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Abstract." A reliable controller design method is developed for linear, time-invariant, multi-input multi-output control systems; two 
controllers are designed to stabilize the closed-loop system when acting together and acting independently if one fails. All reliable 
controllers which achieve closed-loop stability are characterized for strongly stabilizable plants using a factorization approach. 
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1. Introduction 

Reliable stabilization using the linear, time-invariant (LTI), multi-input, multi-output (MIMO) two- 
controller system configuration 5e(P, C1, C2) (Figure 1) is considered in this paper, where P is the given plant 
and C1, C2 are the two controllers. The reliable stabilization problem aims to find (if it exists) a reliable 
controller pair (C1, C2) such that the system 5e(p, CI, C2) is stable when both controllers are acting together 
(normal mode) and when each controller is acting alone (failure mode). The failure of a controller is modeled 
by setting its transfer function equal to zero. 

A multi-controller system configuration that achieves reliable stabilization was introduced in [4, 5]. 
Factorization methods were used to study the reliable stability of this configuration in [8, 10, 3]. Reliable 
stabilization using a two-channel decentralized control system was considered in [6], eliminating the sharing 
of input and output channels. A methodology for the design of reliable control systems guaranteeing stability 
and H~ disturbance attenuation was developed recently in [7]. Sufficient conditions for reliable stability, 
with the two-controller configuration used here, were given in [10]. In [3], it was stated that a given plant can 
be reliably stabilized using this two-controller configuration if and only if it is strongly stabilizable (i.e., it can 
be stabilized using a stable controller) in the standard unity-feedback system. In this paper, all reliable 
controller pairs (C1, C2) are characterized and a design method to achieve reliable controller pairs is 
developed for strongly stabilizable plants. It is shown that one of the two controllers can be an arbitrary 
strongly stabilizing controller. A simple example is given to illustrate the method and to show that neither 
one of the controllers has to be stable in order to achieve reliable stabilization. 

The results apply to continuous-time as well as discrete-time systems. 

Notation. Let ~ be a subset of the field C of complex numbers, ~/is closed and symmetric about the real axis, 
__+ ~ ~ / ,  C \ ~  is nonempty. Let ~'~, I~p(s) and ll~sp(s) be the ring of proper rational functions which have no 
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poles in q/, the ring of proper rational functions and the set of strictly proper rational functions of s (with real 
coefficients). The group of units of ~ is J and the set of non-strictly proper elements of ~ is 
J = ~\R~p(S). The set of matrices with entries in ~ is denoted d ¢ ( ~ ) .  A matrix M is called ~ - s t ab l e  iff 
M e . / / ( ~ ) ;  M ~ / ( ~ )  is ~-unimodular  iff det M ~ ¢ ,  where det denotes the determinant. The identity 
matrix of size n is denoted 1,. Let the norm of an ~ - s t ab l e  matrix M e ~ ( ~ )  be defined as 
II M II = s u p ~  6(M(s)),  where 6 denotes the maximum singularvalue and Oq/denotes the boundary of q/. 
Let (Ne, Dr) denote a right-coprime-factorization (RCF) and (De, Ne) denote a left-coprime-factorization 
(LCF) of Pr~p(s )  n°×ni, where Np, l ~ e r i ~  . . . .  i, Der!~l,tni×ni, ~er!~l~u . . . . .  , p = NI,D~I =/~-l j~e~det D p ~ j  
(equivalently, det Deed;)  if and only if Pe  J/(~p(S)). Similarly, (Nc,  De) denotes an RCF and (De, Nc) denotes 
an LCF of C~p(S) "i×"°. := is used for 'defined as'; i.e., a:= b (or b =:a) means a is defined as b. 

2. Problem formulation and preliminaries 

The LTI, MIMO two-controller feedback configuration 5~(P, C~, C2) , which is shown in Figure 1, is used 
for the reliable stabilization problem considered here. In this system, P : e e  w-~ Ye represents the transfer 
function of the plant, C1 :ec, ~ Yc~ and C2:ec2 ~ Yc~ represent the transfer functions of the two controllers; 
the input vector is u:= [u~ u~ u~2] T, the output vector is y:= [yr y~ y~]x and the closed-loop transfer 
function is H~u (P, C~, C2):u ~-~ y. 

If one of the two controllers, say C2 = 0, the system SP(P, C~, C2) becomes the standard unity-feedback 
system called 5e(p, C), in which case the input vector, the output vector and the closed-loop transfer function 
would be u:= [u~ u~] ~, y:= [y~ y~]V, Hru(P, C) :u  ~ y. 

Assumption 2.1. (i) The plant P~Rp(S) "°×"i. 
(ii) The controllers C~, C2~.~p(S) nixn°. 

(iii) The system 5e(P, C1,C2) is well-posed; 
H,u(P, C~, C2)e J.[ (Rp(S) ). 

(iv) P, Ca, C2 have no hidden-~'-modes. 

equivalently, the closed-loop transfer function 

The system 5a(P, C~, C2) in Figure 1 can be described using coprime factorizations as follows: let (Ne, De) 
be any RCF of P. For j =  1,2, let (Dc~,Nc~) be any LCF of C#. Using D e ~ e = e e ,  
N e ¢ e  = Ye, l)cjYcj = lqcjec~, the following description of 5a(P, Cx, C2) is obtained: 

Nc2Ne  De2 _1 
L Uc~ .J 

-- = Yet -- -- i 0 Ucl . 
in i YC2 [..Yc2 0 UC2 [ 

(2.1) 

(2.2) 

Ucl ecx ~ Yea + ~  

Fig. I. The system ~(P, C I, C2). 

~P 
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Similarly, let (De, Ne) be any LCF of P. Fo r j  = 1, 2, let (Nc~, Dc) be any RCF of Cj. Using Dc~¢c~ = ec~, 
Ncj~c~ = Ycj, Dpye = Neee, a dual description of 6a(p, C~, Cz) is obtained 

01[.  ] UC~ , 
L - Oc, o~ j L¢~eJ - 1,,o I,,o 

UC 2 

[ ocl o ]  cll Ii'n° i]  up] Nc, 0 = Yc~ - 0 Uc, • 
0 Nc2 L~cJ L yc~ 0 L Uc~ 

(2.3) 

(2.4) 

Definition 2.2. (a) The system 6a(p, C~, C2) is said to be ~t,-stable iff the closed-loop transfer function 
Hru(P, C1, C2)e~(9~).  Similarly, ~(P,  C) is ~ - s t ab le  iff Hr.(P, C)e~¢[(~). 

(b) The controller C is an ~t~-stabilizing controller for P in the system S~(P, C) iff CeRp(S) ~×~° and 
6a(P,C) is ~-stable .  The set S(P):= {C[C~Ep(S) ~×~° and ~(P,  C)is ~-stable} is called the set of all 
~-stabilizing controllers for P in the system ~(P,  C). 

(c) The pair (C~, Cz) is called a reliable controller pair for P in the system 6e(P, C1, C2) iff 
(i) C~ is an 9~-stabilizing controller for P (in the system 6~(P, C)), 

(ii) C2 is an ~-stabilizing controller for P (in the system 6e(p, C)) and 
(iii) 6~(p, C1, C2) is ~-stable .  

The set S2(P):= {(C1, C2)1 C i is an ~-stabilizing controller for P,j  = 1, 2, and 6a(P, C~, C2) is ~,-stable} is 
called the set of all reliable controller pairs for P in the system 6°(P, C1, C2). [] 

3. Conditions for reliable stability 

The reliable stabilization problem considered here deals with finding two proper controllers such that the 
system 6e(p, C~, C2) is 9t~-stable when the two controllers are acting together and also when one of the 
controllers becomes zero. By Definition 2.2, this reliable stabilization problem can be solved if and only if 
there exists a reliable controller pair (C~, C2) for the given plant P. 

Lemma 3.1 (gt~-stability of the system 6f(P, C~, C2)). Let ( Ne, De) be any RCF and (De, N e) be any LCF of P. 
For j = 1, 2, let (Nci, Dcj) be any RCF and (Dcj, IVcj) be any LCF of Cj. Then ~(P,  C1, C2) is ~,-stable if and 
only if 

Dn:= L Nc2Ne Dc2 _1 is ~-unimodular; (3.5) 

equivalently, 

I~H:= IDpDcI_+ NeNc, NeNc2] 
Dc, Dc2 _j is ~-unimodular. [] (3.6) 

Proof. The description of 6P(P, C1, C2) given by (2.1), (2.2) is of the form DH( = NLU, Ne¢ = y + Gnu, where 
Dn, NL, NR, Gn are ~-stable.  Since (Dn, NL) is a left-coprime and (NR, Dn) is a right-coprime, 
Hyu(P, C1, C2) = NRDff 1NL + GH~J/¢(~I,) if and only if Dff i e j / ( ~ ) ;  therefore, Aa(P, C1, C2) is ~,-stable if 
and only if Dn is ~t~-unimodular. The ~-unimodulari ty condition on /~n follows similarly from the 
alternate description of 6a(p, C~, C2) in (2.3), (2.4). [] 



300 A.N. Gfinde~ / Reliable stabilization of linear plants 

Corollary 3.2. 
j - -  1,2, 

Dc~De + l~c~N~, is ~t~-unimodular 

and the ~-unimodularity condition (3.5) holds for the matrix Dn; equivalently, 

DpDcj + )Vt, Nc~ is ~-unimodular 

and the ~-unimodularity condition (3.6) holds for the matrix Dn. 

Under the assumptions of Lemma 3.1, (C1, C2) is a reliable controller pair if and only if for 

(3.7) 

(3.8) 

Proof. Cj is an ~-s tabi l iz ing controller for P if and only if (3.7) holds for any LCF (Dcj, Nc~) of Cj [8, 2]. 
By Lemma 3.1, 5~(p, C~, C2) is ~ , -s table  if and only ifDn in (3.5) is ~ - u n i m o d u l a r  for any LCF (Dc~, bTc~) of 
Cj. The equivalent conditions on the RCF of C~ follow similarly. ~5 

Lemma 3.3 (Conditions for reliable controller pairs). Let (Np, Op) by any RCF and (/)e, ~Te) be any LCF of P. 
Then (C1, Cz) is a reliable controller pair if and only if for some LCF (Dc~, lVc~) of Cj, j = l, 2, 

DcjDe + J ~ c i S e  :-- Ini (3.9) 

and 

Dc~ + ]Vc~NeDc~ = Oc2(Ini - DeDc~) + Dc, is ~t~-unimodular. (3.10) 

Equivalently, (Cx, Cz) is a reliable controller pair if and only if for some RCF (Nc~, Dcj) of Cj, 

fipDc~ + ]VeNc~ = I,o (3.11) 

and 

Dc2 4- Dc~]~pNcz  = (Ini - Dc,Dp)Dc~ 4- Dc~ is ~,u-unimodular. (3.12) 

Proof. Cj is an ~,-stabilizing controller for P if and only if (3.9) holds for some LCF (/)cj, bTcj) of Cj [8, 2]. 
By Lemma 3.1, 6e(P, C1, C2) is ~ - s t a b l e  if and only ifDn in (3.5) is ~ , -unimodular  for any LCF (Dcj, Nc) of 
Cj. Hence, for the LCF satisfying (3.9), by elementary-row operations (over ~ , ) ,  Dn is ~ , -unimodular  if and 
only if (3.10) holds, where the second equality follows from (3.9) since lqcjNe = I , i -  DcjDe. Conditions 
(3.11)-(3.12) on the RCF of Cj are obtained similarly. [] 

4. Reliable controller pair design 

The plant P is said to be strongly ~-s tabi l izable  if there is an ~ - s t a b l e  ~-s tabi l iz ing controller 
C e J / ( ~ )  for P (in the system 5e(P, C)). If q / =  C +, P is strongly ~-s tabi l izable  if and only if it satisfies the 
parity interlacin 9 property, i.e., P has an even number of poles between pairs of blocking zeros on the positive 
real axis I-8, 9]. From a coprime factorizations viewpoint, P is strongly ~-s tabi l izable  if and only if, for any 
RCF (Np, De) of P, there exists an ~.~-unimodular/5 c such that DcDe + 2VcNp is ~ - u n i m o d u l a r  for some 
~'Ju-stable JVc. Therefore, C is an ~ - s t a b l e  ~-s tabi l iz ing controller for P if and only if DcDe + 2VcNe is 
~/~-unimodular for any RCF (Ne, De) of P and any LCF (/)c, Nc) of C, where/)c  is ~ - u n i m o d u l a r  [-8]. 

For P strongly ~-stabi l izable,  Cs~l (~G)  is an ~ - s t a b l e  ~/~-stabilizing controller if and only if there 
exists an RCF (Ne, De) of P such that 

De 4- CsNe = l,i; (4.13) 

equivalently, 

- Np I . o -  NeCs Np I.o 
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Therefore, if P is strongly ~,-stabilizable, then it has an RCF (Np, De) and an LCF (De, Ne) with Ne = IVe; 
from (4.14), (De, Np) = ((/no - NpCs), Np), where Css.~[(~l,) is an ~,-stabilizing controller for P. Now the 
set S(P) of all ~,-stabilizing controllers for a strongly ~,-stabilizable plant P can be described in terms of 
any ~, -s table  ~,-stabilizing controller Cs as follows: Let (Np, De) be the RCF of P which satisfies (4.13). 
Then 

S(P) = { C = Cs + ( / h i -  QNe)-1Q ] Qe~eni×'°, d e t ( I , i -  QNp)e~}. (4.15) 

The requirement that Q e J f ( ~ e )  satisfies det(I.i - QNe)s~ is equivalent to C being proper. If P is strictly 
proper, then det(I.i - QNp)e~ for all Qe,l¢(~e). 

The following condition for the existence of a reliable controller pair was stated in I-3]. The assumption 
that the plant is strictly proper is a technicality which is used here only in the sufficiency proof to ensure that 
the second controller is proper; to illustrate that this condition is not necessary for the existence of reliable 
controller pairs, the plant in Example 4.7 is chosen non-strictly proper. 

Theorem 4.1 (Existence of reliable controller pairs (Minto and Ravi [31)). L e t  P ~ s p ( S )  hi×n°. There exists 
a reliable controller pair (C1, C2) for P if and only i fP is strongly ~e-stabilizable. 

Proof. Necessity." Let (C1, C 2 )  be a reliable controller pair, then by Lemma 3.3, De2 + Nc~NeDc, =:M is 
~ , -unimodular ,where  (~cj, ]Vcj) is a LCF of Cj satisfying (3.9). Using Dc: = M - Nc~NeDc,, for j  = 2, (3.9) 
becomes (M - Nc2NpDcl)Dp + Nc2Np = MDe + Nc:Ne(Ini - DcIDp) = I,i. But by (3.9) for j  = 1, this last 
equality is MDe + (1Vc~NeNc,)Ne = I.i, where M is ~e-unimodular, which implies that P is strongly 
~,-stabilizable since M-I(1Vc:Np1Vc,)eJ¢(~e) is an N,-stabilizing controller for P. 

Sufficiency." By (4.15), C j = C s + ( I n i - Q i N p ) - l Q j  is an ~,-stabilizing controller for P. Since 
P~J/(R~p(S)), for any QjEJ[(~,), the controller Cj is proper. Let k be an integer larger than II CsNe II, then 
(l~i + CsNe/k) k is ~e-unimodular.  By the binomial expansion [10] 

k 

(I,~ + CsNp/k) k = In~ + CsNe + ~ r~(CsNr) ~, (4.16) 
/ = 2  

where r~ are the binomial coefficients. Let 

k 

Qz = - Cs ~ rt(NeCs)t-2; (4.17) 
/ = 2  

let C~ = Cs,  C 2 = C s + (Ini - -  Q2Ne)- t Q2. Then (3.10) holds since 1hi + ( l n i -  Q2Ne)CsNe = 
(Ini + CsNe/k) k is ~e-unimodular.  Therefore, (C1, C2) is a reliable controller pair. [] 

Since this condition is necessary for the existence of a reliable controller pair (C1, C2), from here on, it is 
assumed that P is strongly ~,-stabilizable. 

Theorem 4.2. (All reliable controller pairs). Let Pc R p ( S )  . . . .  i be strongly ~-stabilizable. Let CseJ[ ( ~ )  be 
any ~-s table  ~l~-stabilizing controller for P. Let (Np, De) be the RCF of P satisfying (4.13). Then the set S2(P) 
of all reliable controller pairs (C1, C2) is: 

S2(P) = {(Cl, C2)l C1 = Cs + (l.i - Q1Np)-'Q1, C2 = Cs + (I.i - Q2Np)-IQ2, 

Q r~ ~ i × . o  Ini + (I.i Q2Np)CsNp [(I,i Q2Np)Cs + Q2]NpQ1Np 1,  ~d;2 ~ , - -  - -  - -  

is ~l~-unimodular, and det(l.i - Q1Ne)eJ, det(I,i - Q2Np)eJ}. (4.18) 

I f  P is strictly proper, then det(Ini - Q2Np)eJ for all QjeJ-I (~I~),j = I, 2. Furthermore, the controller Cj of the 
reliable controller pair (C1, C2)eS2 (P) is ~t,-stable if and only if, in addition to satisfying the ~l~-unimodularity 
condition in (4.18), 'q e ~  hi×n° ~j ~ is such that 

(Ini - QjNp) is ~l,-unimodular, equivalently, det(/ni - QjNp)~ J .  (4.19) 
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Proof. By (4.15), for C i is an ~¢-stabilizing controller for P if and only if C~ = Cs + (I,~ - QjNe)-~Q~, 
Qe~/g(~',) satisfies det(I.~ - Q~Np)eJ so that CjeJ4(~p(s)). Then 

(/~c~, Nc~) = ((I.i - QjNp), (I.~ - QjNe)Cs + 0~) (4.20) 

is an L C F  of C~-. Since this LCF  satisfies (3.9), by Lemma 3.3, (C~, C2) is a reliable controller pair if and only if 
f o r j  = 1,2, Q ~ e J [ ( ~ )  is chosen such that (3.10) is satisfied; equivalently, Dc~ + IVc~NeDc, = (I.i - 02Np) 
+ [(I,~ - QzNe)Cs + Q2]Np(I,~ - 01Np) = I,~ + (I.~ - QzNe)CsNe - [ ( I . i -  QzNp)Cs + Q2]NpQ1N~ is 

,~u-unimodular. Furthermore,  C~ =/)c~ l_/Vc~ is ~ , - s t ab le  if and only if /)cj  is ~ , -un imodu la r ,  equivalently 
(4.19) holds. [] 

Corollary 4.3 (Special cases for reliable controller pairs). Let PEep(S) . . . .  ~be strongly ~-stabilizable. 
(i) Suppose that one of the two controllers in the reliable controller pair (Cx, C2) is ~u-stable. Without loss of 

generality, let C1 := C s e ~ / / ( ~ )  be an ~ - s t a b l e  ~t,-stabilizing controller for P. Let (Np, D~) be the RCF of 
P which satisfies (4.13). Then (Cs, Cz) is a reliable controller pair if and only" ifC2 = Cs + (l,i - Q2Np)-lQ2, 
where Q~e~ i×"° is such that 

I,i + (l,i - Q2Ne)CsNe is ~-unimodular  and det(I,i - Qe Ne)eo¢. (4.21) 

(ii) (C1, C2) is a reliable controller pair with Ci = C2 if and only if C1 = Cz is ~ - s t a b l e  and both C1 and 
2C~ are ~-s tabi l iz in  O controllers for P. 

Proof. (i) If Cx e d g ( ~ ) ,  then the set S(P) can be characterized in terms of Cs:= C~ and (4.21) follows from 
(4.18) by taking 01 = 0. 

(ii) By Theorem 4.2, (C1, C2) is a reliable controller pair if and only if it belongs to S2(P) in (4.18). In 
addition, C1 = Cs + (I,~ - QINe)-  IQa = Cz = cs  + (I,~ - Q2Ne) - ~ Q2 if and only if 01 = Q~ Using the 
LCF of Cj in (4.20), the ~ - u n i m o d u l a r i t y  condition in (4.18) holds if and only if Dc~ + Nc,N~,Dc, is 
~u-unimodular ,  with/~c~ =/~c~ since Cx = C2; equivalently, (I,~ + 1Vc~Ne)Dc~ is ~ , -un imodula r ,  which is 
satisfied if and only if both of the matrices in the product are ~ , -un imodula r .  Now/)c~ is , ~ -un imodu la r  if 
and only if C2 is ~ - s t a b l e ;  using (3.9), (1,~ + Nc~Ne) = Dc~De + 2)Vc~Np is ~ - u n i m o d u l a r  if and only if 
2C2 is also an ~ - s t ab i l i z ing  controller for P. 

Corollary 4.4 (All reliable controller pairs for ~ , - s t ab le  plants). Let P E J g ( ~ ) .  
(i) The set S2(P) of all reliable controller pairs (C1, C2) is 

/ ')  ~ n i  × no Sz(P) = {(C1, C2)1C1 = (I,~ - QIP)- IQ1,  C2 = (I,i - Q2P)-102,Q1,22  , , 

l,i - QzPQ1P is ~,-unimodular and det(l.i - Q i P ) e J ,  det(I,i - QzP)eJ} .  (4.22) 

I f  P is strictly proper, then det(l,i  - QjP)eo¢ for all Q j e J / ( ~ ) ,  j = 1, 2. Furthermore, for j = 1, 2, the 
controller C o of the reliable controller pair(C1, C 2 ) 6 8 2 ( P  ) is ~,-stable if and only ;c r~ ~,i×,o v ~ e  ~ is such that 
(Ini  - -  QiP) is Jle-unimodular, equivalently, det(l,i - QjNe)e ~ .  

(ii) (C1, C2) is a reliable controller pair with C1 = C2 if and only if C1 = C2 = ( I , i -  Q1P)-lQ1, where 
01 e ; ~  i×"° is such that (I,i - Q1P) and (I,i + QIP) are both ,~e-unimodular. 

Proof. (i) If the plant is ~ - s t a b l e ,  then Cs = 0 is an ~ , - s t ab le  ~ - s t ab i l i z ing  controller. With this choice of 
Cs, an RCF of P e ~ / / ( ~ )  which satisfies (4.t3) is given by (Np, De) = (P, 1,0. It then follows from Theorem 
4.2 that (C1, C2) is a reliable controller pair if and only if Cj = (I,i - QjP)- 1 Q j, where, for j  = 1,2, Q j ~ i × , o  
satisfy 

l,i - Q2PQxP is ~e -un imodula r  

and 

(4.23) 

det(I,i - QiP)e~¢, det(I,i - Q2P)eJ .  (4.24) 
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(ii) The two controllers of the reliable control ler  pair (C1, C2) are equal if and only if they belong to the set 
S2(P) in (4.22) with Qx = Q2. Hence (4.23) becomes (I,i - Q~PQIP) = (I.i - Q~P)(I,i + QaP) is ~ , - u n i -  
modular ,  equivalently, each matrix in the product  is ~ , - u n i m o d u l a r .  Therefore,  (4.24) holds and the two 
controllers C1 = C2 = (I.i - QtP)-aQ~ are ~ , - s t ab le .  [] 

Algorithm 4.5 (Reliable controller pair desion). Let P~lKp(s) "°×"i be strongly ~,-s tabi l izable .  
(1) Find any :~,-s table  ~ - s t a b i l i z i n g  control ler  CseJg(Yt , )  for P. 
(2) Find the R C F  (Ne, De) of P which satisfies (4.13). 
(3) Choose  any Q 2 ~ ,  i×"° such that  

M2 := I,i  + (I,i - Q2Np)CsNe is ~?~-unimodular and d e t ( I , i -  Q2Np)~J.  (4.25) 

If P is strictly proper,  then det(I.i  - Q2Ne)~J  for all Q 2 ~ l g  i×n°. 
(4) Choose  any Q a ~ ,  i×"° such that 

M~ := l,i  - M 2  ~ [(I,i  - Q2Ne)Cs + Q2] NpQ~ Ne = Ini - -  M2~(M2 - I.i + Q2Ne)QaNe 

is ~ - u n i m o d u l a r  and det( l . i  - QxN/ , )~J .  (4.26) 

If P is strictly proper,  then det (I.i - Q aNP) e J for all Q 1 e ~ / i  x no 

(5) Let 

C 1 = C S "l- (Ini - -  Q ~ N p ) - ~ Q 1 ,  C2 = Cs + (l.i - Q2Np)-XQ2; (4.27) 

then (C1, C2) is a reliable control ler  pair. 

Remark  4.6. (1) Algori thm 4.5 characterizes a subclass of reliable control ler  pairs. For  any Q1, Q 2 ~ - / g ( ~ )  
satisfying (4.26) and (4.25), respectively, l.i + (I,i - Q2Np)CsNe - [ ( I . ~ -  Q2Np)Cs + Q2]NpQ1NP = 
M2M1 is ~ - u n i m o d u l a r .  Therefore,  {(C~, C2)1 f o r j  = 1,2, Cj = Cs + (I,i - QjN~,)-aQj, Qa and Q2 satisfy 
(4.26) and (4.25)} is a subset of the set $2 (P) of all reliable control ler  pairs in (4.18). The set of Q2 satisfying the 
~ - u n i m o d u l a r i t y  condi t ion in (4.25) is not  empty; one method of choosing Q2 was given in the proof  of 
Theorem 4.1, i.e., let Q2 - Cs x'k r tN C v -  2 = ~ = 2  t~ e sJ , whether  r~ are the binomial coefficients in the binomial 
expansion of (I,i + CsNe/k) k, with the integer k chosen larger than II CsNp II. An obvious choice for Q1 to 
satisfy (4.26) is the zero matrix implying C1 = Cs is ~ - s t a b l e ;  another  way is to choose Q~ so that 
II Qa J[ < 1/Jr NeM21(M2 - l . i -  Q2NI,)II. The condit ion d e t ( I , i -  Q~Ne)EJ is necessary and sufficient for 
Cj to be proper;  if P is strictly proper,  this condit ion holds for all Qfi~lg i×n°. Choosing Qj strictly proper  is 
sufficient to ensure det(I,i  - QjNe)~J.  

(2) Let P be :~,-stable. Fol lowing Corol lary  4.4, Algorithm 4.5 is modified for ~ , - s t a b l e  plants as follows: 
(1) Let Cs = 0. (2) An RCF  of P e d g ( ~ )  which satisfies (4.13) is given by (Ne, De) = (P, I,i). (3) Choose any 
Q2 E~g  i×"° such that  det(I,i  - Q2P)~J.  If P is strictly proper,  then det(l . i  - Q2P)~J  for all Q2 ~ g i × , o .  (4) 
Choose any Qa~Jtg i×"° such that  M1 = I,i - Q2PQ~P is 5~ -un imodu la r  and det(l . i  - Q~P)~J. If P is 
strictly proper,  then d e t ( I , i -  Q~P)eJ  for all Q~ e~, i× ,o .  (5) For  j = 1, 2, let Cj = ( I , i -  Q~P)-~Q~.; then 
(Ca, C2) is a reliable control ler  pair. 

Example  4.7. Let  P = (s + 1)/(s - 2). Let ~ be C +. Clearly, P is strongly ~ - s t a b i l i z a b l e  since it has no 
zeros in Y/. An ~ - s t a b l e  ~ - s t a b i l i z i n g  control ler  for P is given by Cs = 4/(s + 1). The RCF (Ne, De) 
which satisfies (4.13) is Ne = (s + 1)/(s + 2), De = (s - 2)/(s + 2). Choose Q2 satisfying (4.25) and Q1 
satisfying (4.26) as Q2 = 12(s + 2)/(s + 1)(s + 10), Q1 = 2(s + 2)/(s + 20). F rom (4.27), the reliable controller  
pair  corresponding to this choice of Q1 and Q2 is C1 = - 2(s 2 + s + 38)/(s + 1)(s - 18), C2 = 16/(s - 2). 
Nei ther  one of the controllers in this reliable control ler  pair  is ~ - s t a b l e .  Using the same Q2, an 
al ternate solution is obtained by choosing Qa = 0. Then with the C2 given above, (Cs, C2) is a reliable 
control ler  pair. 
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5. Conclusions 

For  LTI,  M I M O  systems, a design method was developed to find two stabilizing controllers C1 and 
C2 such that  the closed-loop system 6e(P, C1, C2) is stable both  when the two controllers act together and 
when either C1 or C2 fails. All reliable controller pairs (C1, C2) are parametrized in Theorem 4.2 and a design 
method to achieve reliable controller pairs is given in Algori thm 4.5. The controller design method proposed 
here is only concerned with maintaining stability when one controller fails; other performance criteria might 
not  be satisfied. Extensions of the reliable stabilization method to reliable decomposi t ion of a given 
controller, which was briefly considered in [3] and l-l], as well as maintaining other performance objectives 
after failure are problems to be studied in the future. 
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