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Abstract 
Reliable decentralized stabilizing controller design with 
integral-action is considered for linear time-invariant, 
multi-input multi-output systems with stable plants. 
The proposed design methods achieve closed-loop sta- 
bility with integral-action in each output channel and 
guarantee stability with integral-action in the active 
channels when all controllers are operational and when 
any of the controllers is set equal to zero. 

1 Introduction 
Reliable controller design with integral-action (I-A) is 
considered for linear time-invariant (LTI) , multi-input 
multi-output (MIMO) decentralized systems with sta- 
ble plants. The goal is to achieve closed-loop stability 
with I-A at  each output so that step-input references 
applied at  each input are tracked asymptotically, and 
to maintain stability with I-A when any of the con- 
trollers fail. Reliable stabilization was studied using 
full-feedback and decentralized controllers [5,4,3,  1, 21. 
This paper presents conditions for existence of reliable 
decentralized I-A controllers and proposes explicit de- 
sign approaches. The results are explored in detail for 
two, three and four-channel decentralized systems with 
MIMO channels; simplifications are given for single- 
output channels. The design can be extended to more 
than four channels. The results apply to continuous- 
time and discrete-time systems. A continuous-time set- 
ting was assumed here; discussions involving poles and 
zeros a t  s = 0 should be interpreted at I = 1 in the 
discrete-time case. Notation: The region of instability 
U is the extended closed right-half-plane (continuous- 
time systems) or the complement of the open unit- 
disk (discrete-time systems). The sets of real num- 
bers, proper rational functions with no U-poles, proper 
and strictly-proper rational functions with real coeffi- 
cients, matrices with entries in R are Et, R, R,, &, 
M ( R ) ;  M is stable iff M e M ( R ) ;  M E M ( R )  is 
unimodular iff M-' E M ( R ) .  For M E M ( R ) ,  the 
norm 11 . 11 is llMll := supsEau (T(M(s) ) ;  (T is the max- 
imum singular value, aU is the boundary of U. Let 
P E M ( R ) ,  rankP = p ;  so E U is called a U-zero of P 
iff rankP(s,) < p ;  so is called a blocking-zero of P iff 
P(s,) = 0. Abbreviations: I-A (integral-action), SPD 
(symmetric, positive-definite) , RI (right-inverse). 

2 Main Results 
Consider the LTI, MIMO, w-channel decentralized feed- 
back system S(P,  CO) in Figure 1: S(P,  CD)  is well- 
posed; P =€ RnvXnu, CD = diag[Cl, ..., C,] E 
Rpn" X n Y  represent the transfer-functions of the plant 
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and the decentralized controller; P is partitioned so 

i , j  = 1,. . ., w, ny = Cyzl nyi, nu = Cy=l n,i; P and 
CD have no hidden modes corresponding to eigenval- 
ues in U. Although P E M ( R ) ,  the decentralized con- 
troller CD is unstable (due to poles a t  zero for the I- 
A requirement and other possible U-poles). Let H e ,  
denote the (input-error) transfer-function from r to e ;  
r := [rT . . . rZlT, U ,  e ,  y, yc are defined similarly. A con- 
troller that fails is set equal to zero; the failure is rec- 
ognized and the corresponding controller is taken out 
of service. When w = 2, the failures are due to one 
controller failure. When w = 3, the failures are due to 
one or two controller failure. When w = 4, the fail- 
ures are due to one, two or three controller failure. For 
i = 1,.  . ., w, S(P,Ci)  is the system with only the i-th 
controller active. For j = 2 , .  . . ,  w, i = 1,.  . .,i - 1, 
S(P, Ci, Cj) is the system with only the i-th and j-th 
controllers active. For k = 3 , .  . . , w, j = 2 , .  . . , I C  - 1, 
i = 1,. . . ,j-1, s ( P ,  ci, cj, ck) is the system with only 
i-th, j-th and k-th controllers active. The outputs of 
the inactive channels (for e = 1,. . . , w ,  yet , e # i of 
S ( P , C i ) , y c t , e # i , e #  j o f S ( P , C i , C j ) , y C e , e # i ,  
e # j ,  e # k of s ( P ,  ci, cj, c k )  ) are not observed. 
2.1 Definitions: a) The system S(P,CD) is stable 
iff the transfer-function from ( r ,  U) to (y, ye) is sta- 
ble. The stable S(P,Co) has I -A iff Her(0) = 0. For 
i = 1,. . . , w, S(P ,  Ci) is stable iff the transfer-function 
from ( T i ,  U )  to (y, yci) is stable. The stable S(P, Ci) has 
I-A iff the transfer-function from ri to  ei has blocking- 
zeros a t  zero. For j = 2, .  . . , w, i = 1,. . . , j  - 1, 
S(P,  Ci, C,) is stable iff the transfer-function from 
( r i , r j ,u )  to (y, yci,ycj) is stable; it has I-A iff the 
transfer-function from ( r i ,  r j )  to ( e ; ,  e , )  has blocking- 
zeros a t  zero. For k = 3 , .  . ., w, j = 2, .  . . , k - 1, i = 
1,. . .,j - 1, s ( P , c ; ,  cj, c k )  is stable iff the transfer- 
function from ( r ; ,  rj , rk ,  U )  to (y, yci , ycj, Y c k )  is stable; 
it has I-A iff the transfer-function from ( r i , r j , r k )  to 
( e i ,  e j ,  e k )  has blocking-zeros at zero. b) CD is a sta- 
bilizing controller for P (or CD stabilizes P )  iff CD E 
M(Rp) and S(P,CD) is stable. c) CO is a reliable 
decentralized I-A controller iff S(P,  CO) is stable with 
I-A when all controllers are active and when any sub- 
set of the controllers are set to  zero; i.e., when w = 2, 
S(P,  C O ) ,  S(P,  Ci) , i = 1,2,  are stable with I-A, when 
w = 3, S(P ,CD) ,  S(P,C;),  i = 1,2,3,  S(P ,Ci ,Cj ) ,  
j = 2,3, i = 1 , .  . . , j  - 1, are stable with I-A, when 

that pii E R n ~ : X n ~ ~  pij E R n y l X n u ~ ,  Ci E R,nuiXnui 

w = 4, S(P,CD) , S(P,Ci ) ,  i = 1,. . . , 4 ,  S(P ,Ci ,Cj ) ,  
j = 2 , .  . . , 4 ,  i = 1,. . . , j  - 1, s ( P , c ; ,  cj,ck), k = 3,4, 
j = 2  , . . .)  k - l , i = l ,  , j  - 1, are stable with I-A. 0 
Lemma 2.2 states conditions for existence of w-channel 
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reliable decentralized I-A controllers for w = 2 ,3 ,4 .  
Proposition 2.3 gives a reliable decentralized I-A con- 
troller design approach. Let Ci = Nj(*Dj)-' E 
R,,""' '"ut be a right-coprime-factorization ( N i ,  Dj E 
M ( R ) ,  det Dj(m) # 0, -&ER \ U ) ,  P~(0)EJRnnsX"~' 
be a RI of Pji(0)ERn~lXnYsj Nj(0) := Ph(O), i = 
1 , .  . . , W ;  Xij := Pjj - PjjNjPjj, Wij := I + (Xij - 
Pj j ) ( I  + s- ' t jPh(0)Xij)-lQj,  j = 2 , .  ., W ,  i = 
1 ,..., j - 1. If W 2 3, YLk, := P l m  - &kNkPkrn, 
k = 1 ,..., w - 2 ,  C,m = k + l ,  ..., w ,  4 # m; 
Z,?, := Xq, - Y,4,Nr(I - PrqNgPqrNr)-'Y~,, = Xq, - 
Y2rNr(I + (Xqr - prr)Nr)-'Y&, W,$ := I + (z,?, - 

1, ..., 21-2, T = q + l ,  ..., v - 1 .  I f w  = 4, G := 
Z,l, - (Y& -Y& NZ (I-&' NI PI zNz)-' Y&)N3 (I+( Zi3 - 
P33)N3)-'(Y;4 - YJzNz(I- ~ 2 1 ~ 1 ~ 1 2 ~ 2 ) - ' ~ ~ 4 ) ,  G(0) 

(Y24 - Y~~P~~(XIZP~~)-'Y~~)(O), Wg := I + (G - 
P44)( I + 8- ' W 4 1 (  0)G)- Q4. 
2.2 Lemma: Let P E R " Y ~ " ' .  Let P~(O)EJR."U~~"~~ 
denote a RI of P~~(0)~IRnu'XnUs, i = 1 , .  . . , w. a)  Neces- 
s a y  conditions: If there exist reliable decentralized I-A 
controllers, then: i) rankP(0) = ny, rankPij(0) = nyj, 
i = 1 ,..., W ,  ii) det(Xjj(O)Ph(O)) # 0, j = 2 ,..., W, 

i = 1, . . . , j - 1, for some RI Ph(O), Pj'j(0) of Pji(O), 
Pjj(O), iii) if w 2 3, det(Z,?,,(O)P,',(O)) # 0, v = 
3 ,..., w ,  q = 1 ,..., v - 2 ,  r = q + l ,  ..., v - 1 ,  
for some RI P;,,(O), P,!,.(O) of P,,(O), Prr(O), iv) if 
w = 4, det(G(0)Pi4(0)) # 0. b )  Necessary and s u s -  
cient conditions: i) There exist reliable decentralized 
I-A controllers if 1) the conditions in (a) hold, 2) for 
j = 2 , .  . . , w ,  i = 1 , .  . . ,j - 1, det(Xij(O)Ph(O)) > 0 for 
some RI PA(O), Ph(0)  of Pii(O), Pjj(O), 3) if w 2 3, 
det(Z&,(O)P~,(O)) > 0, w = 3 , .  . ., w ,  q = 1 , .  . .,v - 2, 
r = q + l ,  . . . , v-1, for some RI P;,(O), P,$(O) of P,,(O), 
Prp(O), 4) if w = 4, det(G(0)Pi4(O)) > 0. i i )  When 
Pij , or Pji, j = 2 , .  . ., w ,  i = 1 , .  . ., j - 1, or when 
any ,w - 1 of the w controllers C1, . . . , C, are strictly- 
proper, or when these have blocking U-zeros, conditions 
(i2)-(i4) become necessary: there exist reliable decen- 
tralized 1-A controllers if and only if conditions (il)-(i4) 
hold. c )  Suf lc ient  conditions: There exist reliable de- 
centralized LA controllers if l )  the conditions in (a) 
hold, 2) Xjj(O)P'(O), j = 2 , .  . ., w, i = 1 , .  . . , j  - 1, is 
SPD for some RI Ph(O), PjIj(0) of Pjj(O), Pjj(O), 3) if 

r = q + 1 , .  . . , v - 1, is SPD for some RI P;,(O), P,',(O) 
of P,,(O), Prr(O), 4) if w = 4, G(0)Pi4(O) is SPD. 0 
In some cases, the conditions of Lemma 2.2-(c) and (b) 
are equivalent (e.g., when nyj = 1 for j = 2 , .  . . , w ,  or 

2.3 Proposition: Let PGJ2"uxnU, rankP(0) = ny 5 

j = 2 , .  ..,w, i = 1, .. . , j  - 1, be SPD for some 

~ ~ u ( ~ ) ~ ~ u ( o ) ,  21 = 3 ,..., w ,  q = 1 ,..., w - 2 ,  r = 

P,,,)(I + s-'~,,P,',(O)Z~~)-~Q,,, v = 3 , .  . . , w ,  q = 

: = 2,14( 0) - (Y& - Yi& (XI2 P&)- 1 Y$3)P31( 2i3P&)- 

w 2 3, ~,?,(0)P;,(0), v = 3 , .  . .,w, q = 1,. ..,v - 2, 

Pjj(0) = 0 or Pji(0) = 0, j = 2 , .  . . , W ,  i = 1 , .  . . , j - 1). 

nu, rankPii(0) = n y i  5 nui, i = 1 , .  . ., W, Xij(O)P/j(O), 

RI Pi(O), P/j(O) of Pij(O), Pjj(0). If w 2 3, let 
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q + 1 , .  ..,U - 1,  be SPD for some RI Piu(0), P,!,.(O) 
ofP,,(O), Prr(0). If w = 4, let G(O)P,d(O) be SPD. For 

Qj)~Rn'48 X n u l  . Then CD is a reliable decentralized I-A 
controller with Ci = (I - QjPji)-'(s-lIciP~(0) + Qi), 

are as follows: IC1 < l\s-l(P1l(s)P/l(0) - 1)Il-l; fix 
Q1; h < m i n { l l s - ' ( ~ ~ ~ ( s ) ~ ~ ~ ( O )  - 1)11'1, lIs-'(X1z - 
X1z(0))P~z(O)~~-l}, WIZ unimodular. If w 2 3, fix 
Q2; H3  < min{lls-'(P33(s)P31(0) - I)[l-1,11s-'(Xi3 - 
Xi3(O))P,'(O)II-' ,IIS-'(z& - z~3(o))f'&(O)II-'}, i = 
1,2,  Wj3, Wi3 unimodular. If w = 4, fix 93;  
IC4 < m i n { l l s - ' ( ~ 4 4 ( ~ ) ~ ~ ~ ( 0 )  - 1)11-1, Ils-l(xj4 - 
xi4 (0) (0) 1 I I IS- ' (zf4 - zf4 (0) Pi4 (0) 11 , 
Ils-l(G - G(O))Pi4(O)ll-'}, i = 1 ,2 ,3 ,  q = 1,2 ,  P = 
q + 1 , .  . . , 3 ,  Wi4, W,P,, W, unimodular. 
2.4 Corollary: Let PERn~Xnn,  nyj = 1, i = 2 , .  . ., w. 
There e i ts a rel'a le decentralized I-A controller 

if and only i f  l)rankP(O) = ny, rankPjj(0) = nyj, 

i = 1, W ,  Ni := (I+~-'tjP~(O)Pjj)-'(S-'tjP~(O)+ 

det(I - QjPjj)(m) # 0; ki E IR, t i  > 0, QiER"Y'Xnu~ 

CD = 1% ,..., $), KiEIR"Y'X"Yk, i = 1 ,..., W, 

~ ) x ~ ~ ( o ) P A ( o )  > 0, j = 2 , .  . ., W ,  i = 1 , .  . . , j  - 1, for 
some RI P;(O), PL(0) of Pji(O), Pjj(O), 3)if w 2 3, 
z,?,,(0)P;,(0) > 0, 2) = 3 ,..., w ,  q = 1 , e . . ,  v - 2, 
r = q + l , .  . ., v - I ,  for some RI P;,(o), P,$(o) ofP,,(O), 
Prr(O), 4)if w = 4, G(0)Pi4(O) > 0. Furthermore, Kj 
can be chosen aa kjPi(0) ( t i  as in Proposition 2.3). 0 
In Proposition 2.3, Cj = s-'kiPi(O) if Qj = 0; the uni- 
modularity conditions hold if Qj  = 0; WIZ is unimodu- 

Wj3, Wi3 are unimodular if 11&311 < min(ll(Xi3 - 
&)(I  + "-'~3P~3(O)Xi3)-'11-', 11(z&j - P33)(1 + 
s - ' ~ ~ P ~ ~ ( O ) Z ~ ~ ) - ~ ~ ~ - ' } ;  Wi4, W,",, W, are unimodular 
if 11&411 < min{ I [ (  Xi4 - P44)( I + S- ' k4P&( O)Xi4)-' II-', 
I I (z:4 - P44) ( I  + 8-l W'~4(O)z:4 )-I 11-  , I I (G - P44)( I + 
s - '~C~P~~(O)G)- '~~- ' ) .  When Pii E M(R,),  det(I - 
QiPii)(m) # 0 for all Qj  E M ( R ) ;  Cj E M ( % )  if and 

lar if llQ2ll < II(X1z - Pzz)(I+ ~ - ' ~ z ~ ~ ~ ( O ) X I ~ ) - ' I I - ~ ;  

only if Qi E M ( R )  n M(%) .  

[l] 
Control ,  vol. 39, no. 5, pp. 932-943, 1994. 

[2] 
no. 7, pp. 1021-1025, 1996. 

[3] 
Prentice-Hall, 1989. 

[4] 
Automat ic  Control ,  vol. 37, pp. 1786-1791, 1992. 

[5] 
torizat ton Approach,  MIT Press, 1985. 

References 
P. J. Campo, M. Morari, IEEE Trans.  Automat ic  

A. N. Gundeg, M. G. Kabuli, Automat ica ,  vol. 32, 

M. Morari, E. Zafiriou, Robust Process Contro l ,  

X. L. Tan, D. D. Siljak, M. Ikeda, I E E E  Trans.  

M. Vidyaaagar, Control  S y s t e m  Synthesis: A Fac- 
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