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ABSTRACT 

(3.3) , 

We derive conditions for the closed-loop stability of the linear, 
time-invariant, multiinput-multioutput unity-feedback system un- 
der sensor failures. We find compensators that achieve stability 
under sensor failures for a class of plants. 

1. INTRODUCTION 
For any given plant (which has no unstable hidden modes), there 
exists proper compensators such that the linear, time-invariant 
(lti), multiinput-multiioutput (MIMO) unity-feedback system is 
internally stable. In this paper, we find proper compensators for 
a class of plants allowing one or several of the sensor connections 
fail. We do not allow all of the sensor connections to fail; this 
would require that the plant is stable (see [Des.l, Fuj.11). 
Notation: U is a closed, nonempty subset of C ; U is symmet- 
ric about the real axis and C \U is nonempty. Li := U U { C O } .  

Ru denotes the ring of proper scalar rational functions of s 
(with real coefficients) which have no poles in U .  J' denotes the 
group of units of Ru . IR,(s) denotes the ring of proper ratio- 
nal functions; IR,,(s) denotes the set of strictly proper rational 
functions. 1 denotes the set of non-strictly proper elements of 
Ru . M ( R u )  denotes the set of matrices whose entries are in 
Ru . A matrix A E M ( R u )  is Ru-unimodular iff det A E 3. 

2. SYSTEM DESRIPTION AND ANALYSIS 

Consider the lti, MIMO feedback system S( Fs ,PI C )  (Figure 
l), where P : e H y ,  C : d H 8 and (Ino - F s )  : 
y ++ ys represent the plant, , the compensator and the sensor 
connections, respectively. The entries of the diagonal matrix Fs 
are 1s and Os; the j-th entry is 1 if the j-th connection 

fails and 0 otherwise. Let H s  : [ i ]  H [ !!] denote the 

closed-loop input-output (I/O) map of S (  Fs , P , C ) . 
2.1 Assumptions: i )  P ; ii) C E I R , ( ~ ) ~ ' ~ ' ' ~  ; 
iii) S( Fs,  P ,  C )  is well-posed, i.e., H s  E M ( R , ( s ) )  ; iv) P 
and C have no hidden-modes associated with eigenvalues in a . 
2.2 Closed-loop 1 /0  maps: Let Assumptions 2.1 hold. Let 
Qs := C(lno + (I,,, - Fs)PC) - ' .  The 1/0 map Hs is 

[ -Qs( Ino - Fs)P 
Hs =. (In0 - PQs(Ino - F s ) ) ~  PQs ] 

Qs ' 

2.3 Definition ( Ru-stability ): The system S( Fs , P , C )  
is said to be Ru-stable iff H s  E M ( R u )  . 
2.4 Analysis: Let ( Np , D p  ) be any right-coprime-fraction 
representation (rcfr) of P ; i.e., let N p  E Runox"' , D p  E Runixni , 
detDp E 1, P = NpDp-' and let Vp , U p  E M ( R u )  
be such that VpDp + U p N p  = In;. Let ( c p ,  Rp) bcany 
left-coprime-fraction representation (lcfr) of P ; i.e., let N p  E 
?Zunox?, B p  E Runoxno, det B p  5 Z,  P = _ c p - ' g p  and let 
V p ,  U p  E M ( R u )  be such that V P ~ L +  V _ , g p  = Ino. Sim- 
ilarly, let ( NC , DC ) be any rcfr and ( DC , Nc ) be any lcfr of 
C .  Let & denote the pseudo-state of C ;  using D& = e ,  
NC[C = 8 ,  y = P e  = Dp N p e ,  3s = ( I  - Fs)y, d = 
6 - 35 and e = U + .ij, the system S( FS , P , C )  is desciibed as: 

I -1- 

[ (I DP - Fs) -yq[;] = [ F  ; ] [ a ] ,  
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2.5 Theorem ( Ru-stability under failures): Let Assump- 
tions 2.1 hold. Let ( Bp, g p  ) be any lcfr of P and ( Nc , Dc ) 
be any rcfr of C . Then S( Fs , P , C ) is Ru-stable if and only if 

D H S  := [ ( I -  BP Fs)  - 
] is Ru-unimodular. 0 

( dl,l , dj,l ) is coprime. (3.4) 
3.3 Comments: i) If there is a compensator which Ru-stabilizes 
P =-DP N p  for all FS E F.1, then an lcfr of P is given by 
( L1 Dp , L1 Rp ), where (3.1)-(3.2) hold. Condition (3.2) implies 
that each column of the denominator matrix LI D p  is fill1 rank 
for all 8 E a. The no-th diagonal entry of L1 Bp is d,,,,, = 1 ; 
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v1,l v1,2 v1,3 . . . V1,no-1 vl,no 

0 VZ,2 vZ.3 . . . v2,no-1 v2,no 

Let Y1 := ; 
0 0 0 . .. vno-1,no-1 v)no-i,no 

0 0 0 . . .  0 1 

L,  

L1. 

- 
Let X ,  := I,, - Y, Dp ; then 

Y, E p  + X ,  ( I, - Fs ) = I,, - X ,  Fs , (3.8) 

where (I,, - X ,  F s )  E M ( % )  is Ru-unimodular for all 
FS E F,, since nyzl f j  = 0 .  

4. COMPENSATOR DESIGN 

Let P EIftp(s)noxni have rank = no and have no U-poles that 
coincide with U-zeros. Then there exist Ru-unimodular matrices 
L E R u n o x n o ,  E Runixni such that (the Smith-form of P is) 

P = L A Q - ’ R  = L @ ’ A R ,  (4.1) 

where A = diag[Al . . . A,,] ; O n o x ~ n ; ~ n o ~  , 8 = diag[$l . . . &,I, 
and = diag [% , I(ni-no)] ; for j = 1,.  . . , no, the pair ( A j  , $j ) 
is coprime; for j = 1,. . . , no - 1, A j  divides A j + l  and +j+l di- 
vides + J .  Now rank P = n, implies that A,, # 0 .  Furthermore, 
P has no U-poles coinciding with U-zeros if and only if 

[ 1 -  

( A,, , dl ) is a coprime pair; (4.2) 

equivalently, there exist a ,  p E F& such that, for al l  q E Ru , 

6 Xno + B $1 := (a + q $i)Ano + ( P  - q L ) + i  = 1. (4.3) 

An rcfr ( NP , Dp ) and an Icfr(  &J ) of P is given by: 
( N p , D p )  := ( L A , R - ” 2 ) , ( D p , N p )  := ( G L - ’ , A R ) .  

diag [ &A,,/A1 &A,,/A2 . . . &A,,/An,-~ & 
O(ni-no)xno 

P$i/$no-i / N l / * n o  ] 7 

V := diag [V , I(,,-,,,)] . A right-Bezout identity VpDp+UpNp = 
In; forthercfr ( N p , D p )  = (LA ,R- ’ rE)  isgivenby U p : =  
U L-’ , V p  := V R . Note that Np Up  = L A  U L-’ = & A,, Ino . 
4.1 Corollary: Under the assumptions of Theorem 3.2 and as- 
suming that rank P = no and that (4.2) holds, we have the fol- 
lowing necessary conditions: i) If there is a compensator which 
Ru-stabilizes P for all Fs? Fs1, then b,y (3.1)-(3.2), the small- 
est invariant factor $,, of Dp is 1 ( det Dp - n727’ $j ). ii) If 
there is a compensator which Ru-stabilizes P for all FS E F.1, 
then by (3.3)-(3.4), the invariant factors &, .  . . , of Ep are 
all 1 except for the largest one G1 (det Ep - $1 ). 
4.2 Proposit ion ( Ru-stabilizing compensator design): 
Let P E I R ~ ( ~ ) ~ ~ ~ ~ ’ ;  let rank P = no and let (4.2) hold. Let 
( Np , Dp ) be any rcfr and ( Ep , g p  ) be any lcfr of P . 
i) Suppose that there is an Ru-unimodular matrix L1 E Runoxno 
such that (3.1)-(3.2) hold. Then C = DC N c  = 
( V R  + U L - ’ Y ~ N ~ ) - ’ U L - ’ X ~  is a compensator which 
Ru-stabilizes P for all Fs E Fsl , where q E Ru is such that 

Let U := 

P := &alp[ j ,B$1/$2 . . .  

I -1- 

det( In, - (a + &i)AnoXl(w) ) = det( In, - &AnoXi(w)  ) # 0 ; 
(4.4) 

ii) Suppose that there exists an Ru-unimodular matrix L ,  E 
Runoxno such that (3.3)-(3.4) hold. Then C = EC-’ZC = 
( V R  + UL-’Y ,~p)- ’UL-’X,  is a compensator which 
Ru-stabilizes P for all Fs E 3sm, where q E Ru is such that 

det(In,-(~+q$1)~,,Xm(oo)) =de t ( Ino -&LoXm(~) )  # 0 .0  
(4.5) 

, .Note that (4.4) and (4.5) hold automatically if q E Ru is such 
that q(w) = - a(w) /$ l (w) .  If P E M(IR,,(s)), then A,,, E 
IR,,(s) n % ; in this case, (4.4) and (4.5) hold for all q E Ru . 

5. CONCLUSIONS 
We considered the closed-loop stability of the unity-feedback 
system under two classes of sensor connection failures. The 
actuator-failure case is similar and omitted for brevity. If there 
exist compensators that Ru-stabilize the given plant for all fail- 
ures in these classes, then the denominator matrices of coprime 
factorizations of the plant must satisfy certain conditions. We 
found a set of compensators that Ru-stabilize a class of MIhlO 
plants under sensor failures. 7-T i +  + e  I - Fs 

Figure 1. The system S( Fs , P , C ) 
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