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Abstract

We consider the restless multi-armed bandit (RMAB) probieith unknown dynamics in which a
player chooses one out &f arms to play at each time. The reward state of each arm tsaasibrding
to an unknown Markovian rule when it is played and evolve®adiag to an arbitrary unknown random
process when it is passive. The performance of an arm sabeptlicy is measured by regret, defined
as the reward loss with respect to the case where the playsvskwhich arm is the most rewarding
and always plays the best arm. We construct a policy with garleaving exploration and exploitation
epoch structure that achieves a regret with logarithmieiovechen arbitrary (but nontrivial) bounds on
certain system parameters are known. When no knowledgd #imgystem is available, we show that
the proposed policy achieves a regret arbitrarily closeholbgarithmic order. We further extend the
problem to a decentralized setting where multiple disteluplayers share the arms without information
exchange. Under both an exogenous restless model and agesmiss restless model, we show that a
decentralized extension of the proposed policy presehesgarithmic regret order as in the centralized
setting. The results apply to adaptive learning in variogsaginic systems and communication networks,

as well as financial investment.

. INTRODUCTION
A. Multi-Armed Bandit with i.i.d. and Rested Markovian Reward Models

In the classic multi-armed bandit (MAB) with an i.i.d. rewlamodel, there aréV independent

arms and a single player. Each arm, when played, offers ah iandom reward drawn from
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under Grant W911NF-09-D-0006. Part of these results wesgnmted at ITA, San Diego, CA, January 2011 and IEEE ICASSP,
Prague, Czeck Republic, May 2011.
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a distribution with unknown mean. At each time, the playeoases one arm to play, aiming
to maximize the total expected reward in the long run. Thbfam involves the well-known
tradeoff between exploitation and exploration, where tlagqr faces the conflicting objectives
of playing the arm with the best reward history and playingesslexplored arm to learn its
reward statistics.

A commonly used performance measure of an arm selectionypislithe so-calledegret or
the cost of learning, defined as the reward loss with respect to the case with a kmeward
model. It is clear that under a known reward model, the plap@uld always play the arm with
the largest reward mean. The essence of the problem is thigentify the best arm without
engaging other arms too often. Any policy with a sublineawgh rate of regret achieves the
same maximum average reward (given by the largest reward)nasan the known model case.
However, the slower the regret growth rate, the faster tmyergence to this maximum average
reward, indicating a more effective learning ability of thelicy.

In 1985, Lai and Robbins showed that regret grows at leasti@gaxithmic order with time,
and an optimal policy was explicitly constructed to achiéve minimum regret growth rate for
several reward distributions including Bernoulli, Poiss@Gaussian, Laplace [1]. Several other
policies have been developed under different assumptionthe reward distribution [2], [3].
In particular, an index policy, referred to as Upper ConfaeBound 1 (UCB1) proposed by
Auer et al. in [3], achieves logarithmic regret for any reward disttibas with finite support.
In [4], Liu and Zhao proposed a policy that achieves the ogtitagarithmic regret order for
a more general class of reward distributions and sublinegnet orders for heavy-tailed reward
distributions.

In 1987, Anantharanet al. extended Lai and Robbin’s results to a Markovian reward rhode
where the reward state of each arm evolves as an unknown Mparkoess over successive plays
and remains frozen when the arm is passive (the so-cedstéetl Markovian reward model) [5].
In [6], Tekin and Liu extended the UCBL1 policy proposed in {@]the rested Markovian reward
model.

B. Restless Multi-Armed Bandit with Unknown Dynamics

In this paper, we consider Restless Multi-Armed Bandit (RBJAa generalization of the

classic MAB. In contrast to the rested Markovian reward nhadeRMAB, the state of each arm
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continues to evolve even when it is not played. More spedfiche state of each arm changes
according to an unknown Markovian transition rule when tima & played and according to an
arbitrary unknown random process when the arm is not playedconsider both the centralized
(or equivalently, the single-player) setting and the déeedized setting with multiple distributed

players.

1) Centralized Setting: A centralized setting wher@/ players share their observations and
make arm selections jointly is equivalent to a single playéio chooses and playd/ arms
simultaneously. Without loss of generality, we focus bh = 1. Extensions toM > 1 are
straightforward and can be found in [7]. The performancesuearegret is similarly defined: it
is the reward loss compared to the case when the player knbves \arm is the most rewarding
and always plays the best arm.

Compared to the i.i.d. and the rested Markovian reward nsodbe restless nature of arm
state evolution requires that each arm be played consebtufior a period of time in order to
learn its Markovian reward statistics. The length of eadapnsent of consecutive plays needs
to be carefully controlled to avoid spending too much timeaobad arm. At the same time,
we experience a transient each time we switch out and thek toaan arm, which leads to
potential reward loss compared to the steady-state behakibis arm. Thus, the frequency of
arm switching needs to be carefully bounded.

To balance these factors, we construct a policy based on erndeistic sequencing of
exploration and exploitation (DSEE) with an epoch strueti8pecifically, the proposed policy
partitions the time horizon into interleaving exploratiand exploitation epochs with carefully
controlled epoch lengths. During an exploration epoch,dlager partitions the epoch int&y
contiguous segments, one for playing each of sharms to learn their reward statistics. During
an exploitation epoch, the player plays the arm with thedstrgample mean.¢., average reward
per play) calculated from the observations obtained soTiae lengths of both the exploration
and the exploitation epochs grow geometrically. The nundbearm switchings are thus at the
logrithmic order with time. The tradeoff between explopatiand exploitation is balanced by
choosing the cardinality of the sequence of exploratiorckpoSpecifically, we show that with
anO(logt) cardinality of the exploration epochs, sufficiently accarkearning of the arm ranks
can be achieved when arbitrary (but nontrivial) bounds atagesystem parameters are known,

and the DSEE policy offers a logarithmic regret order. Whenknowledge about the system
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is available, we can increase the cardinality of the expilmnaepochs by an arbitrarily small
order and achieve a regret arbitrarily close to the logamithorder,i.e., the regret has order
f(t)logt for any increasing divergent functiof{t). In both cases, the proposed policy achieves
the maximum average reward offered by the best arm.

We point out that the definition of regret here, while simtiathat used for the classic MAB,
is a weaker version of its counterpart. In the classic MABhvgither i.i.d. or rested Markovian
rewards, the optimal policy under a known model is indeeddy with the best arm in terms of
the reward mean For RMAB, however, the optimal policy under a known modehéslonger
given by staying with the arm with the largest reward meanfodanately, even under known
Markovian dynamics, RMAB has been shown to be P-SPACE h4grdrig&his paper, we adopt
a weaker definition of regret. First introduced in [9], weagnret measures the performance of
a policy against a “partially-informed” genie who knows pmhich arm has the largest reward
mean instead of the complete system dynamics. This defindforegret leads to a tractable
problem, but at the same time, weaker results. Whether ggroresults for a general RMAB
under an unknown model can be obtained is still open for eaptm (see more discussions in
Sec. I-C on related work).

2) Decentralized Setting: In the decentralized setting, there aké distributed players. At
each time, a player chooses one arm to play based on its Ibsahations without information
exchange with other players. Collisions occur when mudtiplayers choose the same arm and
result in reward loss. The objective here is a decentralpmity to minimize the regret growth
rate where regret is defined as the performance loss witlecedp the ideal case where the
players know the)M best arms and are perfectly orthogonalized among thidsbest arms
through centralized scheduling.

We consider two types of restless reward models: the exagenestless model and the
endogenous restless model. In the former, the system itssedfsted: the state of an arm does
not change when the arm is not engaged. However, from eadvidodl player's perspective,
arms are restless due to actions of other players that atesan@ble and uncontrollable. Under

the endogenous restless model, the state of an arm evoleesdany to an arbitrary unknown

tUnder the rested Markovian reward model, staying with thet lbem (in terms of the steady-state reward mean) is optimal
up to a loss 0fO(1) term resulting from the transient effect of the initial stathich may not be the stationary distribution [5].

This O(1) term , however, does not affect the order of the regret.
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random process even when the arm is not played. Under ballesgsnodels, we extend the
proposed DSEE policy to a decentralized policy that aclsi¢ve same logarithmic regret order as
in the centralized scheduling. We emphasize that the [tgait regret order is achieved under
a complete decentralization among players. Players do eed no have synchronized global
timing; each player can construct the exploration and etgilon epoch sequences according to
its own local time.

We point out that the result under the exogenous restleseln®dtronger than that under
the endogenous restless model in the sense that the regnefesd defined with respect to the
optimal policy under a known reward model and centralizdtedaling. This is possible due to
the inherentrested nature of the systems which makes any orthogonal sharinbeofit best

arms optimal (up to ai@(1) term) under a known reward model.

C. Related Work on RMAB

RMAB with unknown dynamics has not been studied in the litewa except two parallel
independent investigations reported in [10] and [11], bamghsider only a single player. In [10],
Tekin and Liu considered the same problem and adopted the shafinition of regret as
in this paper. They proposed a policy that achieves logaith(weak) regret when certain
knowledge about the system parameters is available [10frfeel to as regenerative cycle
algorithm (RCA), the policy proposed in [10] is based on theéB1 policy proposed in [3] for
the i.i.d. reward model. The basic idea of RCA is to play an aonsecutively for a random
number of times determined by a regenerative cycle of aquéati state and arms are selected
based on the UCBL1 index calculated from observations oddaonly inside the regenerative
cycles (observations obtained outside the regeneratelexyre not used in learning). The i.i.d.
nature of the regenerative cycles reduces the problem tolélssic MAB under the i.i.d. reward
model. The DSEE policy proposed in this paper, however, hdsterministic epoch structure,
and all observations are used in learning. As shown in theilsiion examples in Sec. 1V,
DSEE can offer better performance than RCA since RCA may kavbscard a large number
of observations from learning before the chosen arm enteeg@nerative cycle defined by a
particular pilot state. Note that when the arm reward stpéea is large or when the chose pilot
state has a small stationary probability, it may take a lomg tfor the arm to hit the pilot state,

and since the transition probabilities are unknown, it #alilt to choose the pilot state for a
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smaller hitting time. In [11], a strict definition of regretas adoptedi(e., the reward loss with
respect to the optimal performance in the ideal scenarib aiknown reward model). However,
the problem can only be solved for a special class of RMAB Withr 3 arms governed by
stochastically identical two-state Markov chains. Fos gpecial RMAB, the problem is tractable
due to the semi-universal structure of the optimal policyhef corresponding RMAB with known
dynamics established in [12], [13]. By exploiting the simpgtructure of the optimal policy under
known Markovian dynamics, Daat al. showed in [11] that a regret with an order arbitrarily
close to logarithmic can be achieved for this special RMAB.

There are also several recent development on decentrdfi2&iwith multiple players under
the i.i.d. reward model. In [14], Liu and Zhao proposed a TiDieision Fair Sharing (TDFS)
framework which leads to a family of decentralized fair p@s that achieve logarithmic regret
order under general reward distributions and observatiodats [14]. Under a Bernoulli reward
model, decentralized MAB was also addressed in [15], [18}eme the single-player policy
UCB1 was extended to the multi-player setting.

The basic idea of deterministic sequencing of exploratioth @xploitation was first proposed
in [4] under the i.i.d. reward model. To handle the restlessard model, we introduce the
epoch structure with epoch lengths carefully chosen toeaehthe logarithmic regret order. The
regret analysis also requires different techniques as aoadpto the i.i.d. case. Furthermore, the
extension to the decentralized setting where differenggskare not required to synchronize in
their epoch structures is highly nontrivial.

The results presented in this paper and the related workisied above are developed within
the non-Bayesian framework of MAB in which the unknowns ie teward models are treated
as deterministic quantities and the design objective igaraally (over all possible values of the
unknowns) good policies. The other line of development ithivithe Bayesian framework in
which the unknowns are modeled as random variables with knpsor distributions and the
design objective is policies with good average performaageraged over the prior distributions
of the unknowns). By treating the posterior probabilistrmowledge (updated from the prior
distribution using past observations) about the unknoventha system state, Bellman in 1956
abstracted and generalized the classic Bayesain MAB to eiapdass of Markov decision
processes [17]. The long-standing Bayesian MAB was solwedsittins in 1970s where he
established the optimality of an index policytthe so-aallBittins index policy [18]. In 1988,
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Whittle generalized the classic Bayesian MAB to the restleBAB (with known Markovian
dynamics) and proposed an index policy based on a Lagrangfi@xation [19]. Weber and Weiss
in 1990 showed that Whittle index policy is asymptoticalptimal under certain conditions [20],
[21]. In the finite regime, the strong performance of Whittldex policy has been demonstrated

in numerous examples (see, e.g., [22]-[25]).

D. Applications

The restless multi-armed bandit problem has a broad rangeotential applications. For
example, in a cognitive radio network with dynamic spectractess [26], a secondary user
searches among several channels for idle slots that aretanip unused by primary users. The
state of each channel (busy or idle) can be modeled as a at@{gtarkov chain with unknown
dynamics. At each time, a secondary user chooses one charsggise and subsequently transmit
if the channel is found to be idle. The objective of the seeopndiser is to maximize the long-
term throughput by designing an optimal channel selectiolicy without knowing the traffic
dynamics of the primary users. The decentralized formutatinder the endogenous restless
model applies to a network of distributed secondary users.

The results obtained in this paper also apply to opportiencstmmunication in an unknown
fading environment. Specifically, each user senses thedadialization of a selected channel
and chooses its transmission power or data rate accordimtly reward can be defined to
capture energy efficiency (for fixed-rate transmission)hwouighput. The objective is to design
the optimal channel selection policies under unknown fadiynamics. Similar problems under
known fading models have been considered in [27]-[29].

Another potential application is financial investment, veh@ Venture Capital (VC) selects
one company to invest each year. The statg.,(annual profit) of each company evolves as
a Markov chain with the transition matrix depending on wietthe company is invested or
not [30]. The objective of the VC is to maximize the long-rurfit by designing the optimal
investment strategy without knowing the market dynanaiggiori. The case with multiple VCs

may fit into the decentralized formulation under the exogesnestless model.
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E. Notations and Organization

For two positive integers and/, definek:@lé((k:— 1) mod!) + 1, which is an integer taking
values froml,2,--- 1.

The rest of the paper is organized as follows. In Sec. Il wesiclan the single-player setting.
We propose the DSEE policy and establish its logarithmicategrder. In Sec. Ill, we consider the
decentralized setting with multiple distributed playéhfe present several simulation examples in
Sec. IV to compare the performance of DSEE with the policyppeed in [6]. Sec. V concludes

this paper.

II. THE CENTRALIZED SETTING

In this section, we consider the centralized, or equiv@jetite single-player setting. We first
present the problem formulation and the definition of regred then propose the DSEE policy

and establish its logarithmic regret order.

A. Problem Formulation

In the centralized setting, we have one player andndependent arms. At each time, the
player chooses one arm to play (the extension to the genasalaf simultaneous multiple plays
is straightforward and can be found in [7]). Each arm, wheay@dl, offers certain amount of
reward that defines the current state of the arm.sL.&) andS; denote, respectively, the state of
armj at timet and the state space of atmWhen armj is played, its state changes according
to an unknown Markovian rule witlP; as the transition matrix. The transition matrixes are
assumed to be irreducible, aperiodic, and reversibleeStatt passive arms transit according to
an arbitrary unknown random process. lwet= {7;(s)}.cs; denote the stationary distribution
of arm j under P;. The stationary reward mean is given by; = >° s sm;(s). Leto be a

permutation of{1,---, N} such that

Ho(1) = Ho@) = Bo(3) = = Ma(N)-

Let " denoteyiy ).
A policy @ is a rule that specifies an arm to play based on the observaistory. Lett;(n)
denote the time index of theth play on armj, andTj(t) the total number of plays on arm
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by time t. Notice that both;(n) and7}(¢) are random variables with distributions determined

by the policy®. The total reward undedb by timet is given by

N T;()

R(t) =Y s;(t;(n)). (1)

7j=1 n=1
The performance of a policp is measured by regret;(t) defined as the reward loss with

respect to the best possible single-arm policy:
ra(t) = tio() — Ee [R(1)] + O(1), (2)

where theO(1) constant term is caused by the transient effect of playiegottst arm when its
initial state is not given by the stationary distributidy, denotes the expectation with respect
to the random process induced by poliey The objective is to minimize the growth rate of the
regret with timet. Note that the constant term does not affect the order ofégest and will

be omitted in the regret analysis in subsequent sections.

B. DSEE with An Epoch Structure

Compared to the i.i.d. and the rested Markovian reward nsodle restless nature of arm state
evolution requires that each arm be played consecutivelyafperiod of time in order to learn
its Markovian reward statistics and to approach the stetatg.sThe length of each segment of
consecutive plays needs to be carefully controlled: it &hte short enough to avoid spending
too much time on a bad arm and, at the same time, long enoughitotte transient effect.
To balance these factors, we construct a policy based on D&8HEEan epoch structure. As
illustrated in Fig. 1, the proposed policy partitions thaeihorizon into interleaving exploration
and exploitation epochs with geometrically growing epoehgiths. In the exploitation epochs,
the player computes the sample meae.,(average reward per play) of each arm based on
the observations obtained so far and plays the arm with ttgeedé sample mean, which can
be considered as the current estimated best arm. In thera#plo epochs, the player aims to
learn the reward statistics of all arms by playing them dguakny times. The purpose of the
exploration epochs is to make decisions in the exploitagipochs sufficiently accurate.

As illustrated in Fig. 1, in thexith exploration epoch, the player plays every attn! times.

In the nth exploitation epoch with length x 47!, the player plays the arm with the largest

sample mean (denoted as a#if) determined at the beginning of this epoch. At the end of each
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epoch, whether to start an exploitation epoch or an exptorapoch is determined by whether
sufficiently many (specificallyD log ¢ as given in (3) in Fig. 2) observations have been obtained
from every arm in the exploration epochs. This conditionuees that only logarithmically many
plays are spent in the exploration epochs, which is necg$saachieving the logarithmic regret
order. This also implies that the exploration epochs aremiegs frequent than the exploitation
epochs. Though the exploration epochs can be understode dsmformation gathering” phase,
and the exploitation epochs as the “information utilizatiphase, observations obtained in the
exploitation epochs are also used in learning the arm rewsfatistics. A complete description

of the proposed policy is given in Fig. 2.

/.
W expoitation FNExploration SaNF /E| /////
» Exploitation Exploration xploitation
NN el N NN / p / ////
ARRA // /. ARRRARRRRRA R RN
’ N~
/ AN
/ AN ~~_
’ \ N T~ ~
/ NN T~
/ \ N =~ -
/ \ ~ T~
/ \ h T~
’ \ ~ -
/ N
/ \
Arm 1(4™ times) Arm N (4™ times)
Play the best arma™ (2 x 4™ times

Fig. 1. The epoch structure with geometrically growing dptangths.

C. Regret Analysis

In this section, we show that the proposed policy achievesyarithmic regret order. This is
given in the following theorem.
Theorem 1: Assume thaf P}, are finite state, irreducible, aperiodic and reversiblé ti¢

reward states are non-negative. legetbe the second largest eigenvalue if Define e,,;, =

NN <;<N €y Tmin = MINI<<N s€S; Wi(S), Tmax = MaXj<i<n Zse& S,

3012

Amax = max;(minges, 70) 7' >0 g s, and L = max__ - Agssume that the best arm has a

(3 2\/_)emln
distinct reward mean Set the policy parameterd to satisfy the following condition:
4L
D > , (4)

(Mou) - %(2))2

The extension to the general case is straightforward
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DSEE with An Epoch Structure

Time is divided into exploration and exploitation epochst lnp(t) and n;(t) denote

respectively, the numbers of exploration and exploitagpochs up to time.

1. Att =1, the player starts the first exploration epoch with lengyjthin which every arm
is played once. Seto(N +1) =1, n;(N + 1) = 0. Then go to Step.
2. Let Xp(t) = (4"° —1)/3 be the time spent on each arm in exploration epochs by|time
t. ChooseD according to (4). If

Xo(t) > Dlogt, (3)

go to Step3. Otherwise, go to Step.
3. Start an exploitation epoch with lengthx 477 ~1, Calculate the sample mean(t) of
each arm. Play the arm with the largest sample mean. Incrgabg one. Go to Steg.
4. Start an exploration epoch with lengifd”c—!. Play each arm fot"°~! times. Increasg

no by one. Go to Step.

Fig. 2. DSEE with an epoch structure for RMAB.

The regret of DSEE at the end of any epoch can be upper bounded b

ralt) < cl[log4(g(t—N)+1)1+02[4(3D10gt+1)—1]

+N Amax([log,(3Dlogt + 1)] + 1)), (5)
where

:ucr(l Ho(5) 1 \/§€kz\/Z
Cl - max T 3 + |Sk‘ ) (6)

< Z T min k’;j <log 2 10 ZSESk S

1

Cy, = - ( Z loGi) | - (7)
Proof: See Appendlx A for detalls. [ |

Regret at any time can be similarly bounded as given in (5) (see [7] for details)the
proposed policy, to ensure the logarithmic regret orderpivlicy parameteb needs to be chosen
appropriately. This requires an arbitrary (but nontriviabund onr ., €min, @aNd fig(1) — o (2)-

In the case where no knowledge about the system is availBbban be chosen to increase with
time rather than sed priori to achieve a regret order arbitrarily close to logarithnibis is

formally stated in the following theorem.
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Theorem 2. Assume thaf P}, are finite state, irreducible, aperiodic and reversiblé tih¢
reward states are non-negative. For any increasing segquyéng (f(t) — oo ast — o), if
D(t) = f(t), then

ro(t) ~ O(f(t)logt). (8)
Proof: See Appendix B for details. [ |

IIl. THE DECENTRALIZED SETTING
A. Problem Formulation

In the decentralized setting, there dveplayers andV independent arms\ > M). At each
time, each player chooses one arm to play based on its losahadtions. As in the single player
case, the reward state of amchanges according to a Markovian rule when played, and the
same set of notations are adopted. For the state transitianpassive arm, we consider two
models: the endogenous restless model and the exogendesseasodel. In the former, the arm
evolves according to an arbitrary unknown random process &hen it is not played. In the
latter, the system itself is rested. From each individuayel’s perspective, however, arms are
restless due to actions of other players that are unobderaad uncontrollable. The players do
not know the arm dynamics and do not communicate with eactr.o@ollisions occur when
multiple players select the same arm to play. Differentisimlh models can be adopted, where
the players in conflict can share the reward or no one receimgsreward. We consider here
the latter; the extension to the former is straightforwasele([7]). In this case, the total reward
under a policy® by timet is given by

N T;@)

R(t) = si(t(n)(t;(n), 9)

7j=1 n=1
wherel,(¢;(n)) = 1if arm j is played by one and only one player at timg), andL;(¢;(n)) = 0
otherwise.
Under both restless models, regrett) is defined as the reward loss with respect to the ideal

scenario of a perfect orthoganalization of the players over thel/ best arms. We thus have

M
ro(t) =t o — BaR(t) + O(1), (10)
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where theO(1) constant term comes from the transient effect of iebest arms (similar to
the single-player setting). Note that under the exogenesitess model, this definition of regret
is strict in the sense thathVi 1 Ho@iy +O(1) is indeed the maximal expected reward achievable

under a known model of the arm dynamics.

B. Decentralized DSEE Policy

For the ease of presentation, we first assume that the playersynchronized according
to a global time. Since the epoch structure of DSEE is detestic, global timing ensures
synchronized exploration and exploitation among play®vs. further assume that the players
have pre-agreement on the time offset for sharing the aretsermined based on, for example, the
players’ ID. We will show in Sec. IlI-D that this requiremesn global timing and pre-agreement
can be eliminated to achieve a complete decentralization.

The decentralized DSEE has a similar epoch structure. lestpiration epochs (with theth
one having lengthV x 47—1), the players play allV arms in a round-robin fashion with different
offsets determined in the pre-agreement. In the exploitadpochs, each players calculates the
sample mean of every arm based on its own local observatimhplays the arms with thé/
largest sample mean in a round-robin fashion with a certéisetb Note that even though the
players have different time-sharing offsets, collisiogswr during exploitation epochs since the
players may arrive at different sets and ranks of #iearms due to the randomness in their
local observations. Each of thedé arms is playe@ x 4"~! times. Thenth exploitation epoch
thus has lengt)M x 47—, A detailed description of the decentralized DSEE policgiigen in
Fig. 3.

C. Regret Analysis

In this section, we show that the decentralized DSEE polayieves the same logarithmic
regret order as in the centralized setting.

Theorem 3: Under the same notations and definitions as in Theorem lmasthat different
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Decentralized DSEE

Time is divided into exploration and exploitation epochshwio (¢t) andn;(t) similarly defined

as in Fig. 2.
1. Att = 1, each player starts the first exploration epoch with lenythPlayerk plays
arm (k +t) @ N at timet. Setno(N + 1) =1, n;(N + 1) = 0. Then go to Step.
2. Let Xp(t) = (4"° —1)/3 be the time spent on each arm in exploration epochs by|time

t. ChooseD according to (12). If
Xo(t) > Dlogt, (11)

go to Step3. Otherwise, go to Step.
3. Start an exploitation epoch with leng2ii/ x 4=, Calculate sample mea#(t) of each
arm and denote the arms with tfié largest sample means as awnto armay,. Each
exploitation epoch is divided intd/ subepochs with each having a length2of 4771,

Playerk plays armaz‘ o N the mth subepoch. Increase; by one. Go to step.

k+m)
4. Start an exploration epoch with lengifi x 47o—1, Each exploration epoch is divided
into N subepochs with each having a lengthd6p 1. Playerk plays arma (k)N N

the mth subepoch. Increase, by one. Go to step.

Fig. 3. Decentralized DSEE policy for RMAB.

arms have different mean valde$et the policy parametép to satisfy the following condition:
4L
(ming<ar(Ko() = Ha(i+1)))?

Under the exogenous restless model, the regret of the delieetd DSEE at the end of any

D > (12)

epoch can be upper bounded by

re(t) < Cy [log4(;—]\2 +1)] + Cy([log,(3Dlogt +1)| +1) 4+ C5[4(3Dlogt + 1) — 1], (13)

3This assumption can be relaxed when the players determimeotmd-robin order of the arms based on pre-agreed arm

indexes rather than the estimated arm rank. This assumigtionly for simplicity of the presentation.
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where
(
ot 2L S S iy Yo (3 + R ) IS0l + M2 A,
Endogenous restless model
Gr = M NoERY? (14)
Zm:l 'umﬂmm Zz 1,i#j Ek =ij <log2 + 10, s, 5) |Sk‘7
Exogenous restless model

NMA,.x, Endogenous restless model
Cy = (15)
0, Exogenous restless model

1 M N
Cs = 3 <NZMU(Z-) - MZ%@)) : (16)
=1 =1

Proof: See Appendix C for details. [ |
Achieving the logarithmic regret order requires an arbytrébut nontrivial) bound onr,.y,
min;<ar(fo() — Ho(j+1)), and eniy. Similarly to the single-player casd) can be chosen to
increase with time to achieve a regret order arbitrarilyselto logarithmic as stated below.
Theorem 4: Under the same notations and definitions as in Theorem lmasthat different
arms have different mean values. For any increasing sequéig (f(t) — oo ast — o0), if
D(t) is chosen such thdd(t) = f(¢), then under both the endogeneous and exogeneous restless

models,

ro(t) ~ O(f(t)logt). (17)
Proof: See Appendix D for details. [ |

D. In the Absence of Global Synchronization and Pre-agreement

In this section, we show that the requirement on global syordhation and pre-agreement
can be eliminated while maintaining the logarithmic ordetha policy. As a result, players can
join the system at different times.

Without global timing and pre-agreement, each player Isagvitn exploration and exploitation
epoch timing. The epoch structure of each player’s locacpas similar to that given in Fig. 3.
The only difference is that in each exploitation epoch,aadt of playing the topl/ arms (in
terms of sample mean) in a round-robin fashion, the playgdamly and uniformly chooses one

of them to play. When a collision occurs during the explodtaiepoch, the player makes another
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random and uniform selection among the tbp arms. As shown in the proof of Theorem 5,
this simple adjustment based on collisions achieves aftigaaring among all players without
global synchronization and pre-agreement. Note that duaim exploration epoch, the player
plays all N arms in a round-robin fashion without reacting to collisoince the players still
observe the reward state of the chosen arm, collisionstadfdyg the immediate reward but not
the learning ability of each player. As a consequence, ssofis during a player’s exploration
epochs will not affect the logarithmic regret order since thtal length of exploration epochs
is at the logarithmic order. The key to establishing the tagenic regret order in the absence
of global synchronization and pre-agreement is to show ¢adltsions during each player’s
exploitation epochs are properly bounded and efficientisfaran be achieved.

Theorem 5: Under the same notations and definitions as in Theorem 1,rratieed DSEE
without global synchronization and pre-agreement aclkidévgarithmic regret order.

Proof: See Appendix E for details. [ |
The assumption that the arm reward state is still observeeinwdollisions occur holds in
many applications. For example, in the applications of dyicaspectrum access and oppor-
tunistic communications under unknown fading, each uset fienses the state (busy/idle or
the fading condition) of the chosen channel before a patktransmission. Channel states are
always observed regardless of collisions. The problem ishhmaore complex when collisions
are unobservable and each player involved in a collisioty atiserves its own local reward
(which does not reflect the reward state of the chosen armdhigncase, collisions result in
corrupted measurements that cannot be easily screenedmultearning from these corrupted
measurements may lead to misidentified arm rank. How to eehtee logarithmic regret order

without global timing and pre-agreement in this case i$ atilopen problem.

V. SIMULATION RESULTS

In this section, we study the performance of DSEE as comparéae RCA policy proposed
in [10]. The first example is in the context of cognitive radietworks. We consider that a
secondary user searches for idle channels unused by thargrinetwork. Assume that the
spectrum consists oV independent channels. The state—bugyof idle (1)—of each channel
(say, channeh) evolves as a Markov chain with transition probabilitigg;} 7, j € {0,1}. At

each time, the secondary user selects a channel to sensehaosecthe transmission power
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according to the channel state. The reward obtained frorarsmnission over channelin state

i is given byr?. We use the same set of parameters chosen in [6] (given indpgoa of
Fig. 4). We observe from Fig. 4 that RCA initially outperfenDSEE for a short period, but
DSEE offers significantly better performance as time goed,the regret offered by RCA does
not seem to converge to the logarithmic order in a horizoren§th10*. We also note that while
the condition on the policy parametérgiven in (4) is sufficient for the logarithmic regret order,
it is not necessary. Fig. 4 clearly shows the convergencédddgarithmic regret order for a

small value of D, which leads to better finite-time performan

90 T T T T

regret/log t

0 2000 4000 6000 8000 10000
time t

Fig. 4. Regret for DSEE and RCAy: = [0.1,0.1,0.5,0.1,0.1], p1o = [0.2,0.3,0.1,0.4,0.5], r1 = [1,1,1,1,1], 7o =
[0.1,0.1,0.1,0.1,0.1], D = 10, L = 10, 100 Monte Carlo runs.

In the next example, we consider a case with a relativelyelaggvard state space. We consider
a case with5 arms, each having0 states. Rewards from each state for a@nto arm5 is
[1,2,---20]. Rewards from each state for armis 1.5 x [1,2,---20] (to make it a better arm
than the rest). Transition probabilities of all arms wer@egated randomly and can be found

in [7]. The stationary distributions of all arms are closeuaiform, which avoids the most



SUBMITTED TO IEEE TRANSACTIONS ON INFORMATION THEORY, NOVEIBER, 2011. 18

negative effect of randomly chosen pilot states in RCA. Thiues of D in DSEE andL in
RCA were chosen to be the minimum as long as the ratio of theetreglog¢ converges to a
constant with a reasonable time horizon. We again obsenetdtarlperformance from DSEE as

shown in Fig. 5.

140 T T T

120} / 1

100 b

regret/log t

60 1

40 B

500 1000 1500 2000
time t

o

Fig. 5. Regret for DSEE and RCA with arms,20 states,. = 20, D = 1.8, 1000 Monte Carlo runs.

The better performance of DSEE over RCA may come from thetfadt DSEE learns from
all observations while RCA only uses observations withia tegenerative cycles in learning.
When the arm reward state space is large or the randomly chubks state that defines the
regenerative cycle has a small stationary probability, RG@&y have to discard a large number

of observations from learning.

V. CONCLUSION

In this paper, we studied the restless multi-armed bandilAR) problem with unknown
dynamics under both centralized (single-player) and deakzed settings. We developed a policy

based on a deterministic sequencing of exploration ancoaggfibn with geometrically growing
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epochs that achieves the logarithmic regret order. In qa4dt, in the decentralized setting with
multiple distributed players, the proposed policy achéesecomplete decentralization for both

the exogenous and endogenous restless models.

APPENDIX A. PROOF OFTHEOREM 1

We first rewrite the definition of regret as

re(t) = tpon) — EaR(1) (18)
N Ti(t) N
= Z[ME[Ti(t)] —E> si(tin))] + |thon) — Z wE[T(#)]| - (19)

To show that the regret has a logarithmic order, it is suffici® show that the two terms in
(19) have logarithmic orders. The first term in (19) can besatgred as the regret caused by
transient effect. The second term can be considered asdhet Baused by engaging a bad arm.
First, we bound the regret caused by transient effect basatieofollowing lemma.

Lemma 1 [5]: Consider an irreducible, aperiodic Markov chain withte spaceS, transition
probabilitiesP, an initial distributiong which is positive in all states, and stationary distribatio
7 (ms is the stationary probability of state. The state (reward) at timeis denoted bys(¢).
Let x denote the mean reward. If we play the chain for an arbitrang f°, then there exists a
value Ap < (mingesm,) ™' 3, ¢ s such thatl[3"], s(t) — uT] < Ap.

Lemmal shows that if the player continues to play an arm for tilehe difference between
the expected reward andy: can be bounded by a constant that is independeht @his constant
is an upper bound for the regret caused by each arm switchiititgere are only logarithmically
many arm switchings as times goes, the regret caused by aitohsw has a logarithmic order.
An upper bound on the number of arm switchings is shown bdlkois.developed by bounding
the numbers of the exploration epochs and the exploitatmties respectively.

For the exploration epochs, by timgif the player has started the + 1)th exploration epoch,

we have
1
§(4" —1) < Dlogt, (20)

where§(4” — 1) is the time spent on each arm in the firsexploration epochs. Consequently

the number of the exploration epochs can be bounded by

no(t) < [log,(3Dlogt 4+ 1)| + 1. (21)
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By time ¢, at most(t — N) time slots have been spent on the exploitation epochs. Thus
3
n(t) < [log4(§(t - N)+1)]. (22)

Hence an logarithmic upper bound of the first term in (19) is

N Ti(t)
D BT =B siti(n))]] < (ﬂ%@(%(t —N)+1)] + N([log,(3Dlogt + 1) + 1)) Amax.(23)

i=1 n=1

Next we show that the second term of (19) has a logarithmierdogt bounding the total time
spent on the bad arms. We first bound the time spent on the Ipasl during the exploration
epochs. Letl,(t) denote the time spent on each arm in the exploration epochsnieyt. By

(21), we have

To(t) < =[4(3Dlogt + 1) — 1]. (24)

Wl =

Thus regret caused by playing bad arms in the exploratioctepis

N

1

5[4(3D10gt +1) —1] (Nuo—u) - Z Ma(i)) - (25)
i=1

Next, we bound the time spent on the bad arms during the eaptm epochs. Let, denote
the starting point of thexth exploitation epoch. LePr[i, j,n| denote the probability that arm
i has a larger sample mean than ajmat ¢, when armj is the best armi.e., Pr[i, j,n] is the
probability of making a mistake in theth exploitation epoch. Let; andw,; denote, respectively,
the number of plays on armand armj by t,. Let C;,, = \/(Llogt/w). We have

Prli, j,n] < Prsi(ts) = §;(tn)] (26)
< Prls;(tn) < py— Crp,] + Prisi(tn) = pi + G, )]

+Prlp; < pi + Gy + Ctyoy]) (27)

< Prs;(tn) < py = Cr,] + Pr(si(tn) = pi + Cr il (28)

where (28) follows from the fact that, > D logt, andw; > Dlogt, and the condition orD
given in (4).

Next we bound the two quantities in (28). Consider first theoge termPr[s;(¢,,) > p; +
Ci, ;] = Pr[w;5;(t,) > w;u; + /Lw;logt,]. Note that the totaly; plays on armi consists
of multiple contiguous segments of the Markov sample patithein a different epoch. Let

K denote the number of such segments. From the geometric lgwthe epoch lengths, we
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can see that the length of each segment is in the for@fof [ = 1,--- |, K) with ks being
distinct. Without loss of generality, let; < ks < --- < kx. Note thatw;, K, and k;’s are
random variables. The derivation below holds for everyizaibn of these random variables.
Let R;(I) denote the total reward obtained during thie segment. Notice thab, = S/, 2%
and ,/w; > Y"1 (V2 — 1)v/2k. We then have

Pr -wiéi(tn) > wipt + /Lw; log tn} (29)
K
< Pr ZRZ >ulz2k’+\/Llogt V2-1)) Vom (30)
"k .
= Pr ZR’ MzZle — Llogt Z (31)
Li=1 = =1
[ K
= Pr|> ( — w2 = \/Llog t, (V2 — 1)@) > 0] (32)
Li=1
K _
< S Pr|Ri(l) — 2% — /Ilogt, (V2 — 1)V2H > 0] (33)
=1 )
K _
= Y Pr|R(l) - w2 > /Llog, (V2 — 1)\/%} (34)
=1 )
P
= ) Pr|) (sO;(l) - s2"7'xl) > \/Llogt, (V2 - 1)@] : (35)
=1 LsES;

where O;(l) denote the number of occurrences of staten arm: in the [th segment. The
following Chernoff Bound will be used to bound (35).

Lemma 2 (Chernoff Bound, Theorerd.1 in [31]): Consider a finite state, irreducible, aperi-
odic and reversible Markov chain with state spdtetransition probabilities?, and an initial
distributiong. Let Ny = |(£),z € S|,. Let e be the eigenvalue gap given y- A, where,
is the second largest eigenvalue of the maffixLet A C S andT4(t) be the number of times

that states inA are visited up to timé. Then for anyy > 0, we have

Pr(Ta(t) — tra >7) < (1+ %W)qu—ﬁ/w. (36)



SUBMITTED TO IEEE TRANSACTIONS ON INFORMATION THEORY, NOVEIBER, 2011.

Using Lemma2, we have

Pr | (sO:(1) — s2"'xl) > \/Llogt, (V2 — 1)@]
Ls€S;
= P Z( 03(1) — s2817l)y > \/Llogt, - k (&
= Pr sO; s ) > ogtn (V2 —1)V2k >
LseS; s S
= Pr sO3 (1) — s2h=1xt — ogty, —1)V2k i
P ;( $(1) — s27'rl — /Llogt, (V2 — 1)V2 (Z&S))
= Pr Z (sOf(l) — 5217l — \/Llogt, (V2 — 1)V2k < i
Ls€S;,5#0 Zsi 5
< Z Pr [sOf(l) — s2h =1l /Llogt, (V2 — 1)V2k ( i )
SES;,8#£0 ZSZ-
< > Pr [0;’([) —2h=lzl >\ /Llogt, (V2 — 1)@( ! )}
s€S8;,s#0 Esi S
<

= ‘SZ-

> pe o7 — 2 = VETogR v - )vER (

SES;

)]

qiln

| <1 + (V2 =1)e;/Llogt, 1 ) N g (B2VDL)/ (0 e, 5))

10 Zsesi S 9k

Thus we have

Pr [wigi(tn) > w;t; + +/ Lw; log tn}
—((3=2v2)Le") /(20(X ;e 5, 5)%))

< K|Si|Ngitn
+|SZ| MNqit;(3_2\/§)(L€i/(2O(ZSESi $)2))
10 ZseSi s
= K \/§€i LlOg tn SN _(3—2\/5)(Lei/(20(zsesi 5)2))
seS;
< ].Og tn + \/§€i L ].Og tn |S|N xt_(g_z\/i)(Lei/(zo(Zsesi $)2))
> 10g2 10 ESGSi s i+ Vqtin
S 1 _'_ \/561\/Z ‘SZ‘qutyll/2_(3_2\/5)(L€Z/(20(ZSESL 8)2))7
log2 10 Zsesi s

3012

where (48) follows from the fack™ < log, t,,. SinceL > max - \ye arrive at

(3—2v2)¢;
log2 10}, g s

Pr(si(tn) = pi + Crwi] < < ) |8i|Nq’it7:1-

22

(37)

(38)

(39)

(40)

(41)

(42)

(43)

(44)

(45)

(46)

(47)

(48)

(49)

(50)
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Similarly, it can be shown that

1 2e,\/L
L V2eVL |S;|Net (51)
log2 10,5 s

Thus
1 2¢;\ L 1 2¢;v/ L
Pafi o] < |+ Y2VE g (L YIVE ),
log2 10 Esesj s log2 10}, g s
Thus the regret caused by engaging bad arms imtheexploitation epoch is bounded by

N
1 5e VI 1 5ev/I
23 sy — 10gy) § YVIVE Y o (L V2aVE ) g
= log2 = 103 .cq s log2 10} .4 5

By (22) andt, > 24!, the bound in (53) becomes

Nyt . (52)

1

t-1.(53)

min

N
3flog, (56 = N) + D)= (st~ o) Y (10;2 + 10@@) Sl 69

j=2 k=1,j
Combining (19) (23) (54), we arrive at the upper bound of eegiiven in (5).

We point out that the same Chernoff bound given in Lenalso used in [6] to handle the
rested Markovian reward MAB problem. Note that the Cheroff bound3a] requires that all the
observations used in calculating the sample meanar(d s; in (28)) are from a continuously
evolving Markov process. This condition is naturally said in the rested MAB problem.
However, for the restless MAB problem considered here, #mepde means are calculated using
observations from multiple epochs, which are noncontigusegments of the Markovian sample
path. As detailed in the above proof, the desired bound omprtbieabilities of the events in (28)

is ensured by the carefully chosen (growing) lengths of ttpgagation and exploitation epochs.

APPENDIX B. PROOF OFTHEOREM 2

Recall in Theoreml, L and D are fixeda priori. Now we choosel(t) — oo ast — oo
and % — oo ast — oo. By the same reasoning in the proof of Theorénthe regret has
three parts: The regret caused by arm switching, the regueted by playing bad arms in the
exploration epochs, and the regret caused by playing bad iarthe exploitation epochs. It will
be shown that each part part of the regret is on a lower ordendhe same order of(t) logt.

The number of arm switchings is upper boundedMyog,(t/N + 1). So the regret caused

by arm switching is upper bounded by

N 10gy(t/N + 1) Apax. (55)
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Since f(t) — oo ast — oo, we have
lim Nlogy(t/N + 1) max; A;
t=00 f(t)logt

Thus the regret caused by arm switching is on a lower order ftia logt.

— 0. (56)

The regret caused by playing bad arms in the explorationhepmcbounded by

%[4(3D(t) logt +1) —1] (Nﬂo ZNU(@ ) : (57)

Thus the regret caused by playing bad arms in the explorafp@chs is on the same order of
f(t)logt.

For the regret caused by playing bad arms in the exploitamocths, it is shown below that
the time spent on a bad arircan be bounded by a constant independernit Sﬁnce% — 00

ast — oo, there exists a time, such thatvt > ¢;, D(t) > %

a timet, such thatvt > t,, L(t) > (3720% The time spent on playing bad arms before

t3 = max(ty,t2) is at mostts, and the caused regret is at mgt))ts. After ¢, the time spent

. There also exists

on each bad arm is upper bounded by (following similar reasoning from (2d@)(54))

2 SZ -+ Sg max L(t
7 |Si| + | (1)\(1+6 (t5)
2 Tmin 105min

). (58)

An upper bound for the corresponding regret is

N
2 1 ﬂek\/f
B ; Ho(1) — Z <10g2 + 10 Zsesk S) |Sk|

k=1,j

(59)

Tmin
which is a constant independent of timeThus the regret caused by playing bad arms in the
exploration epochs is on a lower order théft) log t.

Because each part of the regret is on a lower order than or@sédme order of (¢) logt,

the total regret is on the same order faf) log t.

APPENDIX C. PROOF OFTHEOREM 3

We first rewrite the definition of regret as

T@(t) = tz ,UU(Z Ech (60)

N

Ti(t) M N
= > BT =B siti(n))]] + tZuaa)—ZmEWt)} . (61)

i=1
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Using Lemmal the first term in (61) can be bounded by the following constarder the

endogenous restless model (it is zero under the exogenodslmo

(Mlogy (s + 1)] + N([log,(3DIog t + 1)] + 1)) M A, (62)

which has a logarithmic order.
We are going to show that the second term in (60) has a logaidtbrder. It will be verified
by bounding regret in both exploitation and exploration@mby logarithmic order.
The upper bound ofiy () in (24) still holds and consequently the regret caused byging
bad arms in the exploration epochs by times upper bounded by
M N
%[4(30 logt + 1) — 1] (N > oy — M 2; M)> . (63)

=1
The second reason for regret in the second term of (60) is lagtng the expected arms in

the exploitation epochs. If in thexth subepoch player plays the(m + k) @ M best arm, then
every time the besd/ arms are played and there is no conflict. But a4, May not be
the (m + k) @ M best arm. Bounding the probabilities of mistakes can leaantapper bound
on the regret caused in the exploitation epochs.

We adopt the same notations in Appendix A. The upper bound®gi j,n] in (52) still
holds. Since different subepochs in the exploitation ep@rle symmetric, the expected regret in
different subepochs are the same. In the first subepochemplagims at armo (k). In the model
where no player in conflict gets any reward, playefailing to identify arma(k) in the first
subepoch of thexith exploitation epoch can lead to a regret no more t@ﬁzl 2ty X 4771,
Thus an upper bound for regret in théh exploitation epoch can be obtained as

M M N
1 1 V2,V L
qrlopnt —— § " § § § Syl 64
n Tmin m:1:u <log2 + 10 E SES), S) | k| ( )

J=li=1i#j k=i,j

By time ¢, we have
3t
nr(t) < ﬂog4(m + 1. (65)

From the upper bound on the number of the exploitation epgaten in (22), and also the fact
thatt, > %4“—1, we have the following upper bound on regret caused in théogapon epochs
by time ¢ (Denoted byrg ;(t)):
0 < MMog (2 DS 3 S Z( — ﬁekﬁ)w (66)
o1 = 084\ 577 Hm k
2M o1 Tmin ST S log2 10 Zsesk S
Combining (60) (62) (63) (66), we arrive at the upper bounfdeegret given in (13).
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APPENDIX D. PROOF OFTHEOREM 4

D(t)
L(t)

transient effect of arms, the regret caused by playing bats an the exploration epochs, and

We setL(t) — oo ast — oo and — 0o ast — oo. The regret has three parts: the
the regret caused by mistakes in the exploitation epochgilllbe shown that each part of the
regret is on a lower order or at the same orderf @f) logt. The transient effect of arms is the
same as in Theorem. Thus it is upper bounded by a constant under the exogenatiss®
model and on the order d6g ¢ under the endogenous restless model. Thus it is on a lower ord
than f(t) logt

The regret caused by playing bad arms in the explorationhepmcbounded by

i=1

M N
%[4(3D(t) logt+ 1) — 1] (Nz,uo(i) - MZMU@) : (67)

SinceD(t) = f(t), regret in (67) is on the same ordgft) log .
For the regret caused by playing bad arms in the exploitamocths, it is shown below that

the time spent on a bad arircan be bounded by a constant independerit of
. D(t) . . 4L(t)
Since;; — oo ast — oo, there exists atima such that/t > ¢, D(t) > TV p—T——"

There also exists a timg such thatvt > ¢,, L(t) > % The time spent on playing bad

arms beforef; = max(t1,t5) is at mostt;, and the time spent on playing bad arms afters

7.

also bounded by a finite constant, which can be found in a aimilanner in Appendix B. Thus
the regret caused by mistakes in the exploitation epochs & lower order thary (¢) log .
Because each part of the regret is on a lower order than or@sédme order of (¢) logt,

the total regret is on the same order faf) log t.

APPENDIX E. PROOF OFTHEOREM 5

At each time, regret incurs if one of the following three etgemappens: (i) at least one player
incorrectly identifies the set af/ best arms in the exploitation sequence, (ii) at least ongepla
is exploring, (iii) at least a collision occurs among theyglies. In the following, we will bound
the expected number of the occurrences of these three dwettie logarithmic order with time.

We first consider events (i) and (ii). Define a singular slothestime slot in which either (i)
or (ii) occurs. Based on the previous theorems, the loca¢ebeol number of learning mistakes
at each players is bounded by the logarithmic order with tifwegthermore, the cardinality of

the local exploration sequence at each player is also baluoygléhe logarithmic order with time.
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We thus have that the expected number of singular slots isdsxliby the logarithmic order
with time, i.e,, the expected number of the occurrences of events (i) andg (Bpunded by the
logarithmic order with time.

To prove the theorem, it remains to show that the expectedorumif collisions in all non-
singular slots is also bounded by the logarithmic order witte. Consider the contiguous period
consisting of all slots between two successive singulatssiburing this period, all players
correctly identify theM best arms and a collision occurs if and only if at least twoy@ta
choose the same arm. Due to the randomized arm selectioreatth collision, it is clear that,
in this period, the expected number of collisions beforepllyers are orthogonalized into the
M best arms is bounded by a constant uniform over time. Sineexpected number of such
periods has the same order as the expected number of sistptarthe expected number of such
periods is bounded by the logarithmic order with time. Thpemted number of collisions over
all such periods is thus bounded by the logarithmic ordeh wiihe, i.e., the expected number
of collisions in all non-singular slots is bounded by thedathmic order with time. We thus

proved the theorem.
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