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Abstract—We focus on an opportunistic communication system A. Restless Multi-armed Bandit Problem

consisting of multiple independent channels with time-vaying . . . . .
states. With limited sensing, a user can only sense and acses The optimal design of a sensing policy for channel prol_Jl_ng
a subset of channels and accrue rewards determined by the can be formulated as a partially observable Markov decision

state of the sensed channels. We formulate the problem of process (POMDP), where channels can be generally corre-
optimal sequential channel probing as a restless multi-ared  |5ted [3]. For independent channels, the problem can also be

bandit process, for which a powerful index policy—Whittle's index . . . .
policy—rc):an oo implemente% boced o tﬁe ir):dexability of the Viewed as a restless multi-armed bandit process as shown in

system. Exploiting the underlying structure of the multi-channel  S€ction Il Unfortunately, the optimal solution to a ressle
opportunistic access problem, we establish the indexabiji and ~multi-armed bandit problem is often intractable: the penil
obtain the Whittle’s index in closed-form, which leads to a drect  has been shown to be PSPACE-hard in general [4].
implementation of Whittle’s index policy with little compl exity. Whittle in 1988 proposed an index policy (referred to as
Furthermore, we show that Whittle’s index policy is equivalent Whittle’s index policy) for the restless multi-armed bandi
to the myopic policy when channels are statistically idental. X . o
problem and introduced the concept of indexability [5]. The

remarkable nature of Whittle's index policy lies in that it
decomposes th&' -dimensional problem int&v 1-dimensional
problems. Furthermore, Whittle’s index policy is optimél i
the constraint is on thaveragenumber of arms to activate
at a given time. Under the strict constraint whereamstant

We consider an opportunistic communication system wittumber of arms are activated at a given time, Whittle’s index
N parallel channels. Thes§¥ channels are modeled as indepolicy is shown to be asymptotically optimal under certain
pendent but not necessarily identical Gilbert-Elliot chels conditions [6]. In a large range of empirical studies, tharne
[1] as illustrated in Fig. 1. The state of a channel — “goodoptimal performance of the Whittle’s index policy has been
(1) or “bad” (0) — indicates the desirability of accessingdemonstrated in non-asymptotic regimes, see for example [7
this channel and determines the resulting reward. Withtdichi [8].
sensing and access capability, a user chodsesut of these  Unfortunately, Whittle’s index policy does not always éxis
N channels to sense and access in each slot, aiminglttés necessary that a restless banditridexablein order to
maximize its expected long-term reward. Such an opportignisuse Whittle’s index policy, and the indexability of a geriera
communication system arises in the applications of cognitirestless bandit can be complicated to establish [9].
radios for spectrum overlay (also referred to as opportunis
tic spectrum access), where secondary users search in BheContribution

spectrum for idle channels temporarily unused by primary |, qexability We formulate the design of the optimal sensing
users [2]. Other applications include transmission ovelimig iy a5 a restless multi-armed bandit problem where e st
channels and resource-constrained jamming and anti-JagiMio¢ oach arm is defined as the belief value (or the information
state) of each channeéle.,the conditional probability that this
channel is in the good state given the entire observation and
decision history. The state of each arm is thusountable
which further complicates the establishment of indexshili
By exploiting the rich structure of the problem, we provettha
(@) the restless bandit formulation of multi-channel oppoidtia
, Pio access is indexable.
Fig. 1. The Gilber-Elliot channel model. Whittle’s index in closed-formEven when the indexability

of a restless bandit problem can be established, Whittielex
O is generally difficult to obtain even numerically. In thispes,
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I. INTRODUCTION
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be implemented with simple evaluations of the closed-foraction in each slot in order to maximize the expected total
expressions. discounted reward.

Equivalence between Whittle's index policy and myopic
policy for identical channelsWhen channels are statistically Formally, we have the following restless multi-armed bandi
identical, we show that the myopic policy coincides with thé2, {F; : 1 <i < N}, R, 3) as defined below.
Whittle's index policy. Interestingly, the myopic policyahk a
simple structure and is shown to be optimal under certain ¢
ditions [10]-[12]. As a consequence, this equivalence ipies/

di) The user takes actioh(t) in slott (t = 0,1,2,...), where
1(t) denotes the set of th&/ arms which the user activates

examples under which Whittle’s index policy is optimal. N Slott.
Il. PROBLEM FORMULATION (iii) The user collects an expected reward
ConsiderN independent Gilbert-Elliot channels with band- R(t) = Xicrywi(t)B;

width B; (i = 1,---,N). The state of channgl‘good”(1)
or “bad”(0)— evolves as a Markov chain from slot to slot a

shown in Fig.1. The ”"’}[}S't'oﬂ) matrix of the Markov chain I%iv) The state of each arm transits as a Markov chain accgrdin
denoted byP; (P = [ "3 "5 |). o (1).

At the beginning of 1s?l'c')tt, the user selectd/ out of N
channels to sense. If the stasg(t) of sensed channelis (V) A policy = : Q(t) — I(t) specifies the action to take in
1, the user transmits and collect; units of reward from each slot given the current belief stabgt).
this channel. Otherwise, the use collects no reward andswait
for the next slot to make another selection f channels. ~ The objective is to maximize the expected total discounted
Our objective is to maximize the long-term total reward byeward over an infinite horizon:
choosing a policy which sequentially selecté channels to
sense in each slot based on the decision and observation
history.

'g‘u slot ¢.

max{E~ {3726 R(t)}}, )

A. Restless Multi-armed Bandit Formulation where0 < § <1 s the discount factor.

Due to limited sensing, the channel stat6 = B. Value Function

[S1(t), .., S (t)] € {0,1}" is not fully observable. If we treat | et V,(02) be the value function, which denotes the maxi-
S as the system state, then we have a POMDP formulationifjm expected total remaining reward obtained starting from
this problem [13]. In a restless multi-armed bandit formiola,  sjot ¢ given the current belief vecta. Given that the user
the system state has to be fully observable. Thus we canggies action/ and observe) — {S; : i € I}, the reward
treatS as the system state of the restless bandit. Howev@{at can be accumulated starting from statonsists of two

it has been shown that the conditional probabilities thaheaparts: the immediate rewarl; (t) = X;crywi(t)B; and the
channel is in staté given all past decisions and observationgaximum expected future rewaid 1 (Q(t + 1)|1(t), O(t)).

is a sufficient statistic for optimal decision making [3]. &h averaging over all possible observatiofis and maximizing

vector Q(t) £ [wi(t),...,wn(t)] which comprises of the gyer all action, we have the following optimality equation:

conditional probabilityw; (¢) thatS;(¢t) = 1 is called the belief
vector. Moreover, given the sensing action and the obs’ervatv Q) — R E Vool (Q D). O 3
in slott, the belief vectof2(+1) for slot¢+1 can be obtained "#()) = max{Br(®) + SEow (Vira (At + DI (1), 01)))} - (@)

as follows:

It has been shown that;(2) does not depend ohunder
i(t) = the criterion of discounted reward over an infinite horizb4][

P11 (XS I(t)7 1
' «(t)=0 , Thus we can drop the subscripbf V; in (3):

wilt+1) =9 pf), o ielI(),
wi)pl + (1 —wi(®))ps), ¢ 1(2) "

where(t) is the set of theM channels sensed in slat V(&) = 1}1(%?{31(15) + BEow (V(QUE +1)[1(1), O)))}- (4)
We formulate the problem as a restless multi-armed bandit _ _

problem. Each channel is considered as an arm. The statécofMyopic Policy

armi in slot ¢ is w;(t). The user chooses an action in each A myopic policy ignores the impact of the current action on

slot: activate (sense)/ out of N channels and make othershe future reward, focusing solely on maximizing the expdct

passive (not sense). The expected reward obtained from iimenediate reward?;. The myopic action’ under belief state

activated armi in slot¢ is w;(t)B;. And the system stat@(t) Q = [wy,--- ,wn] is simply given by

transits as a Markov chain as given in (1). Our objective is .

to design the optimal policy which maps the belief vector to 1(Q) = arg max Yie1wiBi. ()

S,
S,



Interestingly for identical channels under single-channaser makes the arm passive. The objective is to maximize
sensing, it has been shown in [10] that the myopic policy hathe expected total discounted reward. L&{m) denote the
a simple structure that does not need the update of the befieksive set consisting of states (belief values) in whieh th
vector or the precise knowledge of the transition probtiedi optimal action is to make the arm passive.
. Specifically, wherpll‘ > po1, the myopic action is to stally. Definition 1: Bandit (O, {P : 1 < i < N}, R,j) is
in the same channel if the channel in the current slot is in : . . . .
: . - ndexableif U;(m) is monotonically increasing fronfi to
statel. Otherwise, the user switches to the channel visited th$
. I ; . the whole set[0,1] as m goes from—oo to +oo, for all
longest time ago. The channel selection is thus in a rounid rokZJ €{1,2,., N}
fashion as illustrated in Fig. 2: sendé channels in turn with P ) ) )
a random switching time (when the current channel transits t Definition 2: If a bandit (2, {F; : 1 < i < N}, R, ) is

state0). indexable, thewhittle's indexW (w;(t)) of arm in slot ¢ is
the subsidym such that it is optimal to make the arm either
when observé) when observe) active or passive in slat given the current belief; (t).
@ @ @ Definition 3: In each slot, the user activatdd arms with
the largest Whittle’s index. This policy is call&thittle’s index
policy.

when observe)
I1l. I NDEXABILITY AND WHITTLE'SINDEX PoLICY
In this section, we present our main theorem which shows
Whenpi1 < po1, the myopic action is to stay in the saméhe above restless multi-armed bandit problem is indexable

channel when the channel is in statand switch otherwise. Furthermore, we give the Whittle's index in closed-form.
When a channel switch is needed, the user chooses, amon§P Prove the indexability, we only need to consider a single
those channels to which the last visit occurred an even numB8M- To simplify the notation, we assume that the arm has
of slots ago, the one most recently visited. If there are ot sub@ndwidth B, subsidym for passivity, and transition matrix
channels, the user chooses the channel visited the lonigest t” (P = | ;> "' |). Theorems 1-3 given below summarize
ago. the results on the indexability and Whittle’s index poliay f

Surprisingly for identical channels with single-chanrels- multi-channel opportunistic access.
ing, the myopic policy with such a simple and robust struetur Theorem 1:The optimal policy for a single-armed bandit

achieves ﬂlle optimhal perforrrljanc? fg'z = 2 _[10]' I_In ?1 w, P, B,m, () is a threshold policy: there exists.&(m) € R
recent work [12], the optimality of the myopic policy 3Ssuch that it is optimal to activate the arm if the current dfeli

bfeen extended t&V = 3, and N > 3 under the condition w > w*(m); otherwise it is optimal to make the arm passive.
Of p11 > po1-

However for independent but not identical channels, the Theorem 2:The bandit(Q,{P;,1 < i < N}, R,3) is
myopic policy suffers from a performance loss as shown indexable.

section V.

Fig. 2. The structure of the myopic policy fer; > po1 (N = 3).

Theorem 3:Whittle’s index W (w) € R as a function of
D. Whittle's Index Policy the belief statev € [0, 1] for armi of bandit(Q, {P;,1 < i <
Whittle introduced a heuristic policy referred to as Wil N}, R, 3) is given as follows.
index policy. The basic idea is to introduce an index that Let 7;*(w) denote thek—step transition of a belief state
measures how attractive it is to activate a particular aritsat of armi under passive actions:
current state, and then activate thdgearms with the largest

index at each time. Whittle’s index for an arm at sta;té_s b p(()il) _ (pﬁ) _p(()il))k(péil) ~-( +péi1) _pgil))ﬁ)
defined as the extra amount of rewarthat we should provide Z; (m) = ) )
to the passive action (referred to as the subsidy for paggiwi L+ por —pi
order to make the active and passive actions equally atteact For simplicity, letZ;(w) denoteT; (7).
at the current state. Case 1:p§ll) > pé?
The significance of Whittle’s index policy and its strong (i) ().

performance have been discussed in section |I. The main wBi, if w<pg Orw=piy;
(i),

challenge is that a restless multi-armed bandit may not have " i <
a well-defined Whittle'’s index. We present the definition of o0 rge D Two Sw <pu
indexability as follows. W(w) = @
. ) . . w=PBTi(w)+CA=)(B(1=PBpi1)=Bw—=LTi(w)))

Consider armi of the bandit(Q,{P; : 1 <i < N}, R, 3). 1—ﬁp§?—A(l—ﬁ)(ﬁ(l—ﬁp?)])—g(w_@z(w))) B;,

In each slot, the user either activates the arm or not. Assume it (@ )
. R . : if pop; <w < wo;

that a constant subsidy: for passivity is obtained if the

(1-sp{)H(1-p**1)

1it has been shown in [15] that a similar structure of the mgqmolicy .
(1-8p{)) (A=A (1=BL+2)+(1-B)2p 2T T (p())

holds with multi-channel sensing.

where A =



(1 ﬁ) L+1TL+1 (1)
T @) (1-8)(1-BL+2)+(1- meT“l( “)

p((n) —w(@- p11)+P§ﬁ))

L= ()(p()fp(n) ;
log MONMO
P11 —Po1
(i)
_ Po1
w = o, "
o 0)+ (i)

Case 2:p}} < p{

wB;, fw< p(Z orw > p(()il);

8p) 4w(1-3 : f i
ﬁo;Tf)w))Bi, it Ti(pi)) <w < pis
(1-B)(148E) (Bps) +w(1-8))
W(w) _ 1-6(1— p()) D(1 ﬁ)( 01)+ﬁ“’752w)

if w, <w < T(p\));

(2]

(=B)(Bpiy +—BTiw)) = EU=P)B(BT (w) o) —w) .
1 ﬁ(l Py )+D(1—B)B(BTi(w)—Bpf) —w) &
if P11 < w < Wo;

whereD = 150 —pgy) oF
1-p(1— P ) ﬁzT(p11)(1 B)—B3py1
jo BT(P )(1 ﬁ)+521’01

1-8(1—p)) - 527<p§3><1 8)—3p)

Figure 4 compares Whittle’s index for different transition
probabilities. Assume thaB; = 1. This figure clearly shows
that when channels are non-identical, the channels with the
largest belief values may not have the largest Whittle'sind
the myopic policy is thus different from Whittle’s index poy.
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Fig. 4. Whittle’s index for different network parameters.

Shown in Figure 5 is a simulation example where we evalu-
ate the performance of Whittle’s index policy for indepemide
but not identical channels. We observe that the Whittledein
policy yields a near-optimal performance.

Corollary 1: If channels are identical, then the myopic

policy is equivalent to Whittle's index policy.

IV. SIMULATION EXAMPLES

From Theorem 3, the mapping from belief to Whittle’s inde
varies when the belied is in different regions. To illustrate
this mapping, we give an example as shown in Figure 3, wh
we assume that the arm has bandwitlth
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Fig. 3. Whittle’s index in different regions.
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Fig. 5. Performance of the Whittle’s index policyl( = 1, N = 7,8 =
0.999).

V. CONCLUSION

In this paper, we have formulated the multi-channel op-
portunistic access problem as a restless multi-armed bandi
problem. We proved the indexability of the restless banatit a
obtained Whittle’s index in closed-form. When channels are
identical, Whittle's index policy coincides with the myapi



policy. When channels are non-identical, the closed-foxm e
pression of Whittle’s index provides a simple low-comptexi
index policy with near-optimal performance.
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