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Reconstruction of Bandlimited Periodic
Nonuniformly Sampled Signals through Multirate
Filter Banks
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Abstract—A bandlimited signal can be recovered from its provide a foundation for the development of realizable periodic
periodic nonuniformly spaced samples provided the average nonuniform sampling schemes.

sampling rate is at least the Nyquist rate. A multirate filter — n15r6 yacently, several techniques have been introduced
bank structure is used to both model this nonuniform sampling hich | ’ ltirate filt banks t truct
(through the analysis bank) and reconstruct a uniformly sampled which rely on muilurate Titer banxs 1o reconstruct a

sequence (through the synthesis bank). Several techniques forcontinuous-time or uniformly sampled discrete-time signal
modelling the nonuniform sampling are presented for various from its periodic nonuniform samples. Initial application of
cases of sampling. Conditions on the filter bank structure are multirate filter banks for generalized sampling purposes, in-
used to accgrately reconstruct uniform samplgs of the input signal cluding nonuniform sampling, was presented in [6]. Follow
at the Nyquist rate. Several examples and simulation results are K by th th 7 tablished i
presented, with emphasis on forms of nonuniform sampling that up work Dy the same au ors [_] esta _'S e_ a more refi-
may be useful in mixed-signal integrated circuits. able method of determining a discrete-time filter bank for
. . : reconstruction of a signal from its nonuniform samples. A

Index Terms—Bunched sampling, multirate signal process- techni b d ti fi tructi filt
ing, nonuniform sampling, time-interleaved analog-to-digital echnique as_e on a continuous- |me_ recons_ruc lon _' er
converters. bank, along with a method for conversion to discrete-time,
was developed in [8]. Discrete-time fractional delay filters

were employed in a filter bank structure [9] to reconstruct
|. INTRODUCTION a class of oversampled signals. One formulation [10] viewed

THAS b K f . h bandlimited si trlle design of the reconstruction filters as a communications
I een known for some time that a bandlimite Slgnf(’-‘_\qualization problem through a least-squares solution. The

can be completely reconstructed from discrete Sampk?ﬁultirate filter bank structure was also used in [11], [12]

Early work of Nyquist [1] served to recognize the maximuneo employ a nonuniform technique for optimal sampling of
allowable sampling interval, later dubbed the “Nyquist interz iband signals

val,” which retains complete signal information. Thus, it is not Alternate reconstruction methods that do not use a filter

surprising that the most basic form of sampling, the unlforeri'u nk structure exist for various classes of nonuniformly sam-

d signals. In cases where the sampling pattern is non-
eriodic, the filter bank structure cannot be applied as in the
. . . . , riodic case. Techniques for the recovery of non-periodically
shglhtly. more m‘?defn' V.V'th Shannon' introducing t.h.e idea ampled signals are typically more computationally complex
derivative sampllng in his same classic paper. Addltlonal_ea an a filter bank, and often require iterative methods. An
work [3] ?Xam'.”ed several dlffer(-?‘nt_classes_of nonun'fqr@xample alternate technique developed for the periodic case
sampling including the case of periodic nonuniform sampllngs [13], which recovers the spectral content of a uniformly

Such periodic cases, i_ncluding Sr_\annon’s dqrivative Samp"ns%mpled signal based on points in the nonuniformly sampled
fall under the generalized sampling expansion (GSE) of F, yectrum. Requiring a matrix multiplication for each spectral

poulis [4], _Wh'Ch _ShOWS_ thgt a _bandllmlted signal pass int recovered, the computational cost is considerably greater
through L distinct linear time-invariant systems can be reco han recovery through a filter bank. This paper will deal

structed from thel outputs uniformly sampled at a minimumOnly with the subclass of periodically sampled signals, and

th ;
Of.tﬁ/fL th the N3|'qu.'3t rate. ?Lé?sﬁqge_m ;UFEIPr?Ft of th? GS%multirate filter bank structure will be used for recovery.
with further analysis was established in [5]. These past wor e broader class of nonuniformly sampled signals along with
_ , _ agplications is examined in [14].
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sampling theorem, had been well established within the fi
prior to its inclusion in Shannon’s classic paper roughly tw
decades later [2]. Alternative sampling techniques are o
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The paper organization is as follows. Specific motivation fahrough parasitic signal paths [16], [17], corrupting the analog
the paper is discussed in Section Il, focusing on two particulsignal and reducing the signal-to-noise ratio. Techniques for
applications for periodic nonuniform sampling: bunched sameducing such noise coupling exist, e.g., the physical separa-
pling and time-interleaved samplers. Signal modelling and tkien of analog and digital portions to attenuate the interference.
design of reconstruction filters are presented in Section Ill. Another technique is to separate the DSP and analog
An extension of the techniques to cases of oversamplinggeocessing in time through use of a bunched (nonuniform)
presented in Section IV. Examples with simulation results asampling pattern. Operation of the circuit is divided into two
presented in Section V, along with comments on performanseparate phases, sampling and processing. During the first
as related to prior methods. Finally, Section VI provideghase, the sampling phase, the analog signal is sampled at a
concluding remarks. fast rate while the DSP circuits are off and not processing, and

hence are not generating noise. During the second phase, the
1. APPLICATIONS processing phase, the DSP is allowed to run at full capacity and
nt'rée analog signal is not sampled by the ADC. By alternating
etween these two phases, samples of the analog signal are
btained but digital noise coupling to the analog signal is
avoided during the sampling times.
This two-phase method of operation can be employed in ICs

Motivation for a practical reconstruction scheme has co
mainly from the area of analog-to-digital converters (ADng
Correction of small periodic timing errors in a time-interleave
ADC was the motivation in [9], [10], [13]. Earlier work by the
authors of this paper [15] developed a solution for a simple . o . :
case of bunched sampling for the purpose of noise reductiorPIPceSSINg @ pandllmned signal pfo"'ded the average ADC
mixed-signal integrated circuits (ICs). The solution developes&mplmg rate is at least the Nyquist rate (meeting the GSE
in this paper will be applied to both of these cases. Cr'te”‘.”l of [4]). The bunched_ samples can Fhen be converted

to uniform samples as is illustrated in Fig. 2(a), and the
uniform samples can be subsequently processed using standard
A. Time-Interleaved ADCs DSP techniques. The reconstruction technique discussed in this

Application to a time-interleaved ADC, as depicted ipaper recovers the uniformly spaced samples at the Nyquist
Fig. 1, will be discussed first. A standard ADC uniformlyrate,z[n], from the bunched ADC output;;[n], as shown in
samples an analog continuous-time signal and subsequehily. 2(b).
converts the discrete-time samples into a digital signal through
quantization. The quantized signal is then processed by a Ill. DESIGN OFRECONSTRUCTIONFILTER BANK
digital signal processor (DSP). If the parallel ADCs in Fig.  1ig section will present the analysis and design of a filter
1 each operatg at ratg,/L, their samplmg Instants can bebamk that accurately reconstructs uniform samples from the
spaced to obtain the samples that a single ADC samplirfg atperiodic nonuniform samples of a bandlimited signal. This

would obtain. TheL streams of ADC output are multipleXe‘jfilter bank will be applied to both the bunched sampling and

together such tha.‘t the digital output signal_ can be operataferieaved sampling applications described in the previous
on by a DSP using standard methods. Slight skews in t Ecti

sample times of the individual ADCs can result in a periodic

; L Throughout this section a continuous-time sigagt,), with
nonuniformly sampled output after combination.

bandwidth g radians/sec will be considered. By definition,
this signal’s continuous-time Fourier transforiX,(;2), is

O0— ADC 1 equal to zero for all|©2] > (. Uniform sampling at rate
fs = 1/Ts would produce the discrete-time signal given by
z[n] = z(nTy). The discrete-time Fourier transform ofn] is
\ [ given by
x() | o— ADC i —o x[n] 0o
joy L . 21k
¥ : u X() =7 >, X [i(Q- ) SNE
. 5 e oo s llo=w/T;
and, provided the sampling period is no greater than the
o ADC L —©° Nyquist period, off; < Ty = w/(3, there will be no aliasing.

As (1) is periodic, this paper will only consider the frequency
Fig. 1. L-brqnch timg-interleaved ADC, converting acontinuous-ttifrlne signahnge ‘w‘ < m, using the normalized frequency convention
;cézgﬁn;h?a?ésgats]-.tlme signat[n|. Each converter operates BtL"" the where sampling rate, = 2. . o
The generalized multirate filter bank structure for periodic
nonuniform sampling reconstruction is shown in Fig. 3. Sam-
. o ) ) ples of the discrete-time input signal], are uniformly taken
B. Noise Reduction in a Mixed Signal IC by each of theL channels in the analysis bank. This model
A mixed-signal IC contains both digital-signal-processingllows for any sampling pattern which is periodic with period
and analog circuits, often in the form of an analog front end/T; and containd. samples per period.
which includes an ADC, followed by a DSP. Switching in the The analysis bank of Fig. 3 models the periodic sampling
DSP generates noise that can couple into the analog signal pattcess with delayd; and M -fold decimation operations. It
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Nonuniform A
x(t) / Xpln] to uniform X[n] N
Nonuniform sampler (ADC) cf)?lljzl:rltzr ’
(a)
/X\(t),/\ - T
il o Ul il
(b)

Fig. 2. (a) Proposed method for nonuniform sampling and subsequent conversion to Nyquist-rate uniform samples and (b) corresponding signals.

x[n] iod X[n] modelled by the analysis bank. While the output is a discrete-
eI =M M Fo(2) time signal, its continuous-time equivalent can be recovered
using a continuous-time lowpass filter with bandwidthThe

- advantage of recovering a discrete version of the signal is that
— e 1l M TM— Fi(z) an all digital implementation can be employed.

A. Model Analysis Bank

—— eJod I | M TM Fy(z) — The analysis bank is used to provide a discrete-time model
for the actual periodic sampling. The eventual goal is to
. . . . . . determine synthesis filters which adequately complement the
. : : : : . analysis filters, such that there is little error between the
I_ eI | M M E=F;_1(2) J ideal uniformly sampled sequenceép], and the reconstructed
sequenceg[n]. As the entire analysis bank only models the
= - — = ~~ — sampled signal, it will often be referred to as the “model
Analysis Bank Synthesis Bank analysis bank” and its filters as “model analysis filters.”

The continuous-time analysis bank model for periodic

Fig. 3. Generalized filter bank structure for periodic nonuniform sampling,gnuniform sample acquisition is shown in Fig. 4. This
with L channels and common decimation and expansion fagtor, . . Co

model containgl delayed and sampled versions of the input

continuous-time signaly(t). Each sampler, operating at rate

serves to splitr[n] into L signals, each sampled atM*" the f+/M, produces the discrete-time output subsequence

rate of z[n]. As the analysis filters are only delays, each of ziln] = z(nMTs — Ay), @

theseL signals can be obtained from sampling a delayé&d for i = 0,1,---,L — 1, where theA; are the delay terms.
at a rate off;/M = 1/MT;. In actual implementation, the the output of thei*” sampler is the input to the expander in
analysis bank does not exist. It is used in Fig. 3 as a discreffa ;t» channel of the filter bank in Fig. 3. As there afe
time model for whichever ADC method is used to acq“i@amplers each operating at raftg/M, the average sampling

the samples of(t). An accurate discrete-time model will be e js 7,7, /11, As this value must be greater than or equal to
necessary for effective reconstruction. It should be mention Nyquist rate, the individual samplers must operate at

that since a discrete-time model is being considered, the
frequency domain representations of the analysis filter delays fs/M > fx/L. 3)

will generally only be valid forjw| < 7 (the same applies to  This continuous-time analysis bank model can easily be
fractional delay terms throughout the paper). This portion @fansformed into a discrete-time model of the type shown in
the spectrum is sufficient to completely describe the discrefeiy. 3. The discrete-time input signat{n], has a sampling
time delay, since it is periodic with perideir. rate of f,, or M times that of the subsequences in (2). Thus,
Reconstruction is performed through the other half of Fighe A/-fold decimators can replace the slow samplers in Fig.
3, the synthesis bank, which is composedldffold expan- 4. The discrete-time delays can be found from the continuous-
sion operations and filteréy(z), F1(z),--- ,Fr—1(2). Each time delays throughi; = A;/Ts. These delay terms can be
channel of the filter bank has its sampling rate increasedewed as simple filters,
The resulting signal is filtered by a synthesis filter, and Hy(el®) = ¢—iwds @)
then all filter outputs are combined to produgé:]. The ! ’
synthesis filters are to be designed such tHat is a delayed which have the inverse Fourier transform of
version of the inpute[n]; that is, they correct for the aliasing . sin(w(n — d;))
. S . . hi[n] = sindr(n — d;)) = —————=.
and distortion induced by the nonuniform sampling process, 7(n —d;)

(®)
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x(t) QA | X — x,[n] aboutd; since the ideah;[n] decays agn — d;| increases.
MT, Further, a windowing functiong;[n], is also used which
produces FIR model analysis filters according to

> e‘jQAl _7< _ X][n]

MT sindnw(n — d;))gi[n] for |n—d;| <m
i hiln] = { 0 for |n — d;| > m. ()
| eI =L —> xln] This windowed filter will be of length2m unlessd; is an
. . .S . integer, in which case it is trivial. The windowing function
. . . . serves to smooth the time response. Without this windowing
\H on >< a truncated filter's magnitude response is subject to Gibbs
CEa — X.[n] phenomenon, or large amounts of ripple. Frequency domain

MT

convolution serves to smooth out the ripple effects, although at
Fig. 4.  Continuous-time model analysis bank for periodic nonuniforrwe gxpense Of an increased reg_lon of transition. A large variety
sampling. of windows exist and all are subject to some form of a tradeoff
between increased transition region and smoothing capabilities
[18]. To account for the possibly fractional deldy, standard
This discrete-time response is of infinite length (provided window design techniques may require some modification to
is not an integer) but decays &s — d;| grows large. The provide the same fractional delay as discussed in [19]. This

subsequences of (2) can thus be written as paper considers the Kaiser window, which has the design
feature that the tradeoff between its transition region width
zi[n] = (hi[n] * z[n]) | m, (6) and smoothing capability is somewhat controllable through its

parameters.

where * denotes discrete-time convolution apd\/ denotes . " .
p D For the model filters of (7), the transition region takes the

the M-fold decimation operation which retains only sample];s f Il reai f itud . i
with indexes divisible byM. In the case ofi; being integer, orm ol a Smafl region ol magnitude response Inaccuracy cen
(5) reduces to al; tap delay allowing for a much simplertereq abouby = . Th's makes the ana_lly5|s l_)anka poor model_
filter. These single tap delays can be modelled exactly usin _og&agngls occupying the;e freque_nmes. ngher_ order ana_ly5|s
ers will reduce the region of this error, as will decreasing

finite representation, unlike the infinite length representatio . i . ) .
required to precisely model analysis filters not correspondiﬁ ¢ transition region through window design. The use of higher

to an integerd;. Because of this, a model analysis bank wit der filters can only go so far; eventually the need for a simple

a greater number of integdg is more desirable than a modelmOdeI outweighs the diminishing gain in performance (and
with fewer as will be shown, reconstruction filter complexity increases

Practically, the relative differences between the continuoWsIth model filter complexity). Decreasing the transition region

. : rough windowing parameters is also of limited use due to
delays, A;, are considerably more important than the exaﬁ% . . : :
e increase in undesirable ripple effects throughout a large

delay values. This is because a common delay term can alwa%stion of the spectrum, resulting in an inaccurate model

be added onto all samplers with no change in the recover\%;ﬁ. ; ; o o
. . . ile this tradeoff is acceptable for some applications, it is
signal output other than a corresponding delay. It is only for

X . . . . not for this case of signal modelling as even slight errors in
notational convenience that= 0 is assigned to a particular . > -
mgdelllng can produce large errors in reconstruction. As such,

?(;)rrr?etﬂg Z‘S Sill_ﬁz Z”% ?Nrgma?nlézrsr? gi;p?oa%deeiéoi?]{eregwﬁe presence of a transition region around- « is tolerated
even in céées where sample timin Zerror rohibits gre’ciagd avoided by oversampling the bandlimited signal such that
P 9 P PrECI3S normalized spectrum is zero for the transition region. Such

selection ofA; relative to one another. In cases where the . " . . - ]
c,ir]cumvennon of the transition region is sufficient for this
u

A, can be selected under particular constraints, they shou . . . L
o S Situation. Decreasing the transition region is, however, always
be selected to maximize the number of resulting integier ) ; . .

. . : desirable as it reduces the required average sampling rate for
which corresponds to having as mafly spaced by multiples . . .

. a given bandlimited signal.

of T as possible.

Some final modifications must be made to the analysis
filters given in (5), as the numerical solution that will be used
to determine the FIR synthesis filters requires FIR analy$ts Formation of FIR Synthesis Filters
filters. Unfortunately, the ideal modelling of (5) will generally _ _ o
require an infinite number of nonzero coefficients. BecauseTo clearly illustrate the technique for determining FIR
of this, finite length models that closely approximate thegconstruction filters, the following discussion will assume that
delays of (4) are necessary. Some error will result from thee= M and thatz[n] occupies the entire normal spectrum.
approximations, but they can be kept sufficiently small sudkhese assumptions are equivalent to stating that the sampling
that the reconstruction solution is accurate. rate ofx(t) equals the Nyquist rate and the sampling pattern

To approximate the delays with a finite number of coeffis periodic with periodLT.
cients, the natural choice is to truncate the model filter (5) The analysis filters given by (7) can be represented in
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polyphase matrix form as A nonsingularE(z) has an inverse given by
Ho(Z) 1
. = E L . 8 .
: (z7) : ) (8) - B adj(E(2)) (16)
Hy_\(2) (=) (%) = Get® ()
using the type-one polyphase matrix,
Eoolz) o Fora(2) where adj-) refers to the adjoint operation and @gtrefers
E(z) = : : : (9) to the determinant operation. Except in very specific cases
Er_10(z) ... Ep_1,0-1(2) of cancellation (which will not occur in these nonuniform

sampling applications), the individual polynomial elements of

Similarly, the synthesis bank is given by E~1(2) will be infinite-impulse response (IIR) due to the

[ Fo(z) ... Froa(z) |=[-"ED 01 ]R(zL), detE(z)) denominator term. This term is common to all
(10) elements ofE~!(z) and its roots determine the poles of the
where the type-two polyphase matrix takes the form synthesis filter transfer functions. The poles can exist inside,
on, or outside the unit circle. Stable causal transfer functions
Roo(z) - Ror-1(2) can be determined for the poles inside the unit circle. Likewise,
R(z) = : : . (11) stable anticausal transfer functions can be found for the poles
Ri_10(2) ... Rp_1.0-1(2) outside the unit circle. The poles which exist on the unit circle

o ) o _ produce transfer functions which are unstable. If(H¢t))

For the application of sampling reconstruction, it is desirgghs such roots on the unit circl&(z) will be singular for
for the output,z[n], to equal the inputz[n], or at least a frequencies corresponding to the unit circle roots. This must
scaled and delayed version of the input. This is refer_red 10 B8 avoided as a valid inverse cannot be found for an input
the perfect reconstruction (PR) condition, and is achieved i§jgnal which contains these frequency components. In practice,
#[n] = czln — d], (12) unit circle roots can occur during design, but can be removed

through the addition of a common delay term to all model
for some nonzero scaling value and integer delayl. An analysis filters, i.e., a uniform change to the delay terms
equivalent condition is in (2).

X(2) = cz X (2). (13) While roots of defE(z)) on the unit circle can be avoided
easily enough, it is entirely unfeasible to insist that all roots
Errors in the output signal which prevent perfect reconstructigemain within the unit circle. As discussed, generally high
take the form of amplitude distortions, phase distortions, arglder and relatively specific FIR analysis filters are used. This
the presence of aliasing components. As shown in [20],|@ads to a situation where little control exists over the roots of
maximally decimated filter bank is a perfect reconstructioflef E(z)), and it is thus extremely probable that some roots

system if P(z), the product of the synthesis and analysig|| naturally fall outside the unit circle.
polyphase matrices which are respectively given by (11) and

(9), satisfies Since the synthesis filters producing PR will contain poles
' outside the unit circle, a causal implementation does not
P(z) = R(z)E(z) = ez~ ¢ { _? I ] ’ (14) eX|st_for ther_n. As sgmple reconstruction needs to run in

z7' L. 0 real time, anticausal filtering (i.e., a backwards sweep) is not

where I, denotes thex x o identity matrix and where the feasible. Practical synthesis filters must be causal and stable.

overall system delay of (13) is determined throutjs Ld’ + To achieve this, causal FIR reconstruction filters which give
r+(L—1). As E(2) is known in this situation, the polyphase®" approximate PR solution can be developed. These filters
matrix of the synthesis bank is given by. are achieved through a least squares solution to (14).

As E(z) and R(z) both contain only FIR elements, they
can be written in a convolutional matrix equation in order to
and the individual synthesis filters are determined throud#d a least squares solution. This is expressed through the
(10). matrix equation

The solution of (15) requires the inversion of a polynomial
matrix, which can be problematic. First, for an inverse to exist,

E(z) must be nonsingular, or of full rank. In relation to the RE =P, a7
case of periodic sampling, this requires that all delay terms,

A; in (2), be distinct. Additionally, the difference between

two differentA; cannot be a multiple oM T (a case where whereR, £, andP are large scalar matrices designed so (17)
one sampler produces a delayed copy of the sequence anothesely approximates (14). This is done through replacing the
sampler produces). Selection of a nonsinglH4r) is fairly polynomial elements in (14) as follows. The known polyno-
simple in practice. mial elements oE(z) are each replaced with sizex ¢ block

R(z) = P(2)E"}(2), (15)
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Toeplitz submatrices through each with s taps. Naturally, selecting a larger produces
F e (0) 0 0 . filters with less reconstruction error. As will be shown in
* Section 5 through some specific design examples, filter co-
ei; (1) ei;(0) 5 efficient quantization reduces a considerable number of these
. coefficients to 0. This, along with the fact that the solution
eij(1) : can produce many coefficients equal to zero, meanssthat
ET — | ej(n—1) : 0 . (18) is the maximum number of filter coefficients. The actual
* 0 eij(n—1) eij(0) number can be considerably lower, and simulations illustrate
) this fact. Finally, increasing beyond a certain point will not
0 - eij (1) produce a significant increase in performance, especially when
: : : filter coefficient quantization is considered as these additional
i 0 0 eijin—1) | synthesis filter coefficients will be close to zero.
where the component values,;(0),e;;(1),--- ,e;;(n — 1),
are the coefficients of the polynomial;; (z). Without loss of IV. OVERSAMPLING

generality, causal model analysis filters are assumed in this ) ) ) )
notation. Similarly, the yet unknown polynomial elements of AN accurate reconstruction technique will require some

R(z) are each replaced with lengthrow vectors, degree of oversampling,_or obtainipg samples. at an average
rate faster than the Nyquist rate. This section will differentiate
Ry = [ ri;(0) rij(1) -+ riy(s—1) ].  (19) between two types of oversampling. The first type is the classic

case, wherd’; < T. This produces a sampled signa[n],

which has a zero-valued magnitude response in the highpass

region, that is frequencies centered abautThis form of

p.. _{ [0--0 1 0---0] forPyj(z)=z"" (20) ©versampling diminishes the effects of inaccuracies in the
Yo [0 0 ] for P;;(z) =0, model interpolation filters of (7). As discussed in the previous

The terms ofP(z) are replaced with length row vectors
according to

‘h , . ection, the inaccuracies of these truncated and windowed
where the(k 4 1)*" entry is the nonzero entry in the case o : . o o
k ractional delay transfer functions will primarily exist in the
P;;(z) = 2~ ". Note that constant of (14) has been set equal, . . .
to one in this representation, corresponding to a unity gain high frequencies of the normalized spectrum, about: .
P ' P 9 Y9 ufficiently oversampled signals will therefore not contain any

reconstruction system. signal components in the portions of the spectrum for which

Using the representations (18), (19), and (20) onithe L . . .
. : ’ k X the models are inaccurate. For this type of oversampling, the
matrices in (14) leads to (17) with known matricéf size . )
reconstructed signai[n] will also be oversampled.

sL x tL and P of size L x tL and unknown matrixR of Th dt f ling i duced th h

size L x sL. R is solved through the least squares solution € second type of oversampling IS produced through use
to (17). Its entries have a one-to-one mapping to the synthe fsadditional channels in the filter bank, or the case where
filter coefficients. Thus, a numerical solution for the synthesl > M. Since the number of channels is greater than the

filters can be found which is optimal in the least squares Sengsgmmatlon factor‘,‘ this case results_ n Wt]a'F is commonly
referred to as a “nonmaximally decimated” filter bank. For

A few comments should be made on this numerical SOIUtiO{Fﬁs case of oversamplind, samples are periodically extracted
First, while £ is fixed for a specific sampler modé®, can be . . :
altered depending on the parametérandr of (14). Altering (?very]\_/[TS seponds. Unlike the previous type of oyersamphng,
these parameters produces differ@tand, while an exhaus- £[n] will not |tself.be 'oversampled I, = Tiy. This second

ype of oversampling is a result of more samplers, whereas the

tive search with simulations can determine the best ch0|t )
: . . Irst type is a result of faster samplers. Naturally, both types
selection should plac = t/2. That is, at approximately half
can be used together.

the row length ofP, which allows for a roughly equal number

of FIR filter coefficients to approximate both the causal and Us.lng faster samplers has lile effect on the num.e.ncal
anticausal portions of the synthesis filters’ IIR responses. solution of the previous section. However, the use of additional

The fact that an(n — 1) order polynomial is used in samplers allows for some changes in numerical solution, which

the representation oF;; should also be mentioned. As thewiII now be elaborated upon. The design of the model analysis

individual entries ofE(z) can (and typically do) differ in filters i; st.iII pe_rformgd with (7)_. However, .design of the

order, n — 1 should be considered the order of the |arge§ynthe5|s filters is subject to a slight change in the polyphase

polynomial, allowing allE;; to be of the same size Thematrix representation resulting from the fact that the number
L] 1] .

higher indexed coefficients of lower order polynomials ca?ﬂc channels is greater than the decimation factor.

be set to zero. This can result in some all zero columns, of With the orders of the decimation and expansion operations
but these will correspond to all zero columnsf(provided dual oM, and the number of channels equallipthe filter
d' ~ t/2) and do not affect the solution. Removing these afanks are given by
zero columns can reduce solution computation time, depending Hol(2) 1
on the numerical algorithm used. 0 "

Finally, some comments on the sizes of these matrices will : =E(z") : (21)
be made. The above solution produckssynthesis filters, Hyp 1(2) z=(M=1)
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where allows for the block vector
Eoo(z) ...  Eom-1(2) P=[Pumina - Pol. (30)
E(z) = : : 22) The blocks ofP are of si;eM x M, and mc_)st are equa_l to
. : 0. The procedure of [22] is used to determine the solution as
EL—I.,O(Z) EL—L]\I/[—l(Z) well as to find the ordern — 1.

While oversampling through additional channels allows FIR
for the analysis bank, and synthesis filters that achieve PR to be found, it is not always
desirable to use such a precise solution. As the analysis bank

[ Fo(z) - Fraa(z) [ =] R }R(ZM)’ model contains some error over the entire spectrum (albeit
(23 small if well designed), a PR solution corrects for this error.
where Since the actual sampled signal does not contain such error, the
Roo(z) ... ... Ror-1(2) finely tuned reconstruction filters correct for signal distortion
R(z) = : : (24) that does not exist. A lower order approximate PR solution
' ’ does not correct for the extremely fine model distortions.
RM—LO(Z) RM—l,L—l(Z)

Because of this, a lower order approximate PR solution can
for the synthesis bank. A PR condition is again provided yometimes perform better than a high order PR solution.
(14). FIR polynomials for (24) yielding PR can be determined
by viewing the reconstruction filter bank as a Bezout inverse V. DESIGNEXAMPLES AND SIMULATION RESULTS
system [21]. Specifically, provideHR(z) is a delay permissive  This section presents some reconstruction filter bank de-
right coprime matrix, which is generically the case (i.e., witBign examples with simulation results for the applications of
probability one) forL > M, then there exists a polynomialbunched sampling and time-interleaved ADCs described in
matrix R(z) such that (14) holds. FdE(z) to be delay per- Section Il. The design techniques of Sections Ill and IV were
missive right coprime, the determinant of its greatest commased.
right divisor must equatlz—! with d constant and integer. Overall system performance is dependent on two factors:
Note that the polynomial matriR(z) in (14) is not unique, the precision of signal modelling through the analysis bank,
and a procedure for constructing a solution of minimal ordend the precision of signal reconstruction through the synthesis
is described in [22]. It is worth noting that when the order dfank. The effects can be examined separately. Synthesis filters
E(z) is large, the order oR(z) is also large, in which case can be designed that produce a PR or near PR system, but if
a least squares approximation similar to the one employedtie analysis filter modelling was inaccurate the reconstructed
Section I1I-B may still be needed. signal will contain significant errors. For this reason, a PR
As in the least squares convolutional matrix solution, system and perfect signal reconstruction are not synonymous.
Bezout inverse solution is determined through representatiorSince the analysis filters serve only to model the nonuni-
of (14) in terms of large scalar matrices. Represenfiiig) formly sampled signal and are not implemented, there are no

as the sum of delay weighted coefficient matrices, direct implementation concerns. Thus, very high order analysis
. —(n-1) filters are attractive for signal modelling. High order synthesis
E(z)=Eo+z E1+---+2 En1, (25 fiters are also desirable from a performance standpoint, but

wheren — 1 here is the maximum order of all its polynomialnot in terms of implementation cost. In order to achieve a

elements, allows a scalar block Toeplitz matrix to be forme@lose approximation to a perfect reconstruction system, the
orders of the synthesis filters will increase as the orders of the

Ev1 Epo - Eo 0 0 analysis filters increase. Thus, analysis filters of too high an
0 B, E,o - Eo - 0 order create an undesirably costly synthesis bank. Likewise,
: oo high order synthesis filters will not perform well if the analysis
0 0 E,, E,o - E filters are of too low an order.

0 . .
(26) Overall reconstruction performance is evaluated through

This matrix consists ofn block rows andm - n — 1 block €xamining the signal-to-error ratio ovéf uniform samples,

columns. Also representirig(z) as the sum of delay weighted SV n) 2

coefficient matrices, SER = 10logy, [ —x—=2=0"— . (31)
2in=o |2[n] = &n + &]?

— -1 e —(m—1) . . .
R(z) =Ro+z Ri+--+z Ron—1, @7 \where d, is the total delay imposed by the reconstruction
wherem—1 is the maximum order of its polynomial elementsSystem. Using bandlimited noise as a test signal allows for

allows for a corresponding block vector, performance evaluation up to a chosen fraction of the the-
oretically maximum bandwidth that the system is capable
R=[Rm-1 -+ Ro]. (28)  of reconstructing. Varying the test signal bandwidth is an

Sifective method of determining the frequency range that is
accurately modelled by the analysis bank (or equivalently,
the ratio of oversampling necessary for a desired level of
P(z)=Po+2 P 442" m=Dp_ . (29) performance).

Likewise, the delay weighted coefficient matrix representati
of
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A. Bunched Sampling and Reconstruction Filter Quantization _ 30

A case of bunched sampling was presented in [15], using ™ 20 f
an alternate approach for analysis filter modelling, which pro- EO 10k
duces the same reconstruction system as the method presented
in this paper. In this design example, samples are taken in 09 71:)2 biA
periodic bunches of 5, with intervals &f7; between the 30 ‘
first samples of consecutive bunches and intervalg g2
between consecutive samples within a burighs the uniform
sampling period of the reconstructed signalp], and the
average sampling period of the bunched sampling process. For
this sampling process, the reconstruction filter bank will be
maximally decimated and have 5 channels £ M = 5).

| F,(2) |

Using (4), the ideal model analysis filters are given by é
Hn(e]’w) _ efij.Sn’ (32) E
for n = 0,1,--- ,4. The equivalent ideal time-domain re-

sponses of (5) produce even indexed analysis filters which are
simple one-tap delays. Thus, truncation and windowing only —
affects the odd indexed analysis filters. =
In the results presented, the analysis filters are truncated td-
76 taps and a Kaiser window is used with shape paranseter
10 to smooth the responses0’” order reconstruction filters
were developed using the least squares method of (17). The
magnitude responses of the reconstruction filters are shown in% 2
Fig. 5. The fact that the analysis and synthesis filters were of =
relatively high order made the approximation to a PR filter —
bank very accurate. Although not shown here, the magnitude 0
responses of the alias component transfer functions were all on 2 T
the order of10~!3 over the entire normalized spectrum, angig. 5
error in the distortion transfer functiotk (e?*)/ X (e7“), was v.A.
of similar order. This indicates an improvement in performance
over a previous reconstruction method presented in [7], which
did not allow the alias component transfer function to be The performance as a function of synthesis filter size is
directly controlled. shown in Fig. 8 for quantized and unquantized coefficients.
Using bandlimited noise as an input signal, the SER resuligain, an input signal occupyin@0% of the theoretical
of Fig. 6 are obtained withV = 2000. Curves are shown maximum bandwidth was used. Quantization limits the perfor-
for both 16-bit quantized and unquantized reconstruction filterance capabilities, as is demonstrated here for the case of 16-
coefficients. Each data point indicates the SER performartaié coefficients. For this particular case of bunched sampling,
for a signal bandlimited to the indicated fraction of theoreticaicreasing the synthesis filters’ order ab@@edid not increase
maximum bandwidth. Performance is good for frequencigerformance. In this simulation, model analysis filters closely
up to about90% of the theoretical maximum bandwidth.matching (32) were used to produce the results. It was found
The loss of performance at the upper edge of the frequeribyt introducing common time shifts to these model filters
band is a result of the inaccuracies of the model analysgsulted in significantly higher order reconstruction filters
filters due to the transition band resulting from the windowingmore than double the complexity) in order to achieve similar
process. Decreasing the width of the transition band resuksels of performance. This is a direct result from the fact
in increased ripples in the models which degrade the perféhat the time shift results in fewer delays which are perfectly
mance. Quantization introduces an effective floor to the SERodelled using a single tap filter.
performance in Fig. 6 at approximate®pdB. For a desired
level of quantization, the transition band should be decreased .
in width until the resulting SER would fall below the SERP: OVersampling Performance
floor due to quantization. Reconstruction performance was evaluated for the case of
A more detailed examination of the effects of quantizatiooversampling by way of additional filter bank channels, as
is shown in Fig. 7. Here, the SER of an input signal occupyirgjscussed in Section IV. Again, a bunched sampling process
90% of the theoretical maximum bandwidth (i.80% of the is examined. As in the previous example, periodic bunches
Nyquist frequency) is determined for varying levels of recoref 5 samples are taken. However, the interval between the
struction filter quantization. All other conditions above remaifirst samples of consecutive bunches3i&;, and the interval
unchanged. The SER result for unquantized coefficients isetween consecutive samples in a bunch31s/10. This
shown as an upper boundary to SER performance. results in a five channel nonmaximally decimated filter bank

Magnitude responses of the synthesis filters for the example of Section
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Fig. 6. SER as defined in (31) vs. input signal bandwidth for a randopig. 8. SER for an input signal occupyi®§% of the theoretical maximum
bandlimited input signal for the example of Section V-A. Results for quantizashndwidth as a function of reconstruction filter size.
(16-bits) and unquantized filter coefficients shown.

10 ‘ ‘ ‘ ‘ ‘ shown in Fig. 9. The higher order filters designed through the
least squares and Bezout inverse methods have nearly identical
performance. This is not surprising, as the methods’ respective

90-
filters (not depicted here) have nearly identical responses, with
sol. any differences resulting from the algorithm used to find a
numerical inverse. Interestingly, the lower order filter bank

3 designed through the least squares method has performance
£ 70 superior to the higher order filters. This can be accounted for
v as an effect of the inaccuracy of the model analysis filters.
60l While the methods designing higher order synthesis filters
form a PR system, they do so only for the model, not the
sol B . actual sa_mpling process. A Iovyer order reconstruction filter
L e bond bank, while less precise according to the model, can be more

precise with respect to the actual system. The reconstruction
4012 12 16 18 20 33 34 filter bank performance for this particular case of oversampling

Reconstruction filter quantization bits is quite good, with an SER ovén0dB for signals bandlimited
, , , _ , _ to 90% of the theoretical maximum bandwidth. Performance
Fig. 7. SER for an input signal occupyif®®% of the theoretical maximum

bandwidth as a function of reconstruction filter quantization. Unquantize% th_IS hlgh level is generally pOSSIble for overs_ampled cases
upper bound shown (dashed). provided samples are not too close to overlapping.

C. Interleaved ADC Performance

For the interleaved ADC case, an example from [9] will
be used. The continuous-time signalit), is composed of

with a decimation factor o8 (L = 5, M = 3). Through (4),
the ideal model analysis filters are equal to

H, (%) = ¢~ w0-3n (33) the sum of four sinusoid terms with unit amplitude and
respective frequencies of,/16, f/8, 3fs/16, and f./4.
for n = 0,1,---,4. The spacing of the samples in thigcor each sinusoid, a random phase with uniform distribu-
example is such that only one analysis filtéfy(e’*) in this tion from 0 to 2r was used. Five interleaved ADCs with
case) can have a trivial single tap response. respectiveA; offsets|0,0.967%,2.027%,2.99T5,4.03T] were

Three reconstruction filter banks (composed of 5 filtersodelled. This corresponds to respective sample-time errors
each) were designed. The first was designed via the Bezo€{0, —0.04T}, 0.02T, —0.017}, 0.037%]. Analyzing the sam-
inverse method to desighl 3" order filters. Because of thepled signal as though it were sampled without timing error
high order of the model analysis polyphase matrix of (23).e., uncorrected) results in the magnitude plot of Fig. 10(a).
(containing components d5!" order), the synthesis filters The 4 tones extending tddB are the only desired tones, all
are actually the minimal order solution. The second arathers have resulted from the imperfect sampling and are un-
third banks of reconstruction filters were designed using tloesired. Application of reconstruction filters designed through
least squares method to achieVist" order and55" order the least squares method produces the recovered sequence
synthesis filters. Z[n], which has the magnitude spectrum shown in Fig. 10(b).

The performance of these three reconstruction filter banksTiee SER ofi:[n] obtained through (31) is approximatelgdB
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120 " ETeesEsmsmaeTEIeTES e e, average sampling rate. As [9] relies on a PR condition that
is only valid over certain spectral regionst) is bandwidth
1000 bound to a smaller fraction of the average sampling frequency
than the method of this paper. As discussed in Section V-A,
g0l this paper’s technique provides good reconstruction for most of
22 the range of frequencies from dc to half the average sampling
5 col rate, W|th_degradat|on in performance over a small band due
2 to modelling inaccuracies.
0 VI. CONCLUSION
20| o H:; ﬁijz ‘fﬁ:ﬁc’: Eg‘;‘e"t;sz“ method ] This paper has described a new technique for reconstruction
-5 55% order fillters, LS method of a bandlimited signal from its periodic nonuniform sam-
0 ples. Using a model for the nonuniform sampling process,

0 01 02 03 04 05 06 07 08 09 1
Fraction of theoretical maximum bandwidth (f5/2) occupied by random signal

reconstruction was viewed in terms of a perfect reconstruc-
tion multirate filter bank problem. A method approximating
Fig. 9. SER vs. input signal bandwidth for an oversampled bandiimit®erfect reconstruction conditions was used to determine FIR
random signal. Results show performance of filter banks of various ordéiters that obtain a uniformly sampled output with negligible
designed through the Bezout inverse and least squares methods. distortions and negligible transfer of alias components. The
presented design examples and simulation results for various
cases show this paper’'s methods do produce an implementable

— i ] th
over N = 2000 samples. The reconstruction filters d#9™ e pank recovering uniform samples with low error.
order, but truncation and coefficient quantization as in Section

V-A will reduce the number of nonzero coefficients.
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