of the propopeticy

for a generalM is given in Fig. 1. — 3TN /1(85,00(:)), 01)-
We point out that7 is distributed in the sense that users dopefine the local regret for uséras

not exchange information and make decisions solely basddaah } Al

observations. The offset in each user’s round-robin sdeecan be R?,i(@)=MTE§i19a<j) — B[S, Yi(t)),

C(©) = M(ZM 2 240,y — 250, <0, 1) 05 max{1/1(0;, 05 (nr))



whereY;(t) is the immediate reward obtained by usen slot ¢, we lilrg(lim sup B} Per{gm-(Xl, o, X)) > u(0') — €}/ logt)
have e t—oo
< 1/I(6,6") wheneveru(8') > u(9);

. szr‘ +(©) 1. R% (9)

lim sup —= = — limsup — . ®) ; is nondecreasing in for every fixedi = 1,2, - - ;

T—oo logT M 1c logT Gt,i g ry 1=1,2,---3
Proof: See [10]. [ ] gt = hi V' 1

From Theorem 1 and Theorem 2, the decentralized policy isrerd
optimal. Furthermore, (5) shows thatensures fairness among users:

each user achieves the same time-average rewgftc}., 0, ;) at Note that conditions C1-C5 are satisfied for Gaussian, Beino
the same rate. Poisson, and double exponential distributions, wherandg: ; have
been established in [1].

For the decentralized MAB, we show that all results esthblis
) ) ] ] in Sec. IV-VI can be extended to general stochastic prosesse

In this section, we establish a uniform lower bound on thewJio  aqgition to conditions C1-C5 required by the centralized BjAve
rate of the system regret for a general class of decentdappécies, require that theM best arms have distinct nonnegative means. For
to which the proposed policy belongs. This lower bound provides 5y i j 4. stochastic processes satisfying these comditiheorem 1
a tighter performance benchmark compared to the one definéteb 1,5|4s. Furthermore, both the decentralized policyand the lower
centralized MAB. The definition of this class of decentretizpolices o nq given in Theorem 3 can be obtained in general formsaiBet

is given below. o _ o ~ can be found in [10].
Definition 1: Time Division Selection PolicieBhe class of time

division selection (TDS) policies consists of all decelieeal polices VIII. CoNCLUSION
7 = [m1,--- ,mu] that satisfy the following property: under any local In this paper, we have considered a decentralized multedrm
policy 75, there exist® < a;; < 1(1 <4,5 < M, Ej”ilaij =1V4i) bandit problem with distributed multiple players. This Ipiem is mo-
independent of the parameter g@tsuch that the expected numbenivated by distributed spectrum sharing in cognitive radeworks.
of slots that uset chooses theith (1 < j < M) best channel to We have shown that the optimal system regret in the decezedal
sense up to timd’ is equal toa;; T — o(T") for all b > 0. MAB grows at the same logarithmic order as that in the ceiztll
A policy in the TDS class essentially allows a user to effitien MAB considered in the classic work by Lai and Robbins [1] and
select each of thé/ best arms according to a fixed time portion thapnantharam,et al. [2]. A decentralized policy that achieves the
does not depend on the parameter @etlt can be shown that the optimal order has been constructed.
order-optimal decentralized policy given in Fig. 1 belongs to the
TDS class Withaij =1/M f0|f all 1<, j < M, . [1] T. Lai and H. Robbins, “Asymptotically efficient adapivallocation
In the following, we esta.bllsh a Iowe.r bound on the rate atphhl rules,” Advances in Appiied Mathematiosol. 6, no. 1, pp. 4C22, 1985.
the system regret grows with for all uniformly good decentralized [2] V. Anantharam, P. Varaiya, and J. Walrand, “AsymptdtjcéEfficient

_ _ (-1
%r{(sir%zz)gctml w@) >el =0t ")Ve>0, 0<d<1

VI. AL OWERBOUND FOR ACLASS OFDECENTRALIZED
PoLICES
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