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RESILIENT PI AND PD CONTROLLER DESIGNS
FOR A CLASS OF UNSTABLE PLANTS WITH I/O DELAYS*

H. OZBAY 1, A. N. GUNDES 1, §

ABSTRACT. In [8] we obtained stabilizing PID controllers for a class of MIMO unstable plants
with time delays in the input and output channels (I/O delays). Using this approach, for plants
with one unstable pole, we investigate resilient PI and PD controllers. Specifically, for PD
controllers, optimal derivative action gain is determined to maximize the allowable controller
gain interval. For PI controllers, optimal proportional gain is determined to maximize a lower
bound of the largest allowable integral action gain.
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1. INTRODUCTION

PID controllers are still very popular in many control applications thanks to their simple
structure, [1, 5]. Design of PID controllers for delay systems is still an active research area,
see for example the recent book [15], and its references. In this paper we consider unstable
plants with time delays. It is clear that, even for delay-free systems, not all unstable plants are
stabilizable by a PID controller (strong stabilizability is a necessary condition for stabilization by
a PID controller, and there are bounds on the order of strongly stabilizing controllers, [8, 17, 19]).
Moreover, right half plane poles and zeros in the plant transfer matrix, as well as time delays
in the input and/or output channels (I/O delays) of the plant, impose additional restrictions on
the feedback controllers, see e.g. [6, 7, 11, 18, 21].

Recently, PID controllers are designed in [20] under specified gain margin and sensitivity
constraints, and in [14] under an Hs, performance condition. PID controller tuning rules are
also discussed in [9, 16] under different optimality conditions. For SISO unstable systems with
delays PID controller tuning has been studied in [10, 13]. An extension of predictive control is
used in [3] to derive PID controllers for a class of MIMO unstable plants with delays.

In a recent work [8] obtained PID controllers from a small gain argument for a class of
MIMO unstable plants with delays in the input and output channels (I/O delays). In this paper
we use the results of [8] for plants with one unstable pole, and investigate stabilizing PI and
PD controllers with the largest allowable interval for the controller gain. This is an important
problem to study, because sensitivity of the closed loop stability to perturbations in the controller
coefficients can be minimized this way, and hence resilient PI and PD controllers (see e.g. [15]
and its references for a discussion of this issue) can be obtained. There are many important
practical examples of plants with single unstable pole and time delays, see e.g. [2, 10, 13, 15, 18]
and their references.

Remaining parts of the paper are organized as follows. Preliminary results from [8] are
summarized in Section 2. Main results on PD controller design are given in Section 3, and the
results on PI controller are given in Section 4; concluding remarks are made in Section 5.
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Dept. Electrical & Computer Eng., Univ. of California, Davis, CA 95616, U.S.A., angundes@ucdavis.edu
§ Manuscript received May 22, 2007.
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2. PROBLEM DEFINITION AND PRELIMINARY RESULTS

Consider the linear time invariant (LTI) feedback system shown in Figure 1, where C is the
controller to be designed and Gp := A,GA; is the plant with r inputs and r outputs. Here
G is the delay free part of the system which is assumed to be finite dimensional. Time delays
in the input and output channels of the plant are represented by their transfer matrices as
Ao = diag [e‘Sh?, el e_Sh;], where, h$ is the 4™ channel input (when e = i) or output (when
e =0) delay, for 1 < j <r.

v
Yref € U Yy
——?—» C H——0O— AGA; -

FIGURE 1. Feedback system Sys(Gp,C) with Gy = A,GA,;.

Transfer matrix Hy from (yef, v) to (u,y) is
H _ C(I + GAC)71 *C(I + GAC)ilGA (1)
T LGOI +GAO)TT (I+GAO)'Gy |
We consider the proper form of PID controllers, [5],

Kz' KdS
C(s) = Cpia(s) = Kp + —
() = Cpuals) = K+ "+ L5

(2)

where K,, K;, K, are real matrices and 74 > 0. But we will restrict ourselves to PI and PD

. - K; _ Kq s
controllers, i.e., Cp = Kp + =+ and Cpq = Kp + — 45

respectively.

Definition. The feedback system Sys(Gy,C) is stable if all entries of H, are in Ho. We
define Spiq, Spi, Spa to be the sets of all PID, PI and PD (respectively) controllers stabilizing the
feedback system Sys(Ga,C).

Assumptions.

(A1) G admits a coprime factorization in the form G(s) = Y (s)71X(s) = X(s)Y(s)~! where

X € HX", and Y (s) = (Sslpl))f. Here p > 0 is the unstable pole of the plant, and a > 0 is

arbitrary.
(A2) X(0) = (s —p)G(s)|s=0 is nonsingular.

Proposition 2.1. [8] Consider the plant Gn = A,GA;, where G satisfies (A1) and (A2). i)
PD-design: Choose any K, € R"™ " and 74 > 0. Define C'pd = X(0)"! + Kas_ ynd

T4s+1
Oy =571 ((s = P)Ga(8)pa(s) — 1)
Oy =571 (Gpa(s)(s — p)Gals) = I).
If 0 < p < max{||®allzt, |®allxl}, then for any a > 0 satisfying
0< o <max{|®sl —p, |8l 2}, 3)

the controller Cpa(s) = (a4 p)Cpa(s) is in Sp.

i) PID-design : Let Cpq be as above, and define Hpg := GA(I+Cpa Go)™1, T := Hya(s) Hpa(0) "1

S Hpa(0) ! Hya(s)—T ’
T = d . d

. Then, for any v € R satisfying
0 << max{|| YL, [T (4)
the PID-controller given in (5) is in Spiq,

yaX(0)~!

Cpia(s) = Cpa(s) + .

)
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If (3) and (4) are satisfied for K4 =0 then (5) with Kq = 0 is a PI controller in Sp;.

Ag(s) = [ é 0 180 ]
(5+6)(s+30)

This result appears in [8] for systems with possibly uncertain time delays, but for our purposes
fixed time delays version stated above is sufficient. Now consider the plants with input delays
only satisfying the following structural assumption.

Assumption (A3). Ga(s) = G(s)Ai(s), with G(s) = ﬁGOA(;(s) where Gy is a non-
singular constant matrix and Ag(s) is a stable diagonal matrix with Ag(0) = I, i.e., Ag(s) =
diaglgi(s),...,gr(s)], where gi(s),...,gr(s) are stable proper transfer functions with ¢;(0) = 1,
for all j =1,...,r. Note that with A3 we have X(0) = Gy and earlier assumptions A1 and A2
are satisfied. Moreover, this assumption results in a diagonal structure in the input sensitivity
matrix, as demonstrated below. An example for A3 is the transfer matrix of a distillation column

o 1 ‘ 304 —278.2/180
with input channel delays, [4], GA(s) = 5 Go Ag(s)A(s), where G0 = 0052 206.6/180 |’

1 0
Ag(s) = [ 0 180 } .
(s+6)(s+30)
2.1. PD Control of Systems With Input Delays. Let A3 hold, and define K, = f(le(O)_l =
KiGy'. Then, the PD controller of Proposition 2.1 can be re-written as Cpa(s) = (a +

D) (I + Kéﬁ) Gal. Then choosing IN(Q .= diaglqi,...,q!], we have a diagonal input sen-

sitivity matrix S;(s) = (I + L;(s))~!, where
(a+p) i
I+K;—— | A Ai(s).
(s—p) + deS—I—l G(S) Z(S)
Proposition 2.1 gives a lower bound on the largest controller gain interval: p < (a4 p) <

@Az} For the purpose of designing a resilient controller, we would like to maximize the size
of this interval. That is equivalent to minimizing

AFi(S) -1 4 KZZ AF,L'(S)
s 745+ 1

Ll(s) =

loo (6)

where Ap; := AgA;. Therefore, in Section 3 we will study the problem of minimizing ;¢ defined

= @allo = |

by (7) over the free parameters ¢¢,. .., g, where f;(s) = gj(s)e_hé's
: fi(s) -1 - fi(s)
7 J 1 J
_ 4 ) 7
1 mjax” . +q; s 1”00 (7)

We should point out that with the dual structural assumption Ga(s) = A(s)G(s), with
G(s) = ﬁAg(s)Go where Gy and Ag(s) are as in A3, a similar problem can be defined for the
output delay case, where ||®4|lo is minimized. The case where both input and output delays
exist is more difficult, but if either output or input delays are equalized in all the channels, then

that would lead to the same problem of minimizing either ||[® /oo or [|® 4|00, see [12].

2.2. PI Control of Systems With Input or Output Delays. Now consider PI controllers
with the proportional part C,, = (a + p) X (0)~!, where «a satisfies (3). The PI controller is then
in the form

Yo

Cpi(s) = (a +p)X(0)~" + ?X(OY1 (8)

where 7 satisfies (4). Recall that, under the structural assumption A3, we have X (0) = Go.
An interesting problem in this case is to find the largest allowable interval for ~, for a fixed «
satisfying (3).

Note that in this case Hpq(s) = Hp(s) = GA(I + C,Gp)™! = (I + GpAC,) tGy. As in the
above discussion on PD controller design we will assume that A3 holds and « is in the interval
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= . . o . = A(s)—1I
0 < a < ||®rllz! —p. In this case, since the derivative term is absent, we have ®; = (‘2 ,

where A = AgA;. Then a lower bound for the maximum interval for the allowable “integral
ah(s)((s— p)f+(0<+p) (s)~'—

action gain” ~ is found from (4) where T = . It is easy to see that in

the dual case, where output delays are considered, and the added restriction 0<a<|®rllzt—p,
al(s)((s=p) I +(a+p)A(s)) "' =1

we have T =

. , where A = A,Ag. Thus, it is interesting to study the
upper bound ~ypax for v where

S A+ SEA(s) ™ - T

T = |2 =

I (9)

as a function of « satisfying
A(s)—1,
0<a<)t 0y (10)

where A(s) = Ag(s)A;(s) for the input delay case and A(s) = Ay(s)Ag(s) for the output delay
case.

3. OPTIMAL DERIVATIVE ACTION GAIN

Recall from (7) that we are interested in solving the following problem: given h > 0 and a
stable transfer function g(s) with g(0) = 1, let f(s) = g(s)e™*, and find ¢ € R such that p is
minimized, where

fls) -1 f(s)

= 0. 11
e e L (11)

We shall denote the optimal solution by ¢°P*. This is a single parameter scalar function Ho

norm minimization problem and it can be solved numerically using brute force search. More
precisely, such an algorithm would perform the following steps:

0. Choose the candidate values of ¢ = ¢1, ..., gn, over which the optimization is to be done,
and the frequency values w = wy,...,wys over which the norm (cost function) is to be
computed.

1. Fork=1,...,Nand £ =1,. Mcompute
U (qp, we) 1= ‘fjwz) 1 + g f(we) B

Jwe JTawe+1

2. Define pu(qx) := maxy W(qg,wp).
3. Optimal ¢ is ¢°P* = arg ming u(qy).

As an example, consider the distillation column transfer matrix given in Section 2, where g;(s) =
1 and ga(s) = %. Optimal derivative gains are computed in [8] (see Figure 4 of [8]) using
the numerical procedure given above. However, this procedure is sensitive to the number of grid
points chosen for ¢ and w. So, it would be useful if one could derive a closed form expression

for the solution, at least for the simplest case g(s) = 1, i.e. f(s) = e "*. It turns out that this
is possible, and we claim that ¢°P*(h) = sz(_%g’?’) h=0.31 h for f(s) = e . In the rest of this
section we discuss how ¢°P* can be computed directly for a class of functions f.

Note that (11) is a min-max problem

v 12
p=min max (g, w) (12)
where U (q,w) = |f (j;:g eri “jr)1| 74 — 0. Let us now consider the max-min problem where

minimization over ¢ is done for each fixed w. In this case, it is easy to show that optimal g is

1 sin(g(w))

5 W) (13)

Gopt (W) = -
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where p(w) = |f(jw)| is the magnitude and ¢(w) = Zf(jw) is the phase of f(jw). Inserting (13)
into ¥(q,w) we obtain

U (qopt (w),w) = =:n(w). (14)
Therefore, solution of the max-min problem is

qo — _i Sln(¢(w0)) (15)
Wo P wo)
where w, is maximizing n(w). It is very easy to find ¢,, we only need to search for w,. Whereas
the min-max problem requires two dimensional search.
Example. Consider f(s) = e, h > 0. Then p(w) = 1 and ¢(w) = —hw. Hence n(w) =
]1_%(}““)” It is easy to show that the w value maximizing this function is the solution of
cos(hw) + (hw) sin(hw) = 1. That gives hw, = 2.33 rad., ¢, = 0.31 h, and it matches ¢°P*(h).
Now it remains to be shown that g, given in (15) is equal to the solution ¢°P* of the original
problem defined by (12), at least for a large class of functions f(s), including the above example.
For this purpose, we need to show that the pair (w,, ¢,) is a saddle point for the min-max problem
(12), i.e. the following inequalities hold

U (qo,w) < U(qo,wo) < ¥U(q,wo) V q,w ER . (16)

First note that by the definition of gopt(w) we have W(gopt(w),w) < ¥(q,w) for all ¢ € R and
w € R. In particular, setting w = w, in this inequality we obtain the second part of (16), namely

U(qo,wo) < U(q,wo) VqgeR. (17)

For the first inequality of (16), when 75 = 0, we have ¥(go, w) = [¥(gopt(w),w)+Aq(w) f(jw)l,
where Ag(w) = ¢o — Gopt(w). We claim that

T (g0, w)* = [n(w)[* + [Ag(w)*|p(w)[* ¥ w. (18)

To see this let us define the real and imaginary parts R(w) + jI(w) := % + gopt(w) f(jw).
Similarly, let R¢(w) + jlf(w) := f(jw) be the real and imaginary parts of f. With these
definitions we have RyR + I¢] = 0, which implies (18).
Assumption A4. The function f(s) is such that T'(w) := 72 — n*(w) — |Ag(w)[*p*(w) > 0V w
where 7(w) is defined by (14), 1, = max, n(w), and equations (13) and (15) define Ay(w) =
4o — Gopt (W)

Now with A4, (18) and 1, = ¥(q,,w,), we have ¥(g,,w) < ¥(gp,w,) V w € R which is the

first part of (16). In summary, we have proven the following result.

Proposition 3.1. Let f(s) = g(s)e™"*, with g € Hoo, g(0) = 1 and h > 0, satisfy A4. Then,

q°P' = q, where
opt _ . f(S) —1 f(S) 0
A7 = TS g e T
Lo L sin(ow)
? Wo p(wo) ’

| ple)—cos(9)) |

where w, is mazimizing n(w) -

Example. Consider the first channel in the distillation column example, where f(s) = e,
h > 0. Figure 2 shows I'/h versus w. Since I'(w) > 0 for all w, A4 is satisfied, hence the
formula gopt = 0.31 h is valid. Now for the second channel in the distillation column example,
f(s) = %e*hﬂ Figure 3 illustrates that A4 is satisfied. Figure 4 shows gopt and p versus
h for this example. We observe that, as h increases p increases, which means the allowable
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(w)/h versus w for h=0.2, 0.6, 1.0
0.6 T T T

0.5F - h=1.0

FIGURE 2. T'(w)/h versus w for f(s) = e™"*.

(w)/h versus w for h=0.2, 0.6, 1.0
T T T

FIGURE 3. T'(w)/h versus w for f(s) = (5%;(%.

W versus h and qop‘ versus h
0.5

FIGURE 4. qopt and p versus h.

interval for the control gain shrinks with increasing h. Note that gopt in Figure 4 is in perfect
agreement with Figure 4 of [8].

An interesting problem arising in this context is to characterize the class of functions f(s) =
g(s)e™, g € Hoo, g(0) = 1, h > 0, satisfying A4. At the moment we do not have a definite
answer to this question. As shown for the distillation column example, A4 holds for many

interesting classes of f. In particular, it holds for all f in the form f(s) = %, and f(s) =
—hsl—7s

e " e for all 7 > 0 and h > 0. But, there are also many important functions for which it

does not hold. For example, f(s) = e 11+_T38 satisfies A4 when 7 > 0.25; but A4 is violated
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when 7 < 0.2. Similarly, A4 holds for f(s) =e™* fjfs when 7 < 1.02, but it is violated when
T > 1.05.

4. INTEGRAL ACTION GAIN IN PI CONTROLLER

We now study the bound max on the integral action gain 7 defined by (9), where A(s) is
a given diagonal matrix in the form diag[fi(s),..., fr(s)] with fu(s) = gr(s)e™™*, gr € Hoo,

gx(0) = 1, hy > 0, and « satisfies (10) which is equivalent to p < a + p < ming H%H&}
Clearly,
B 2 fi(s) 1+ E2fr(s) P =1
by = e |7 = o (19)
S
Let us define -1
0= ml?xé?k where 0, 1= ||&||OO : (20)
s

Then, a necessary condition for the results stated in Proposition 2.1 is 0 < af < 1 — pf. After
a simple algebra, 1t can be shown that (19) implies

1—(a+p)6

< . 21
1+p6 > Ymax ( )

Tx =

The lower bound 7, found in (21) for Ymax, is between 0 and «, and it decreases with increasing

6. Note that #~! is also an upper bound for the proportional gain (a+p). Therefore, the level of

difficulty in controlling the system increases with increasing . The other difficulty comes from
the C; pole of the plant: as p increases 7, decreases.

Example. Let f;(s) = e ™. Then, 0 = hy, and @ is the largest time delay in the system.

Now consider fl(s) = eihls’ and f2(3) = %671’@8' In this case we have 91 = hl, and

02 = 0.2 + hy. Since the norm in (20) is attained at w = 0 for both f; and f2 and the phase of
f2(jw) near w =~ 0 is —0.2 w, we can see 6 as the “effective time delay” in the second channel.
Then, § = max{hj,0.2 4+ ho} is the largest effective time delay.

In the light of (21) an interesting problem to study is to find the optimal o maximizing ~,,
subject to 0 < af < 1 — pf. It is easy to see that in this sense the optimal « is

1—pb
= 22
and the corresponding maximal v, is
ayx (1 —pb)
= = ——. 23
Vx,max 9 (1 T pg) ( )

Equations (22) and (23) show once again that the difficulty level increases with increasing pé,
where p is the right half plane pole and 6 can be seen as the maximal “effective time delay™ in

the system.

5. CONCLUSIONS

PI and PD controller design problems are studied for unstable systems with delays in the
input/output channels. The results of [8] are used for plants with single right half plane pole.
For PD controller design, optimal derivative action gain is determined for maximizing the interval
for the overall controller gain. For PI controller design, optimal proportional gain is calculated
for maximizing the interval for the integral action gain. With these results resilient PI and PD
controllers can be designed for the class of plants considered. Examples illustrated difficulty of
controller design for plants whose products of unstable pole with effective time delay are large.

Acknowledgement: The authors would like to thank Prof. A. B. Ozgiiler for fruitful discus-
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